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Time-dependent studies of single and multiple photoionization of H2
¿
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~Received 30 June 2003; published 22 December 2003!

A time-dependent method is used to study the photoionization of the simplest one-electron molecule, H2
1 .

We use the variational principle to solve the time-dependent Schro¨dinger equation for H2
1 in spherical coor-

dinates (r ,u) centered on the center of mass of the H2
1 system in a time-varying electromagnetic field, in the

fixed-nuclei approximation. Bound and continuum states of H2
1 are obtained by diagonalizing the two-

dimensional Hamiltonian for H2
1 on a uniform lattice. Two different algorithms for the time propagation of the

Schrödinger equation are described, the first an explicit time propagator involving matrix multiplication and
the second an implicit time propagator involving matrix inversion. Single-photoionization cross sections for
H2

1 are presented for the cases where the laser field is oriented both parallel and perpendicular to the internu-
clear axis. Excellent agreement is found between the present calculations and previous work. Two- and three-
photon ionization cross sections are also presented for the cases where the laser field is oriented both parallel
and perpendicular to the internuclear axis. Comparison with previous work is available only for the parallel
orientation case where good agreement is found with a previous time-independent calculation.

DOI: 10.1103/PhysRevA.68.063413 PACS number~s!: 33.80.Rv
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I. INTRODUCTION

The study of the simplest one-electron molecule, H2
1 ,

has attracted much attention from both theory and exp
ment in recent years. The advent of increasingly powe
laser sources has intensified the study of laser-matter in
actions so that now femtosecond~or even subfemtosecond!
pulses are almost routine. Molecular targets can be m
more interesting than their atomic counterparts due to
rich variety of physical processes which can be obser
only in molecules, for example, bond softening~hardening!,
above-threshold dissociation, vibrational excitation, Co
lomb explosions, and the competition between dissocia
and ionization. Earlier work in these areas has been ex
sively discussed and reviewed@1#. Of course, these physica
phenomena inevitably require a much more complex theo
ical description of the processes involved. Although the o
electron H2

1 system can be solved exactly in elliptical coo
dinates @2#, the full solution of a one-electron molecu
subjected to an intense electromagnetic field is still a for
dable task.

In recent years many theoretical groups have perform
numerical calculations of the dynamical processes underg
by H2

1 in the presence of an intense electromagnetic field
is common practice to make severe approximations to
full dimensionality of the problem to make it computatio
ally tractable. This can involve restricting the electron co
dinate to one dimension, or freezing the nuclear motion~the
Born-Oppenheimer approximation! during which the elec-
trons move in the field of the ‘‘frozen’’ nuclei. For exampl
Bandrauk and co-workers have made many time-depen
calculations on photoemission spectra from and the disso
tive ionization of H2

1 ~Refs.@3,4#, and references within!. In
recent years they have focused on H2

1 under the influence o
ultrashort~attosecond! pulses@5# and the effect on high-orde
harmonic generation. Recent three-dimensional numer
solutions of the time-dependent Schro¨dinger equation for
1050-2947/2003/68~6!/063413~9!/$20.00 68 0634
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H2
1 have also been obtained by Dundaset al. @6# in the

fixed-nuclei approximation. Very recently time-depende
model calculations of H2

1 in an ultrashort laser pulse hav
been made by Ver Steeget al. @7#, who restricted the elec
tronic motion to one dimension while allowing the nuclei
move along a second dimension. Similar reduce
dimensionality calculations have also been made by Fe
stein and Thumm@8#, who studied fragmentation paramete
as a function of the initial vibrational state of H2

1 . Most
numerical calculations have used time-dependent techniq
to properly account for the~very! short pulse length of the
laser field. However, multiphoton ionization rates have be
obtained using time-independent complex-basis-funct
Floquet methods by Plummeret al. @9#. The work of Dundas
et al. @6# was in very good agreement with these resu
These comparisons enhance the arguments of Gavrila@10#,
who argued that a dual time-dependent and time-indepen
approach is the best technique for solving the dynamics
atoms or molecules subjected to an intense laser field.

