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We present calculations for the double photoionization �with excitation� and the triple photoionization of Li
and Be. We extend and more fully discuss the previous calculations made for Li by Colgan et al. �Phys. Rev.
Lett. 93, 053201 �2004�� and present calculations for Be. The Be triple photoionization cross sections are
compared with previous double shake-off model calculations of Kheifets and Bray �J. Phys. B 36, L211
�2003��, and our calculations are found to be significantly lower.
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I. INTRODUCTION

The last ten years or so have seen intensive efforts, both
theoretically and experimentally, in the study of the three-
body Coulomb problem found in the double photoionization
of the helium atom. It is now the case that for total double
photoionization cross sections and single, double, and triple
differential cross sections, very good agreement is found be-
tween several different theoretical techniques and experi-
mental measurements over a wide range of incident energies
and electron energy and angle sharings. A review of early
work on this topic has been given by Briggs and Schmidt �1�
and the various recent important theoretical developments as
well as some of the important experimental measurements
are listed �2–7�.

Subsequently, interest is growing in moving beyond the
double photoionization of He. More complex targets, such as
Be, have been examined by the convergent close-coupling
method �8�, the time-dependent close-coupling technique �9�,
and the hyperspherical R-matrix with semiclassical outgoing
waves technique �10�. These have recently been supported
by experimental measurements of the total double photoion-
ization cross section for Be �11,12� in the near threshold
region.

There is also increasing interest in examining the four-
body Coulomb problem, most simply found in the triple
photoionization of Li. This represents a much more difficult
problem than the double photoionization of He, since now
the motion of three electrons must be treated equally. Early
experimental measurements were provided by Wehlitz et al.
�13�. The triple photoionization cross section in the high-
energy limit was studied by van der Hart and Greene �14�,
and a half-collision model was recently used �15� to examine
the triple photoionization cross section and related ratios.
Fairly good agreement was found between these model cal-
culations and experiment. Recently, the time-dependent
close-coupling method was used to treat all three electrons of
Li equally, by propagating a nine-dimensional wave function
according to the Schrödinger equation �16�. Double photo-
ionization with excitation and triple photoionization cross
sections were obtained which were in good agreement with
experiment �13,17�. In this paper, we present further time-
dependent calculations for Li and extend our method to ex-
amine the double and triple photoionization of Be. There has

been a recent double shake-off model calculation for the
triple photonionization of Be �18�. We compare our results
with this calculation and also compare and contrast the
double and triple photoionization cross sections of Li and
Be.

In the next section we describe the time-dependent close-
coupling theory as applied to triple photoionization calcula-
tions. We then present our results for double and triple photo-
ionization of Li and Be. We conclude with a short summary
of our work.

II. THEORY

The crucial equations for photoionization of a three-
electron target atom were laid out in our previous paper on
Li �16�. For the sake of completeness, we repeat these equa-
tions here and give the full form of all the relevant quantities.
We note that this three-electron treatment has also been re-
cently applied with success to the electron-impact single and
double ionization of He �19� and also to the single and
double autoionization of hollow atom states of Li �20�.

For a three-electron target atom, the angular reduction of
a weak-field form of the time-dependent Schrödinger equa-
tion yields a single set of time-dependent close-coupled par-
tial differential equations
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and the coupling operators are found by reduction of
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The dipole radiation field coupling operators are also found by reduction of
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The time dependence of the linearly polarized electric field
amplitude F�t� is proportional to cos �t, where � is the ra-
diation field frequency, while in the length gauge g�r�=r.

