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Three-body recombination for protons moving in a strong magnetic field
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Department of Physics, Auburn University, Auburn, Alabama 36849-5311, USA

~Received 23 July 2003; published 27 January 2004!

Using a classical Monte Carlo method, we have computed the three-body recombination~two free electrons
and a proton scattering into one free electron and a hydrogen atom:e1e1p→ H1e) in strong magnetic
fields. The proton is allowed its full motion whereas the motion of the electron is given by the guiding center
approximation. We investigate recombination for temperatures and fields similar to those used in recent ex-
periments that generated anti-hydrogen. When the proton has the same temperature as the electrons, the
recombination rate for the more elaborate equations of motion is roughly 60% larger than for theB→`
approximation. The recombination rate decreases as the proton speed approaches the electron thermal speed;
the variation of this rate has implications for the directionality of the anti-atoms formed in recent experiments.
We report on several properties of the atoms formed by three-body recombination in strong magnetic fields.
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I. INTRODUCTION

Recently, two groups@1–3# have reported the formatio
of anti-hydrogen by having anti-protons traverse a posit
plasma. Presumably@4#, the anti-hydrogen is formed throug
three-body recombination: two positrons scatter in the fi
of the anti-proton so that one positron loses enough energ
become bound to the anti-proton and the other positron
ries away the excess energy. The purpose of this paper
report on the results of our calculations of three-body reco
bination for parameters similar to those used in the a
hydrogen experiments. For the sake of simplicity, we w
refer to the calculation for matter~electrons and protons!
since the results are the same as those for anti-matter.

It was noted from the earliest studies that the three-b
recombination rate is proportional tone

2Te
29/2, wherene is

the electron density andTe is the electron temperature. Th
form arises from simple dimensional arguments. The rat
proportional to the electron density times the electron vel
ity (}Te

1/2) times the scattering cross section (}r 2) times the
probability for finding a second electron within the size
the atom}ner

3; the size of the atom formed in the recom
bination step is proportional toTe

21 . Three-body recombina
tion was numerically studied during the 1970’s. The ma
object of the numerical investigation was to obtain the p
portionality factor in the recombination rate for no extern
fields ~e.g., see Ref.@5#!. For the parameters we investigat
classical mechanics will be sufficiently accurate since
process is classically allowed, populates high-n states (n
.35), and involves substantial averaging over initial con
tions.

However, the recent anti-hydrogen experiments emplo
strong magnetic field to confine the positrons and a
protons. The zero-field recombination rates are not accu
for the anti-hydrogen experiments because the magnetic
strongly modifies the motion of the charged particles. To
that the results will be strongly modified we compare the s
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scale of the atom to the cyclotron radius for the electron a
proton atTe54 K andB55.4 T. ~In all calculations we will
use SI units.! The size scale of the hydrogen atom isr H

5e2/(4pe0kBTe)54.2 mm. The cyclotron radius scale i
r cyc5mv/(eB)5A2mkBTe/(eB) and is 0.012mm for an
electron and 0.50mm for the proton.

Glinsky and O’Neil@6# computed the proportionality co
efficient for the three-body recombination@7# in the B→`
limit. In this limit, the proton can be taken to be fixed
space and the electrons are only free to move along
magnetic-field direction; for definiteness we will take th
magnetic field to be in the1z direction. The electrons and
protons interact through thez component of the 1/r 2 electric
forces. They used a clever method of extending the ther
distribution of the electrons to bound energies. The recom
nation rate was found by scattering electrons from th
weakly bound atoms. Recombination was determined
have occurred if an electron was scattered to low eno
energies that the probability for reionization was negligib
small. They found that electrons bound by roughly 10kBTe
were rarely ionized. Thus, the recombination rate can
found from the rate that electrons are first scattered be
10kBTe .