In this paper we present a set of time-dependent calc
tions for the single-photon and multiphoton ionization
H2

1 in an intense, linearly polarized, electromagnetic fie
Here our focus is not on the field effects of molecules s
jected to ever more intense and short-pulse laser fields~al-
though our method can be used for such purposes!, but rather
to explore the single-photon and multiphoton ionization ra
and cross sections resulting from a light diatomic molec
exposed to an electromagnetic field. Single-photoionizat
cross sections for H2

1 in the fixed-nuclei approximation
have been calculated by Bates and O¨ pik @11# in the 1960s for
cases where the field was oriented both parallel and per
dicular to the internuclear axis, and these results have s
been confirmed many times@12,13#. Plummer and McCann
@13# also presented two- and three-photon ionization gen
alized cross sections from H2

1 in their study of hydrogen
systems, for the case where the laser field was oriented
allel to the internuclear axis. Our calculations address the
©2003 The American Physical Society13-1
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dimensionality of the electronic coordinate while keeping
nuclear motion fixed. The system is defined in spherical
ordinates centered on the center of mass of the molec
Although the one-electron H2

1 system is completely sepa
rable in prolate spheroidal~or confocal elliptical! coordinate
systems, we choose not to take advantage of this since
plan to extend our technique to multielectron problem
which are not separable in elliptical coordinates. Our aim
to extend this method to the treatment of double photoi
ization of two electrons from a molecular target, i.e., t
two-center, three-body Coulomb problem, by increasing
dimensions of the problem to account for two ejected el
trons. The many experimental measurements of differen
cross sections for double photoionization of D2 by several
groups@14–17# have not been matched by theoretical calc
lations for these processes. We hope that this imbalance
be addressed in the coming years. This is unlike the situa
for the double photoionization of two-electron atoms, whe
in recent years theory and experiment have reached high
els of agreement for most dynamical situations involving
double photoionization of helium@18–20#.

The structure of this paper is as follows. In the followin
section we show how the variational principle is used
construct the Hamiltonian for H2

1 on a two-dimensional uni-
form lattice. This Hamiltonian is then diagonalized to obta
a full set of bound states of H2

1 . The time-dependent Schro¨-
dinger equation for H2

1 is then solved and a discussion
two different time propagators used in the solution of t
Schrödinger equation is given. We then present a selectio
ionization cross sections obtained for H2

1 for a variety of
laser frequencies and internuclear separations of the H2

1 ion.
We conclude by discussing future directions for this wo
Unless otherwise stated atomic units are used throughout
paper.

II. THEORY

Making use of the kinetic-energy functiona
1
2 *drWu¹W c(rW,t)u2, a numerical representation of the tim
dependent Schro¨dinger equation for a single electron in th
field of two nuclei is derived from the variational form

d

du* E0

`

r 2drE
0

p

sinuduS iu*
]u

]t
2

1

2U]u

]r U
2

2
1

2r 2U]u

]uU
2

2u* VuD50, ~1!

where the total wave function is given by

c~r ,u,f,t !5(
m

u(m)~r ,u,t !
eimf

A2p
. ~2!

The total potential energy is given by

V~r ,u,t !5Vnuclear1Vlaser1Vcentrifugal, ~3!

where the static nuclear term is
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Vnuclear~r ,u!52
Z1

Ar 21
R2

4
2rR cosu

2
Z2

Ar 21
R2

4
1rR cosu

, ~4!

Z1 and Z2 are the nuclear atomic numbers, andR is the
internuclear separation. The time-varying laser term is

Vlaser~r ,u,t !5E~ t ! f ~r ,u!cos~vt !, ~5!

whereE(t) is the electric-field amplitude,f (r ,u) defines the
orientation of the field with respect to the internuclear ax
andv is the laser frequency. The centrifugal term is

Vcentrifugal~r ,u!5
m2

2r 2sin2u
. ~6!

If we represent the derivatives and integrals in Eq.~1! with
low-order finite differences, discretizing space on a unifo
mesh yields

i
]wi , j

(m)~ t !

]t
5~Kw! i , j

(m)~ t !1Vi , j~ t !wi , j
(m)~ t !

1E~ t !r i cos~u j !cos~vt !wi , j
(m)~ t !, ~7!

where the kinetic-energy operator is given by

~Kw! i , j
(m)~ t !

52
1

2 S ciwi 11,j
(m) ~ t !1ci 21wi 21,j

(m) ~ t !2cīwi , j
(m)~ t !

Dr 2 D
2

1

2r i
2 S djwi , j 11

(m) ~ t !1dj 21wi , j 21
(m) ~ t !2dj̄wi , j

(m)~ t !

