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Measuring the magnitude of the gavitational field of Earth g.
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Abstract. 

In this work we determined the magnitude of Earth’s gravitational field g by measuring free fall times for various objects released at different heights and using the Newton’s 2nd law. We found that g=9.81(0.08 N/kg, which is in good agreement with the commonly accepted value of 9.8 N/kg. 

Introduction.

The empirical fact that all material objects fall towards Earth if not supported has been known to humankind for as long as it has existed. Moreover, all live creatures on Earth consciously or unconsciously use this phenomenon in everyday life. However, it has  long been believed that heavier objects fall faster than lighter ones, and there was no exact theory to describe the motion of an object. Only in the 17th  century, when Isaac Newton stated his famous motion laws and gave an exact relationship between force, mass, and acceleration, the quantitative description of motion became possible. In the following paper, we have used the laws of motion to measure the magnitude of the gravitational field of Earth.

Theory.

Newton’s 2nd law states that any object would accelerate at a constant rate a if subjected to a constant force F [1]:





a=F/m



(1)

where m, the proportionality coefficient, is called mass of an object. The mass of an object should not be confused with its weight, as it is an intrinsic property of an object to resist acceleration (inertia), while weight refers to a force which attracts one object to Earth or some other usually larger object. While mass is constant
, weight may be different on different planets, or even in different places on the same planet.

We can rewrite Eq. 1 in a more conventional form:





F=ma



(2)
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Fig. 1. Any object is a subject to force F=mg toward Earth

The force at which an object is attracted to Earth, or its weight,  is also proportional to its mass (Fig. 1) [2]:





Fweight=mg


(3)

where g is proportionality coefficient. By comparing Eq.  2 and Eq. 3, one can see that g has the same units as a. Moreover, if an object is subjected to gravitational force we can combine Eqs. 2 and 3:





ma=mg


(4)  

or





a=g



(5)

The last equation states that an object in free fall will accelerate toward earth with constant  acceleration equal to g. The units of g are therefore m/s2, the same as for acceleration. Sometimes, however, units of N/kg are used to reflect the nature of g. defined by Eq. 3. 

Since acceleration is a second derivative of object’s coordinate, we can rewrite Eq. 5 in the following form:
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(6)

where h is a height of an object from the surface of Earth. Integrating Eq. 6 we get:
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The last equation shows that g can be easily determined if one measures free fall times t as a function of height h. In fact, a single pair of (h,t) is sufficient to uniquely determine the value of g. In this work, however, we will measure fall times for various heights to test the validity of Eq. 9 as well.

Experimental apparatus and procedures
In the first part of the experiment a 0.5 kg solid aluminum ball was dropped down from different floors of a 10-story building and fall times were measured by a stop watch. The heights to different floors were measured by a conventional ruler.
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Figure 2. Experimental setup for measuring fall times as a function of height. T – translation stage, S – automated shutter, PE – piezo-electric detector, B – metal ball.

In the second experiment fall times from heights up to 2 meters were measured by an automated setup (Fig. 2). Here, a container filled with small metal balls B and equipped with computer controlled shutter S is attached to a caret of a vertical translation stage T. Computer program slowly moves the caret T and releases metal balls at specified heights, one at a time. Simultaneously, the computer timer is started. The ball falls onto piezo-electric detector PE and that sends a stop signal to the computer timer. The precision of the timer is 1 ms, and the height is determined to 5 mm. The experimental apparatus is described in more details in [3].

Data analysis, results and uncertainties. 

Part 1. The results of the first experiment are shown in Fig. 3. Here, the error in fall time measurement was estimated to be 0.2 s and is mostly determined by the reaction time of the experimentalist. The height was measured by a ruler to ±2 cm precision. Error bars for height are not shown in Fig. 3 since they are smaller than the size of the dots which represent the measured points. 

The general shape of this graph is well described with the quadratic dependence defined by Eq. 8, the solid line in Fig. 3 represents the expected dependence with the value g=9.8 m/s2. To analyze these data further, we used Eq. 9 to calculate the value of g for each data point, and the result of this calculation is shown in Fig. 4.
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Figure 3. Dependence of fall time on height. The solid line is theoretical simulation using Eq. 8 and g=9.8 m/s2. Error bars for measured values along X-axis are not shown as they are smaller than the size of the circles.  
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Figure 4. The calculated value of g for different heights. The solid line corresponds to the average value 9.45 m/s2.

 The indicated error bars were calculated using the worst case scenario for each data point using the following equations:
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(10)

here g is the value calculated using equation (9), (h=0.002 m and (t=0.2 s are errors in measuring height and time, correspondingly,  (g+ and (g- are error levels in positive and negative side of the calculated g value. Based on these results, the average value of g can be calculated using least square fit as (9.5(2) m/s2. Corresponding straight line at g=9.5 m/s2 is also shown in Fig. 4.

Part 2. In part II the computer measured 200 (h,t) points and the resulting dependence is shown in Fig. 5. The error level in these measurements is much smaller and is reflected in the visible noise in the curve.
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Fig. 5. Fall time versus height measured by computer controlled apparatus.

The data obtained by using automated data acquisition setup was analyzed in two ways.
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Figure 6. Left: the data h(t) fitted using least square by Eq. (9), the best fit was obtained for g=9.81 m/s2. Right: the g was calculated for every height h resulting in g(h) graph, which was then averaged (solid line) resulting in g=9.81 m/s2.

First, the data was fitted as is by Eq. (9) using linear least square fitting method. The best fit was obtained for g=9.81 m/s2 as shown in Fig. 6, left. In order to analyze the precision of this measurement we calculated the values of g for every height (Fig. 6, right). That allowed us to find the average value for g=9.81 m/s2. Along with the average, we also calculated standard deviation (1=0.14 m/s2, which reflects error level in one measurement. Since we averaged results of 200 independent measurements, standard deviation for the average is ( = 
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= 0.01 m/s2. Using the declared errors for timer (1 ms) and position (5 mm), we can estimate measurement error using the following equation:
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For the highest and lowest drop (g is 0.03 and 0.08 m/s2, respectively. Since this error may be systematic, it cannot be averaged out and has to be combined with (, resulting in error level 0.08 m/s2.

Discussion

While the data obtained in these experiments is well described by the Newton’s 2nd law, there are some deviations for larger heights as can be seen in Fig. 3. We believe that this is due to the friction of the air, which becomes larger at higher speeds and for which our theory does not account. Indeed, qualitatively the presence of friction must slow down objects and make fall times longer, and that is exactly the effect we see for height 30 m (Fig. 4). For the same reason for the highest drop (30 m) the value of g turned out to be smaller than average, and smaller than expected beyond error level (Fig. 5). Therefore, measurement for heights (30 m are not reliable. On the other hand, error levels for heights below 10 m become increasingly larger (Fig. 5) due to very short fall times, which are hard to measure manually. The optimal height for such measurements is 10-25 meters.

The second experiment minimizes the effect of air friction by using drop heights below 3 meters. Using computer controlled automatic timer makes precision far superior to manually controlled timer and allows us to measure g with extremely high precision - (~1% versus 20% in the first experiment. 
Conclusion

Using fall times we were able to measure the magnitude of Earth’s gravitational field g. The first method, where we used manual timer, resulted in g=(9.5(2) m/s2, while the second measurement using computer controlled experiment refined this value to (9.81(0.08) m/s2. Both measured values are in excellent agreement with the commonly accepted value of g=9.8 m/s2, though the computer driven experiment is clearly more precise.
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� We consider only nonrelativistic case.
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