In Eq. �1� the function P̄
l1�l2�L�l3�
L0 �r1 ,r2 ,r3� represents the

radial part of the fully correlated initial 2Se ground state, and
Pl1l2Ll3

L �r1 ,r2 ,r3 , t� represents the radial part of the fully cor-
related final state. The radial wave functions
P̄
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Schrödinger equation in imaginary time for a three-electron
target atom. Care must be taken to properly relax the wave
function to the correct ground state. For Li, a fictitious 1s3 2S

state was created and then a subsequent 1s22s 2S state was
constructed, which was always kept orthogonal to the 1s3

state. The initial state used in this relaxation was a product
state consisting of the Li2+ �1s�� �1s�� �2s� states. For Be, a
set of one-electron states were constructed in the field of a
frozen-core Be3+ �1s� state, found by diagonalization of
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where V�r� is a Hartree-Slater potential that screens the Cou-
lomb field. These Be2+ �nl� states were used as the initial
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product state for the relaxation, i.e., Be2+ �1s�� �2s�� �2s�.
To prevent this initial state from relaxing to any lower state

containing two 1s electrons, a Schmidt orthogonalization
procedure was employed at every imaginary time step:
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In this procedure, we orthogonalize the initial state

P̄
l1�l2�L�l3�
L0 �r1 ,r2 ,r3 ,�� to any combination of two 1s electrons

in any of the electronic coordinates. Since this step has also
removed �three times� the piece of the initial state in 1s1s1s
we must add back in this part appropriately �twice�, so that
this piece is only removed once. It was found that long re-
laxation times �up to 20 a.u. for Li and up to 30 a.u. for Be�
were required to fully complete the relaxation to the ground
state.

The initial condition for the solution of the time-
dependent close-coupling equations of Eq. �1� is given by

Pl1l2Ll3

L �r1,r2,r3,t = 0� = 0. �13�

The three-electron close-coupling equations of Eq. �1� are a
generalization of two-electron close-coupling equations used
before for photon double ionization of two-electron target
atoms �21,22�.

The time-dependent close-coupled equations of Eq. �1�
are solved using standard numerical methods to obtain a dis-
crete representation of the radial wavefunctions and all op-
erators on a three-dimensional lattice. Our specific imple-
mentation on massively parallel computers is to partition all
the r1, r2, and r3 coordinates over the many processors, so-
called domain decomposition. This allows us to make use of
up to thousands of processors of a supercomputer, if avail-
able. At each time step of the solution only those parts of the
radial wave functions needed to calculate the second deriva-
tives found in Eq. �2� are passed between the processors.

The probabilities for double or triple photoionization are
obtained by t→� projection of the radial wave function onto
fully antisymmetric spatial and spin functions, within double
or triple summations over electron momenta �for double and
triple photoionization, respectively�, including the appropri-
ate angular factors. The collision probability for triple photo-
ionization of the ground state of Li or Be is given by
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Six different terms are obtained due to the permutations of
three electrons, as opposed to two permutations when only
two electrons are considered. In fact, since for two electron
systems the spatial and spin wave functions separate, photo-
ionization �or excitation� probabilities can be easily obtained
by projection onto simple products of one-electron radial
functions, provided the two electron time-propagated radial
wave function is symmetrized for singlet scattering or anti-
symmetrized for triplet scattering �21�.

For double photoionization �with excitation� of Li, the
radial part of the projections are onto products of one bound
nl state and two continuum states, where the continuum ra-
dial wave functions are obtained by diagonalization of Eq.
�11� with V�r� the appropriate Hartree-Slater potential for Li.
For triple photoionization of Li the radial part of the projec-
tions are made onto products of three continuum radial wave
functions which are obtained by diagonalization of Eq. �11�
where now V�r�=−Z /r. For double photoionization �with ex-
citation� of Be, the continuum radial wavefunctions used in
the radial part of the projections are obtained by diagonaliza-
tion of

h�r� = −
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2
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�r2 +
l�l + 1�

2r2 + VD�r� + VX�r� , �17�

where VD�r� and VX�r� are the direct Hartree and local ex-
change potentials, respectively. For triple photoionization of
Be the continuum radial wavefunction used in the radial part
of the projections are obtained by diagonalization of Eq.
�11�. �Note that the triple photoionization of Be calculations
leave the ion in the 1s state. No calculations leaving the ion
in an excited state are possible due to our use of a frozen
Be3+ core.� Care must be taken in the sums over the electron
momenta k2 ,k3 �double photoionization� or k1 ,k2 ,k3 �triple
photoionization� found in the photoionization probability ex-
pression. When the associated angular momenta are equal,
for example, l1= l2, the sums must be restricted to avoid
double counting of distinct continuum states. More subtle is
the unwanted contribution to the probability from the con-
tinuum correlation part of two-electron bound wave func-

tions that evolve on the lattice. This point has been discussed
in detail by McCurdy et al. �23� in a study of the electron
double ionization of an s-wave model He atom. Instead of
projecting out two-electron bound states from the three elec-
tron time-propagated radial wave function and then project-
ing onto all electron momenta, we found that a simple re-
striction of the sums over the electron momenta, so that the
conservation of energy:

Eatom + Eprojectile − Enl =
k2

2

2
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2
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for double ionization leaving the ion in an nl state, and
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k1
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2
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for triple ionization, was approximately conserved, greatly
reduced contamination from the continuum piece of the two-
electron bound state wave functions. In addition, this method
of restricted momenta sums should become more accurate as
the lattice size increases.

Finally, the photon double and triple ionization cross sec-
tion is given by

	� =
�

I
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�t
�

t→�
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where I is the intensity of the radiation field and P is the total
photoionization probability for either double or triple photo-
ionization obtained previously. Care must also be taken in
the sums over the quantum numbers associated with the fully
antisymmetric spatial and spin wave functions to avoid
double counting.

III. RESULTS

In our calculations a �192�3 lattice was employed with
each radial direction from 0.0→19.2 spanned by a uniform
mesh with spacing 
r=0.10 a.u. For the relaxation of the
ground state, 23 channels were routinely used �up to and
including l=3�. For Li, this gave a lattice energy of
−198.76 eV, after a relaxation time of 20 a.u. Increasing the
relaxation time to 30 a.u. changed this energy by a few parts
in the last decimal place. One further calculation was made
which included 42 channels �up to and including l=4�. This
produced an energy of −198.77 eV after 20 a.u. of relax-
ation, showing that our ground state is extremely well con-
verged with respect to the exact ground state on the lattice.
The experimental Li ground state energy is −203.43 eV. Our
value is within around 2% of this value. The difference be-
tween our lattice energy and the exact value is due entirely to
the kinetic energy terms in Eq. �1�, which are determined
largely by the lattice spacing. Decreasing the mesh spacing
still further would also necessarily decrease the time step
employed in our propagation and result in prohibitively large
calculations. However, the long relaxation times and the very
good convergence of our ground-state energy with respect to
the angular momenta included, shows that our initial state
includes the correlation of this system very well.
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For Be, it was found that larger relaxation times were
necessary to fully converge the relaxation to the ground state.
Using the same lattice as the Li calculations, with 23 chan-
nels, and after 30 a.u., a ground state which gave a triple
photoionization threshold of −181.08 eV was found, which
is well within 1% of the exact Be triple photoionization
threshold. Increasing the relaxation time to 40 a.u. gave a
ground-state energy of −181.10 eV. We remark that a more
“exact” energy is found for Be because the Hartree-Slater
potential used to calculate the Be2+ orbitals used in the
ground state relaxation can be adjusted so that the Be2+ en-
ergies are almost identical to experiment.

Once a fully correlated initial state is obtained, the time-
dependent close-coupling equation of Eq. �1� are propagated
in real time for around 10 radiation field periods. 51 channels
�up to and including l=3� were routinely used to represent
the final 2P0 state. For both atoms, one further calculation
was made which included 99 channels �up to and including
l=4� in the final state as a further convergence check. Pro-
jections were made onto fully antisymmetric spatial and spin
states to obtain the necessary probabilities for double and
triple photoionization. We now turn to a discussion of our
results for double ionization of Li and Be, before examining
the triple photoionization of Li and Be.