Du2 D ,

~8!

the coefficients are given by

ci5
r i 11/2

2

r i r i 11
,

c̄i5
~r i 11/2

2 1r i 21/2
2 !

r i
2

,

dj5
sinu j 11/2

Asinu jsinu j 11

,

dj̄5
~sinu j 11/21sinu j 21/2!

sinu j
, ~9!

and finally

wi , j
(m)~ t !5r iAsinu jui , j

(m)~ t !. ~10!
3-2
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TIME-DEPENDENT STUDIES OF SINGLE AND . . . PHYSICAL REVIEW A68, 063413 ~2003!
The Vi , j (t) terms in Eq.~7! are diagonal on the grid and ar
made up of the nuclear and centrifugal terms as defi
above. This equation describes the case where the fie
oriented parallel to the internuclear axis, i.e.,f (r ,u)
5r cosu, so that states which start with an initial symmet
m will remain with the same symmetry.

We also wish to examine single-photon and multipho
ionization rates for the case where the laser field is orien
perpendicular to the internuclear axis. Although in stro
laser fields light molecules, such as H2

1 , will quickly align
parallel to the laser field direction, it is instructive to al
consider the perpendicular case, which may become im
tant for molecules subjected to weaker fields. For the c
where the laser field is perpendicular to the internuclear a
f (r ,u)5r sinu cosf, the equations now take the form

i
]wi , j

(m)~ t !

]t
5~Kw! i , j

(m)~ t !1Vi , j~ t !wi , j
(m)~ t !

1
1

2
E~ t !r i sin~u j !cos~vt !@wi , j

(m11)~ t !

1wi , j
(m21)~ t !#, ~11!

so that the initialm state is now coupled to states withm
61.

A complete set of bound and continuum states for H2
1

may be obtained by diagonalizing the Hamiltonian defined
Eqs. ~7! and ~11!, with no laser term. In most of the calcu
lations presented here, a distance of 40 a.u. in the radia~r!
direction was used, with a mesh spacingDr 50.1 a.u. Theu
coordinate ranged from 0 top, and on average around 5
points were chosen with a mesh spacingDu50.02p. We
note that our mesh was chosen such that the positions o
two nuclei fell between two successive grid points in order
avoid a singularity on the grid. As shown in the coefficien
defined in Eq.~8! a half-spacing is adopted in both coord
nate directions so that our representation obeys the boun
conditions.

The center of mass of the H2
1 molecule is chosen as th

zero in our coordinate system. In Fig. 1 we show the fo
lowest-energy states (1sg , 2su , 2sg , and 3su) of H2

1

obtained from our diagonalization on the (r ,u) grid at the
equilibrium internuclear separation ofR52 a.u., form50.
These figures show only the region out tor 520 a.u. even
though in our calculations the full mesh out to 40 a.u. w
used. The energies of these states are in excellent agree
with the exact values given by Bateset al. @2#, to much better
than 1%. The 1sg ground state@Fig. 1~a!# is used as the
initial state in our time propagation of the Schro¨dinger equa-
tion ~7!.

Time propagation of the Schrödinger equation

Following previous time-dependent calculations
electron-impact ionization and photoionization, the tim
dependent Schro¨dinger equation~7! can be propagated usin
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an explicit ‘‘leap-frog’’ time propagator@21#. The time evo-
lution of the partial differential equation~7! may be ex-
pressed as

w~ t1Dt !5w~ t2Dt !22iDtHw~ t !, ~12!

which involves only one Hamiltonian matrix multiplicatio
per time step.

This time propagator is easily implemented on massiv
parallel computers and norm conservation is exact if the t
step is adjusted to be less than 1 divided by the eigenv
with the largest absolute value of the discrete Hamilton
operator. This method has proved very suitable for use
previous time-dependent calculations of electron-impact i
ization and photoionization of atoms~see Ref.@22# for a
review!. This propagator seems particularly suited to sphe
cally symmetric problems, such as electron and photon
lisions with atoms, due to the relatively low angula
momentum expansion required to converge collis
calculations. This allows a moderately sized time spacing
that a reasonable total number of time steps is used to f
converge the calculations. On the other hand, when we t
propagate Eq.~7!, it was found that a very small time spac
ing must be employed to conserve the norm and accura
propagate the time-dependent equation, mainly due to
inclusion of high angular-momentum states inherent in a d
cretization in theu direction.