From the parameters above, it is clear that the deta
cyclotron motion of the electron can be ignored due to
small size of the electron cyclotron radius. However, it is n
clear that two effects ignored in Ref.@6# can be neglected
The first is the motion of the proton, since the size of t
cyclotron orbit for the proton (r cyc50.50mm) is compa-
rable to the size of an atom with a binding energy of 10kBTe

(;r H/1050.42mm). The second effect is theEW 3BW drift of
the electron. In our calculations, we include both of the
effects. We have performed calculations at 4, 8, and 16 K
magnetic fields of 3.0 and 5.4 T; the ATHENA experime
@1# runs at roughly 16 K and 3 T while the ATRAP exper
ment @2,3# runs at roughly 4 K and 5.4 T. We find that the
recombination rate including these effects is roughly 60
larger than theB→` rate found by Glinsky and O’Neil@6#.
Although this appears to be a sizeable difference, relativ
small changes in temperature~11%! or density~26%! would
©2004 The American Physical Society01-1
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compensate for this difference. As noted in Ref.@6#, the B
→` approximation works well because the fastest time sc
is in thez direction. The motions from theEW 3BW drift of the
electrons and the cyclotron motion of the proton is more th
an order of magnitude slower.

A more important effect is the decrease of the recombi
tion rate with the increase of proton speed along the m
netic field. In the anti-hydrogen experiments, the anti-prot
and positrons are contained in separate potential wells
depths of order 10 eV. Although the distribution of an
proton speed in the positron cloud is not well characteriz
it seems likely that the energy of the proton along the m
netic field is given by the trap depth. However, the transve
speed of the protons might be given by the temperature s
longitudinal and transverse motions are largely decoup
Because the temperatures are in Kelvin (;1024 eV), the
proton energy along the magnetic field can be sizeable e
when it is only~1/100!th of the trap energy scale. Thus, it
possible that the anti-atoms have velocities mainly direc
along the magnetic field. We have computed the recomb
tion rate for proton speeds comparable to the electron t
mal speed.

II. NUMERICAL METHOD

To provide an independent test of the previous calcu
tions@6#, we include higher terms in the equations of motio
We also generate the electron and proton distribution usin
different method.

A. Equations of motion

The full equations of motion for electrons interacting wi
a proton require too much computational effort to solve. T
electron cyclotron periodtcyc52pm/(eB).6.7 ps forces a
numerical differential equation solver to take time steps
order 100 fs. Thus, the main effort would be devoted to
electron’s helical motion.

Fortunately, the radius of the cyclotron orbit for electro
is very small compared to the other length scales. Also,
very fast cyclotron motion can be used to advantage.
average over a cyclotron period to obtain the well-kno
guiding center approximation. In this approximation, t
center of the cyclotron orbit moves freely along the magne
field. The motion of the center perpendicular to the fie
arises fromEW 3BW drift. For an electron whose cyclotron orb
is centered atrW, there are four coupled equations

dx

dt
5Ey~rW !/B,

dy

dt
52Ex~rW !/B,

dz

dt
5vz , m

dvz

dt
52eEz~rW !, ~1!

wherex,y,z is the center of the cyclotron orbit.
We include the full equations of motion of the proton

the xy plane. In our simulations, we choose a frame wh
the proton speed along the field is initially 0. We do n
include the subsequent motion of the proton along the fi
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since this will only induce changes in the recombination r
proportional to the mass ratio. The four coupled equatio
for the proton are

dX

dt
5Vx , M

dVx

dt
5e@Ex~RW !1VyB#,

dY

dt
5Vy , M

dVy

dt
5e@Ey~RW !2VxB#. ~2!

The coupled equations for the proton and electrons
solved using an adaptive step size, Runge-Kutta method

The magnetic field is uniform and constant. The elect
field is only due to the charged particles in the simulatio
External fields from the traps are ignored. These simulati
do not properly treat the motion of the electron and pro
when the electron is within an electron cyclotron radius
the proton; two electrons are never within a cyclotron rad
of each other because of the low temperature and the re
ling Coulomb force. Not only are the equations of motio
inaccurate for a close electron-proton approach but the si
lation slows down because of the presence of large acce
tions. Since the equations are already inaccurate, wemodify
the electric forces by ‘‘softening’’ the singularity. Instead
having the potential between two particles separated byr be
proportional to 1/r , we change the potential to 1/Ar 21r m

2

where we choser m to be the electron cyclotron radius; th
electric fields are computed fromEW 52¹W V.

We note that there are several conserved quantities
these equations of motion: an energy, thex andy components
of a pseudomomentum, and an angular momentum in thz
direction@8,9#. We use the conserved quantities as part of
error monitoring conditions in our adaptive step size OD
solver.