A. Double photoionization

It should be noted that our time-dependent calculations
calculate all photoionization quantities for Li and Be. Natu-
rally, the dominant process is single photoionization of one
electron, which we do not discuss further here as these quan-
tities are generally very well known, especially at higher
photon energies. The double photoionization cross section is
typically around 2 orders of magnitude lower than the single
photoionization cross section. In Fig. 1 we show the double
photoionization cross section for Li. In Fig. 1�a� we compare
our total double photoionization cross section with the ex-
perimental measurements of Huang et al. �17�. Very good

agreement is found with experiment, except at the lowest
energies, where our calculations start to become lower than
experiment. We remark that these calculations are well con-
verged with respect to the number of channels included in
the final state. A single time-dependent calculation made at
an incident energy of 300 eV, which contains channels up to
and including l=4, is almost identical to that with fewer
channels. In Fig. 1�b� we show the partial double photoion-
ization cross section leaving the Li2+ ion in any one of the
1s, 2s, or 2p final states. We note that the Li2+ ion is most
likely to be left in the 1s or 2s states, with the probability of
being left in the 2s being around 20% higher than that of
being left in the 1s. There has been recent attempts to fit the
double photoionization cross section measurements for Li
with a scaling model to estimate the cross sections leaving
the ion in these different states �24�. It was found that our
time-dependent close-coupling calculations leaving the ion
in the 2s state were in good agreement with this fit, but that
our calculations leaving the ion in the 1s state were around
30–40 % higher than this fit. As discussed in Ref. �24�, it
seems that the interference between the competing double
ionization processes leaving the ion in various final states is
important, and must be taken into account. A calculation or
fit which treats the double ionization processes separately
will not include this potentially important effect.

In Fig. 2 we show the double photoionization cross sec-
tion for Be. As for Li, we also present the partial double
photoionization cross sections, leaving the Be2+ ion in one of
three final states, the 1s2, 1s2s, or 1s2p. We notice that the
total double ionization cross section is quite a bit larger for
Be than for Li, at the same incident photon energy. This
could be related to the lower double ionization threshold for
Be than for Li, caused by the screening effects of an extra
inner shell electron. For Be, there are no experimental mea-
surements with which to compare in this energy range. Pre-
vious measurements �12� and calculations �8,9� were in a
much lower energy range below the threshold for ionization
from the 1s shell.

An interesting difference in the partial double photoion-
ization cross sections for Be is the increased likelihood of

FIG. 1. �Color online� Double photoionization cross section of
Li as a function of photon energy. The total double photoionization
cross section is compared with the experiment of Huang et al. �17�.
�b� The partial double photoionization cross sections leaving the
Li2+ ion in one of three possible final states as shown �1.0 kb
=1.0�10−21 cm2�.

FIG. 2. �Color online� Double photoionization cross section of
Be as a function of incident photon energy for time-dependent cal-
culations including angular momentum channels up to and includ-
ing l=3. The partial double photoionization cross section leaving
the Be2+ ion in one of three final states is also shown �1.0 kb
=1.0�10−21 cm2�.
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double ionization leaving the ion in the Be2+ 1s2p final state.
Above around 280 eV, this is more probable than leaving the
ion in the 1s2 state. This is quite different from Li, where the
probability leaving the ion in the Li2+ 2p state was much
smaller than the 1s probability over all energies. Also, for
Be, the double ionization leaving the ion in the 1s2s final
state dominates across all energies in the range. This differ-
ence is likely due to the strong mixing between 1s22s2 and
1s22p2 in the initial Be ground state, which increases the
probability that the Be2+ ion can be left in the 1s2p final
state. This is not present in the ground state of Li, where the
ground 1s22s state does not mix with the 1s22p state, ex-
plaining the lower probability of double ionization of Li
leaving the ion in the 2p final state. This underscores the
importance of including correlation effects in the initial state
of the system when considering multiple ionization pro-
cesses.

B. Triple photoionization

We now examine the triple photoionization cross section.
It should be emphasized that these results come from the
same calculations which produce the double photoionization
cross section. The same time-dependent propagation is used,
but the projections used to get the probabilites are different
for double and triple ionization, as discussed following Eq.
�16�. Again, the triple photoionization cross section is typi-
cally three orders of magnitude lower than the double photo-
ionization cross section.