Due to this problem, other time propagators were tes
One which was found to be particularly suitable to this s
tem was the implementation of an implicit time propagat
This method is based on the algorithm of Koonin@23# using
a nested ordering of ther andu terms in Eq.~7!. Briefly, the
Hamiltonian defined in Eq.~7! or Eq. ~11! is split into its r
andu components in the form

wi , j~ t1Dt !5e2 iDtVi , j /(t)2S 11
iDt

2
Kr D 21S 11

iDt

2
KuD 21

3S 12
iDt

2
KuD S 12

iDt

2
Kr D

3e2 iDtVi , j (t)/2wi , j~ t !, ~13!

whereKr is given by the first term andKu by the second
term on the right-hand side of Eq.~8!. Vi , j (t) is composed of
the nuclear, laser, and centrifugal terms defined in Eqs.~4!–
~6!. This solution has been implemented on a massively p
allel computer, but the matrix inversion steps are mu
slower than the matrix multiplication steps.

On a massively parallel computer, for the same time s
Dt, the explicit propagator of Eq.~12! is much faster than
the implicit propagator of Eq.~13!. However, much larger
time steps may be employed using the implicit propagator
opposed to using the explicit propagator. For the molecu
problem on a discretized mesh in bothr andu, we found that
the larger time steps offset the slower parallel algorithm a
that the implicit propagator is faster and more efficient th
the explicit propagator. All the calculations presented in
paper were made using the implicit propagator. We make
cautionary notes. First, for other numerical problems on m
3-3
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FIG. 1. Four lowests wave functions of the H2
1 molecule obtained by diagonalization of the Hamiltonian:~a! 1ssg state,~b! 2psu

state,~c! 2ssg state, and~d! 3psu state. In this case the radial coordinater extends to 20 a.u with a mesh spacing of 0.1 a.u. Twenty-
points with a mesh spacing of 0.04p were used in theu coordinate.
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sively parallel machines, one may find the explicit propa
tor to be faster and more efficient than the implicit propa
tor. Second, whereas the explicit propagator fa
dramatically when the time step is too large, the error in
implicit propagator grows slowly with increasing time ste
and must be carefully monitored for accurate results.

The Schro¨dinger equation~7! was time propagated fo
between 15 and 20 field periods. Several pulse shapes
examined; in order to better define a cross section, a p
shape was chosen that turned on and off over one period
was constant for between 10 and 15 periods. The wave fu
tion was then propagated for several more periods be
interrogation. Most of our calculations were made at fie
intensities of between 1013 and 1014 W cm22.
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After time propagation the time-dependent wave funct
was projected onto the complete set of bound states of H2

1

obtained from the diagonalization of the Hamiltonian. T
probability for ionization is then given by

P512(
lm

E drE duuc~r ,u,t !uf lm~r ,u!u2, ~14!

where f lm(r ,u) are the bound states of H2
1 . The

(n-photon! ionization cross section is then given by

sn5S v

I D n P
T , ~15!
3-4
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TIME-DEPENDENT STUDIES OF SINGLE AND . . . PHYSICAL REVIEW A68, 063413 ~2003!
whereT is the integral of the laser-pulse shape with resp
to time. The units of these cross sections are then cm2n sn21.

III. RESULTS

A. Single photoionization

As a check on our method, we first calculated the sing
photoionization cross section of H2

1 as a function of
incident-photon energy, for the case where the laser fiel
oriented parallel to the internuclear axis. Our results
shown in Fig. 2. Here we have the essentially ‘‘exact’’ resu
of Bates and O¨ pik @11# to compare with. We also compar
with the Floquet results of Plummer and McCann@13#. The
time-dependent results, given by the circles, are in excel
agreement with the results of Bates and O¨ pik as well as the
Floquet results. Our results are only very weakly depend
on intensity, with a difference of at most 5% at the high
frequencies considered. We also checked that our results
not depend strongly on the length of pulse chosen, or
way in which the pulse was turned on or off. Calculations
which the pulse was turned on and off over six laser cyc
and kept at a constant value for eight total cycles were
very good agreement with the results presented here,
only a slight difference in cross section near the peak.

The time evolution of the initial wave function is show
in Fig. 3 for photoionization with a 45 eV photon. At th
initial time t50.0 the wave function starts in the 1sg ground
state. After propagation of the time-dependent Schro¨dinger
equation, and after the wave function has ‘‘settled down,’
t557.0 a.u., it is clear that most of the wave function h
remained in the 1sg ground state. However, there is clear
some continuumsu character to the wave function at larg
radial distances, which is a signal of photoionization in
esu continuum states. The characteristic node of asu wave
function, aroundp/2, demonstrated in Fig. 1~b!, is clearly
evident in the wave-function region in Fig. 3~b! at large ra-
dial distances.