B. Distribution

The distribution of trajectories is computed using t
physical distributions for the proton and the electrons. El
trons are randomly fired at a proton located at the center
cube. The time of firing an electron is random with a pro
ability dt/tave during the time intervaldt; tave is the average
time an electron takes to cross the volume. The cube
edges of lengthxmax510e2/(4pe0kBTe) which is roughly
100 times larger than the radius of the recombined atom.
electrons are randomly fired fromz56xmax/2 with thex,y
position randomly chosen in the range2xmax/2,x,y
,xmax/2. This prescription gives a varying number of ele
trons in the simulation. Our simulations are in the rest fra
of the proton in thez direction, and the electrons have
Maxwell-Boltzmann distribution invz . If we are simulating
recombination onto a proton moving inz, then the electron
velocity distribution invz is a shifted Maxwell-Boltzmann
distribution.

The x,y proton distribution can be obtained more simp
It is assumed that the protons have a Maxwell-Boltzma
distribution with the same temperature as the electrons. T
is probably not correct in some situations; however, it
probable that the transverse proton temperature is clos
1-2
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the electron temperature in most cases of interest. When
the simulation makes a transition from 0 to 1 electron in
volume, a new set of initial velocities is chosen for the p
ton.

Whenever we launch an electron, we shift the position
the proton and any electrons that are already in the cube.
shift is chosen so that the estimated position of the pro
will be at the center of the cube when the new elect
crosses thexy plane; this prescription with choosing rando
x,y positions for the initial launch gives a uniform distribu
tion of impact parameters around the position of the prot
Without this shift, the proton could drift out of the volum
before the launched electron reaches thexy plane.

C. Recombination defined

In order to make the computation feasible, we only co
pute trajectories to the point where an electron has suffic
binding energy that it is unlikely to be reionized during su
sequent collisions. For our definition of binding, we sim
lated the motion until there was one electron in the volu
and the total energy of the electron plus proton,

E5
1

2
M ~Vx

21Vy
2!1

1

2
mvz

22
e2

4pe0Ar 21r min
2

, ~3!

is less than2nkBTe . We computed the average time to r
combination for a few thousand events. We increasedn until
the average time to recombination converged:n58. Note
this is similar to the definition of recombination in Ref.@6#
since proton kinetic energy~roughlykBTe) is included in our
definition of recombination. The three-body recombinati
rate is the inverse of the average time to recombination.
recombination rate forn56 for which some reionization ca
still occur is roughly~10%! higher than forn58.

We take the time to recombination to be the time at wh
the atom first has energyE52nkBTe . We note that this
time contains both the time to initially capture an electr
~usually toE.2nkBTe) and the time to scatter the electro
to deeper binding energies. For the parameters we have
sen the time to scatter to deeper binding is less than 1%
the time to recombination.

III. RESULTS

A. Thermal protons

Following the notation of Ref.@6#, we will present our
recombination rates in terms ofb5e2/(4pe0kBTe) and ve

5AkBTe /me; the recombination rate isCne
2veb

5 whereC is
a dimensionless constant. In Ref.@6#, they determinedC
50.07060.01 for theB→` approximation; the field free
coefficient is an order of magnitude larger:C50.76. We
foundC50.072 with an uncertainty of 0.002 due to statist
and an estimated uncertainty of 0.004 due to systematic
rors ~volume effects and the soft-core potential are the m
errors! when using theB→` equations of motion.

We computed the three-body recombination rates for th
different temperatures~4, 8, and 16 K! and 2 different mag-
netic fields~3.0 and 5.4 T! and the results are presented
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Table I. For all of the calculations the statistical uncertain
in C is less than 0.002. The main uncertainty is due to s
tematic errors and could be as high as 0.010. Note that
recombination coefficients are only weakly dependent on
temperature and magnetic field and the trends in this ta
are not significant. The rates are roughly 60% larger than
B→` rate.

We have calculated the distribution of average transve
velocities of the recombined hydrogen atom for the th
different temperatures in the 5.4 T magnetic field. The dis
bution of atomic velocities is close to the Maxwel
Boltzmann distribution of the original ions; the largest d
ference is for the 4 K data set which has transverse spe
roughly 30% larger than for a Maxwell-Boltzmann distrib
tion. Thus, a rough estimate for the transverse speed o
combined atoms isAkBT/M . At 4 K, this gives a transverse
speed of roughly 200 m/s.