In Fig. 3 we show the triple photoionization cross section
for Li, and compare it with the experimental measurements
of Wehlitz et al. �13�. Our calculations which include 51
channels up to and including l=3 are shown by the red line.
These are in good agreement �within the error bars� for three
of the five experimental points. At 225 and 320 eV incident
photon energy, our calculations are just outside the error
bars. We also note that our calculations are in good agree-
ment with very recent calculations �25� using classical tra-
jectory methods. It was discussed in our previous paper on Li
�16�, that our calculations for the triple photoionization were

not converged with respect to the highest angular momenta
of the number of channels included. This was based on the
comparison of calculations including up to l=2 with those
including l=3. The calculations including up to l=3 were
higher by around 50% than those with l=2. It was then de-
cided to attempt a calculation which included up to l=4,
which required 99 channels in the final state. This quickly
becomes an enormous calculation, made even larger by the
extra time required for the many projections which now must
be made �resulting from the large increase in the number of
determinantal states� in order to compute the ionization prob-
abilities. However, one such calculation at an incident energy
of 300 eV was completed by utilizing several thousand su-
percomputing processors available to us. The triple photoion-
ization cross section resulting from this calculation was
around 30% higher than the cross section computed includ-
ing channels up to l=3. This is disappointing, as the double
photoionization cross section resulting from the same calcu-
lation is well converged by including angular momenta up to
and including l=3. It seems that this triple photoionization
cross section is a very difficult quantity to converge, perhaps
due to the extremely small nature of this cross section
�barns�. An even larger calculation which would include all
channels up to l=5 is not yet possible given current compu-
tational resources. It is also possible that a larger radial mesh
is needed to include these l=4 orbitals which are more spa-
tially extended. Also, calculations with a finer mesh, which
may become important for orbitals which approach the
nucleus, may lead to improved convergence with respect to
the angular momenta. Both these calculations will be at-
tempted once the necessary computing resources become
available.

Finally in Fig. 4, we examine the triple photoionization of
Be, where now we can compare with the double shake-off
model calculations of Kheifets and Bray �18�. Clearly our
time-dependent calculations �which were made including all
channels up to and including l=3� are quite a bit lower than
the model calculations. Also, the peak of the cross section is
higher for the time-dependent calculations �around 280 eV�
than for the model calculations �around 250 eV�. Interest-

FIG. 3. �Color online� Triple photoionization cross section of Li
as a function of incident photon energy. We compare the experiment
of Wehlitz et al. �13� with our time-dependent close-coupling cal-
culations. �1.0 b=1.0�10−24 cm2�.

FIG. 4. �Color online� Time-dependent close-coupling calcula-
tions of the triple photoionization cross section of Be as a function
of incident photon energy. We compare these calculations with the
double shake-off model calculations of Kheifets and Bray �18�
�dashed line� �1.0 b=1.0�10−24 cm2�.
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ingly, it appears that our triple photoionization cross sections
for Be are better converged than the calculations for Li. The
calculations including all channels up to l=3 are around 20–
30 % higher than those including all channels up to l=2. A
single calculation including all channels up to l=4 at 280 eV
incident photon energy is around 20% higher than the l=3
calculation.

It seems therefore that our time-dependent calculations
are lower than those found by using the double shake-off
model. Even though our triple photoionization cross sections
are not completely converged, they are clearly much lower
than the double shake-off model results. The magnitude of
the triple photoionization cross section for Be is quite similar
to that for Li. This is unlike the double ionization where the
Be cross section was quite a bit larger than the Li double
ionization cross section. This could be due to the fact that the
triple ionization thresholds are fairly similar for Li and Be
�203 and 181 eV, respectively�, whereas the double ioniza-
tion thresholds are quite different �81 and 27 eV, respec-
tively�.

IV. SUMMARY

In conclusion, we have extended our time-dependent cal-
culations of three-electron systems to examine further the Li
atom and to calculate double and triple photoionization cross
sections for Be. We find our double ionization cross sections

to be well converged and in good agreement with available
experimental results. For triple ionization, the cross section
appears to be more slowly convergent for Li, although for Be
the triple ionization seems to converge somewhat faster. Our
triple photoionization cross sections for Be are over a factor
of 2 lower than a previous double shake-off model calcula-
tion. We look forward to utilizing the steady increase in com-
puting power so that larger three-electron calculations can be
made. We also are implementing our three-electron algo-
rithms to further studies of electron-impact double ionization
�19� and double autoionization problems �20�.
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