FIG. 2. Single-photoionization cross sections for H2
1 as a func-

tion of photon energy for the case where the laser field is orien
parallel to the internuclear axis. The time-dependent results~circles!
are compared with those of Bates and O¨ pik @11# ~solid line! as well
as the results of Plummer and McCann@13# ~long-dashed line!.
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In Fig. 4 we show our results for single photoionization
H2

1 for the case where the laser field is oriented perpend
lar to the internuclear axis. Although in strong fields lig
molecules such as H2

1 will align quickly with the orienta-
tion of the field, in weaker fields, where we also wish
apply our method, photoionization from this path may b
come important. The total photoionization cross section, c
culated by averaging over all orientations, is also domina
by this path, which in this case will involve a transition to th
pu state of H2

1 . Again we are able to compare with th
results of Bates and O¨ pik @11# for this perpendicular case. I
is clear that the time-dependent results, shown by the circ

d

FIG. 3. Time-dependent wave function for H2
1 , ~a! before and

~b! after photoionization with a 45 eV incident photon, for the ca
where the field is oriented parallel to the internuclear axis. All d
tance and time quantities are in atomic units.
3-5
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COLGAN, PINDZOLA, AND ROBICHEAUX PHYSICAL REVIEW A68, 063413 ~2003!
are again in excellent agreement with the effectively ex
calculations of Bates and O¨ pik. We note that the photoion
ization cross section in this case is around an order of m
nitude larger than the previous parallel orientation case,
so will become important in photoionization by less inten
electromagnetic fields that do not quickly align the m
ecules.

Figure 5 shows the final wave function in the~a! 1sg
ground state and~b! epu continuum state after photoioniza
tion with a 40-eV photon. We note that the wave functi
plot shown in Fig. 5~b! is renormalized. The magnitude o
the contours in Fig. 5~b! are much less than those in Fig. 5~a!
reflecting the fact that most of the wave function has
mained in the initial 1sg state.

B. Two-photon ionization

We now turn to calculations of multiphoton ionizatio
cross sections for H2

1 . Here we can also compare with th
Floquet calculations of Plummer and McCann@13#. They
examined two-photon cross sections for various values of
internuclear separations at field intensities ranging fr
1.7631011 to 1.7631014 W cm22, for the case where the
laser field is oriented parallel to the internuclear axis. In g
eral, their results showed ionization cross sections domin
by resonances caused by one-photon transitions betwee
ground 1sg state and successivesu states which converge t
the single-ionization threshold around 30 eV~1.1026 a.u.!.
Our time-dependent calculations do not map these re
nances since the time scale of our calculations are very m
shorter than the time associated with the resonance wid
However, it is still instructive to compare calculations sin
the time-dependent results should give a reasonable esti
of the direct two-photon background ionization cross secti

In Fig. 6 we present the two-photon ionization cross s
tion for H2

1 for two internuclear separations,~a! the equi-

FIG. 4. Single-photoionization cross sections for H2
1 as a func-

tion of photon energy for the case where the laser field is orien
perpendicular to the internuclear axis. The time-dependent re
~circles! are compared with those of Bates and O¨ pik @11# ~solid
line!.
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librium separation ofR52 and ~b! R56 a.u., for the case
where the laser field is oriented parallel to the internucl
axis. We compare the Floquet results calculated
1.7631013 @13# with time-dependent calculations made
intensities of 1.7631013 and 1.7631014 W cm22. Our re-
sults are presented as ‘‘generalized’’ cross sections, w
units of cm4 W21, for closer comparison with the Floque

d
lts

FIG. 5. Time-dependent wave function for H2
1 after photoion-

ization with a 40 eV incident photon, for the case where the field
oriented perpendicular to the internuclear axis. The wave func
initially starts in a 1ssg state@shown in Fig. 3~a!#. In this figure~a!
shows the 1ssg state after time propagation of the Schro¨dinger
equation and~b! shows theepu state, which initially starts at zero
All distance quantities are in atomic units.
3-6
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TIME-DEPENDENT STUDIES OF SINGLE AND . . . PHYSICAL REVIEW A68, 063413 ~2003!
results. These are different from our usual units defined
Eq. ~15!, of cm4 s for two-photon ionization. For theR56
case the ionization threshold is of course lower than t
from the equilibrium separation; our diagonalization resu
in a threshold of 18.55 eV, which is again in very go
agreement with the value given by Bateset al. @2#. This
means that the threshold for two-photon ionization is low
for the R56 case than for theR52 case. We focus here o
the regions between the two-photon and one-photon thr
old where two-photon ionization dominates.