The transverse motion of a hydrogen atom through a m
netic field induces a nonzero time-average dipole momen
is possible that this dipole moment could be used to gu
the motion of the atom which would be useful in the an
hydrogen experiments: the ability to guide their moti
could enhance the delivery of anti-hydrogen to specified
gions of the trap. We have computed the distributions or
5A(^x2X& t)

21(^y2Y& t)
2 where^ & t is the time average

We compared the average displacement to the size of
atomr05e2/(4pe0 8kBTe)5r H/8. At 4 K, the distribution
of r extended to roughly 0.4r0 with a peak at 0.2r0 while at
8 K the distribution extended to roughly 0.2r0 with a peak at
0.07r0. This shows that the size of the time-average d
placement of the electron from the proton is a fraction of
size of the atom and becomes a smaller fraction at hig
temperatures.

For most experiments of interest, the anti-hydrogen ne
to be in the ground state. One proposal is to expose
anti-hydrogen atoms formed in three-body recombination
laser light to stimulate transitions to lower-energy leve
One requirement for this proposal is that the electrons n
to overlap the region of the final state. We took the final st
to ben510 and thus the relevant region to be a sphere w
radius r 52n230.529310210 m. We examined the cas
when B55.4 T andT54 K which has a sample of 390
atoms. We found only 10 out of 3905 atoms could be stim
lated ton510 @10#. However, it must be remembered th
the recombined atoms in our sample are atn;70. Electron-
Rydberg collisions in the experiments will stimulate the
oms to lowern; these lower-n atoms are more likely to over
lap with then510. To understand this, we also computed t
number that could be stimulated inton530; in this case, 153
out of 3905 atoms could be stimulated ton530. Unfortu-
nately, this is still a small fraction: 4%.

TABLE I. Three-body recombination coefficient.

Te C at 3.0 T C at 5.4 T

4 K 0.110 0.097
8 K 0.120 0.114

16 K 0.110 0.117
1-3
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B. High-velocity protons

In Table II, we give the results of the three-body reco
bination when the electron velocities in the field direction a
a shifted Maxwell-Boltzmann distribution. The velocity sh
of the distribution is denoted byVz . This rate is equivalen
to recombination for a proton that is moving at a substan
speedVz relative to the electron gas. We note that the an
protons are launched through a positron gas in both of
anti-hydrogen experiments and it is likely that the velocity
the anti-proton along the field is large compared to the tra
verse velocity. The recombination rate decreases very rap
as the proton speed approaches the electron thermal s
However, a substantial amount of recombination can oc
with Vz much larger than the transverse velocity of the ato
For example,Vz is 18 times larger than the transverse velo
ity, 200 m/s, atV0/3. This means that after recombination t
atoms could have a high degree of directionality which co
be important for increasing the number of atoms that reac
particular area of the trap.

TABLE II. Three-body recombination coefficient as a functio
of proton speed along theB field. B55.4 T, Te54 K. The speed of
the proton is given in units of electron thermal speedV0

5A2kBTe /me51.13104 m/s. The energy of a proton with spee
Vz is also given.

Vz /V0 C E ~eV!

0.000 0.100 0.00
0.167 0.081 0.04
0.333 0.051 0.14
0.500 0.031 0.32
0.667 0.018 0.56
0.833 0.011 0.88
1.000 0.008 1.27
te
un
at
ra
th
n
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IV. CONCLUSIONS

We have generated data for three-body recombination
strong magnetic fields using more accurate equations of
tion. The recombination rate for thermal protons is 60
higher than in previous calculations. We have also genera
data when the proton has substantial velocity along the m
netic field. There exists a range of velocities with high r
combination rate where the proton’s speed along the fiel
substantially higher than proton speed perpendicular to
field. This could lead to directionality in the motion of th
recombined atoms.

We have computed properties of the recombined ato
and found them to be roughly what might be expected fr
dimensional arguments. For example, the distribution
transverse speeds of the atoms is roughly Maxw
Boltzmann with an average speed within 30% of the proto
average speed. Unfortunately, we found that only a sm
fraction of the atoms had properties suitable for laser stim
lation to low-n states. We also found that the time-avera
displacement of the electron relative to the proton wa
fraction of the possible size which does not bode well
using the dipole moment to guide the atom.
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