In general, the two-photon ionization cross sections ar
very good agreement with the Floquet results for both in
nuclear separations. As already discussed, the ti
dependent calculations do not map out the resonances sh
in the Floquet work, but are in good agreement with t
background~direct! ionization cross section. We note tha
especially for the case whereR56 a.u., some intensity de
pendence of our ionization cross sections is seen, with
higher intensity calculations at 1.7631014 W cm22 some-
what lower than the 1.7631013 W cm22 calculations at cer-
tain photon energies. We comment that at the lowest inte
ties used in the Floquet calculations (1.7631011 W cm22)
our time-dependent calculations can become numerically
stable due to the very low probabilities for ionization.

In Table I we present the two-photon ionization cross s
tions for H2

1 for cases where the laser field is oriented bo
parallel and perpendicular to the internuclear axis, for
case where the internuclear separation isR52 a.u. Table II
shows similar results for the case whereR56 a.u. We tabu-
late our results in two-photon cross section units of cm4 s to
be consistent with our previous time-dependent calculatio
As in Fig. 6 we show cross sections at two laser intensit
1.7631013 and 1.7631014 W cm22. It is interesting to note

FIG. 6. Two-photon ionization cross sections for H2
1 as a func-

tion of photon energy for the case where the laser field is orien
parallel to the internuclear axis, for two values of the internucl
separation,~a! R52.0 a.u and~b! R56.0 a.u. The time-dependen
results at two intensities of 1.7631013 ~circles! and 1.7631014

~squares! W cm22 are compared with those of Plummer an
McCann@13# ~solid line!.
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that our results for the perpendicular orientation case app
to be more sensitive to intensity than the parallel orientat
case.

C. Three-photon ionization

We now turn to comparisons of our three-photon ioniz
tion cross sections with those of Plummer and McCann@13#
made at an intensity of 1.7631013 W cm22. For the equilib-
rium internuclear separation ofR52 a.u., three-photon ion
ization can occur above 10 eV and dominates in the pho
energy range from 10 to around 15 eV, before the two-pho
ionization threshold. For the case where the internucl
separation isR56 a.u. the three-photon region is from
around 6.2 eV to around 9 eV.

In Fig. 7~a! our time-dependent results are shown, ag
for two field intensities of 1.7631013 and
1.7631014 W cm22, in generalized cross section units
cm6 W22, to facilitate comparison. The Floquet results~solid
line! includes a broad resonance around 12 eV associ
with a one-photon transition between the ground state
the lowestsu state. The subsequent resonances in Fig. 7~a!
are associated with two-photon transitions to excitedsg
states. The very broad width of the first resonance in F
7~a! distorts the comparisons with the time-dependent
sults. However the trend in the background~direct! three-
photon ionization cross section appears in good agreem
with the time-dependent results. We note also that the tim
dependent cross sections calculated at 1.7631013 W cm22

TABLE I. Two-photon ionization cross sections in cm4 s for R
52.0 a.u. for cases where the laser field is oriented both par
and perpendicular to the internuclear axis. The cross section
units of cm4 s, are shown for two laser intensities, given
W cm22. The numbers in brackets following the cross section sh
the power of ten by which the cross section is multiplied.

Parallel Perpendicular
v ~eV! 1.7631013 1.7631014 1.7631013 1.7631014

16.3 2.0@251# 1.9 @251# 4.1 @251# 2.9 @251#

20.0 1.2@251# 9.5 @252# 1.8 @251# 1.0 @251#

24.5 4.5@252# 3.4 @252# 2.2 @251# 3.8 @252#

27.2 3.9@252# 1.8 @252# 7.0 @251# 7.5 @252#

TABLE II. Two-photon ionization cross sections in cm4 s for
R56.0 a.u. for cases where the laser field is oriented both par
and perpendicular to the internuclear axis. The cross section
units of cm4 s, are shown for two laser intensities, given
W cm22. The numbers in brackets following the cross section sh
the power of ten by which the cross section is multiplied.

Parallel Perpendicular
v ~eV! 1.7631013 1.7631014 1.7631013 1.7631014

9.5 4.0@251# 2.1 @251# 8.4 @251# 1.6 @251#

10.9 3.9@251# 3.4 @251# 3.0 @250# 3.5 @251#

13.6 5.3@251# 2.5 @251# 9.3 @251# 6.3 @252#

15.5 4.8@251# 9.3 @252# 2.9 @251# 5.1 @252#
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are consistently larger than the higher intensity calculatio
This difference between the time-dependent calculation
different intensities is not seen in the calculations forR
56 a.u., except at one-photon energy. We comment that
these three-photon cross sections, the generalized ioniz
cross section appears to show more intensity depende
which is a sign that we are leaving the perturbative regim
For higher-photon transitions the definition of a cross sec
may become untenable since the cross section can de
more strongly on the pulse shape and intensity.

For the R56 a.u. case, the time-dependent results
generally in good agreement with the Floquet results. At t
internuclear separation all the resonances in the Floquet
culations arise from two-photon transitions, which have
much smaller width than the large resonance associated
the one-photon transition in theR52 a.u. results. This al-
lows a more straightforward comparison of the tim
dependent calculations with the background or direct thr
photon ionization cross section.

IV. SUMMARY

In this paper we have set out a time-dependent techn
to study the single-photon and multiphoton ionization of t
one-electron H2

1 molecule. We have chosen here to focus
one-, two-, and three-photon ionization cross sections, un
previous time-dependent calculations which routinely exa
ine many-photon transitions. For larger multiphoton ioniz
tion processes a cross section can be much harder to de
and generally ionization rates, rather than cross sections
presented for these cases. We limit ourselves here to
photon transitions in order to more easily define an ioni
tion cross section.

FIG. 7. Three-photon ionization cross sections for H2
1 as a

function of photon energy for the case where the laser field is
ented parallel to the internuclear axis, for two values of the in
nuclear separation,~a! R52.0 a.u and~b! R56.0 a.u. The time-
dependent results at two intensities of 1.7631013 ~circles! and
1.7631014 ~squares! W cm22 are compared with those of Plumme
and McCann@13# ~solid line!.
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Our single-photon ionization cross sections are in exc
lent agreement with exact calculations of Bates and O¨ pik
@11# for the cases where the field is oriented both parallel a
perpendicular to the internuclear axis. For the parallel ca
our results are also in excellent agreement with results m
using Floquet techniques made by Plummer and McC
@13#.

We have also compared results for two- and three-pho
ionization with the Floquet results. In general, the agreem
between the multiphoton ionization cross sections calcula
by the Floquet method and by our time-dependent metho
good. Comparisons are hard to make with time-independ
calculations such as the Floquet technique, due to the
resonant structure observed from intermediate one- or t
photon transitions. As discussed earlier, the short time sc
of the current time-dependent calculations do not allow s
ficient times for these resonances to develop in the cur
calculations. Time-dependent calculations have howe
been made which explicitly ‘‘map out’’ the formation of r
sonances@24# for the case of an autoionizing state formed
dielectronic capture in helium and also for autoionizi
states formed by above-threshold-ionization@25#. To date, no
time-dependent calculations have been made which map
bound-state resonant structures in H2

1 such as detailed ear
lier. Our time-dependent method could, in principle, be e
tended to map out the resonances in the current problem
this would be a large calculation in its own right. Here w
concentrate only on the directn-photon ionization. However
these fixed-nuclei time-dependent calculations are an im
tant first step before inclusion of the nuclear motion into t
solution.

In future work, we aim to go beyond the Born
Oppenheimer approximation by including the nuclear mot
into the problem rather than mapping our resonances in
current problem, since any resonant structure will be mo
fied and possibly ‘washed away’ by the vibrational motion
the H2

1 molecule, especially for the larger internuclear sep
ration calculations. This will allow a whole class of phenom
ena to be studied such as vibrational excitation and the C
lomb explosion. Our main aim is the time-depende
description of single and double photoionization of the tw
electron H2 molecule, work which we hope will address th
imbalance between theory and experiment which exists
two-electron ejection from molecular targets. This extens
of our method will require significant computational r
sources to describe the coupled motion of two electrons
two coordinates for each electron. Work on this is
progress.
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