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Fourier transform method of calculating total cross sections using the time-dependent
close-coupling theory
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A formulation of the time-dependent close-coupling theory is described which allows efficient calculation of
the total ionization cross section for many electron energies. The Fourier transform method is applied to the
electron-impact ionization of Li21 and excellent agreement is found with experiment and a distorted-wave
method.
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I. INTRODUCTION

The calculation of total integral cross sections f
electron-impact ionization of atoms and atomic ions has
the last 8 years, greatly benefited from the developmen
several nonperturbative methods, which generally show v
good agreement with each other and with experiment.
the electron-impact ionization of hydrogen, the converg
close-coupling@1#, the hyperspherical close-coupling@2#, the
R-matrix with pseudostates@3#, the time-dependent close
coupling @4#, and the exterior complex scaling@5# methods
yield results over a wide range of incident energies that
all within the error bars of the total cross section measu
ments of Shahet al. @6#. The convergent close-coupling, th
R matrix with pseudostates, and the time-dependent clo
coupling methods have been successfully used to calcu
electron-impact direct ionization cross sections for ma
other atoms and their ions.

The R-matrix with pseudostates method uses analy
functions and/or pseudo-orbitals obtained through diago
ization of the target Hamiltonian to represent the bou
orbitals. The (N11)-electron Hamiltonian is then diagona
ized and a total ionization cross section can be extracted
a simple analytic function involving theK matrix and the
surface amplitudes. It is this diagonalization that forms
main computational aspect of this calculation. The result
total ionization cross section contains unphysical ps
doresonances that oscillate about the true direct total c
section. This is due to the finite nature of the pseudos
expansion. Of course, since we know that the direct cr
section must be smooth~since it generally does not conta
any resonance structure!, this oscillating function can be eas
ily averaged to give the correct answer, which, in practi
works extremely well.

The time-dependent close-coupling method usually o
calculates the total cross section, at three or four points, s
each energy point must be calculated separately. Again,
is satisfactory since, as the total cross section is a sm
function, one can easily draw a line through these points
obtain the cross section as a function of energy. The m
requirement is to map out the peak of the cross section w
then falls off asymptotically with incident electron energy.
this paper we describe a method that allows us to use
time-dependent close-coupling formalism to calculate to
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integral cross sections over a range of energies for only
time propagation. We thus eliminate the need for multip
time-dependent calculations to obtain the cross section
more than one energy. Our technique is based on a sim
Fourier transform involving the initial wave packet that d
scribes the incoming electron.

Wave-packet descriptions of quantal atomic physics p
nomena have been used extensively in computational ch
istry @7#. For example, they have been used to study reac
probabilities for atom-atom and atom-molecule collisio
@8#. Transition probabilities and rate constants were initia
calculated using broad wave packets in radial space, to
tain probabilities at a single energy@9#. This was subse-
quently generalized to allow probabilities to be obtained
many energies in a single propagation using a highly loc
ized spatial wave function@10#. Wave-packet technique
have also been used in the study of atoms subjected to st
electric fields@11#.

Our proposed method is found to take almost the sa
computational resources as previous calculations and
now give total cross sections over a wide range of elect
energies. This is an improvement in the calculation of to
integral cross sections, since the computer time necessa
now much less. It could also prove very beneficial in calc
lations of asymmetry parameters, where partial-wave to
integral cross sections are necessary over a range of ene
and for which many angular momenta are needed to ach
convergence. We note that our method also allows calc
tion of angular differential cross sections at many incide
electron energies, although this may not be as impor
since experimental measurements of these quantities ten
be made at only a single incident electron energy. We ap
our technique to calculations of total cross sections for e
tron scattering from Li21. Good agreement is found with
existing experimental measurements and distorted-wave
culations. We note that this completes a set of tim
dependent calculations for total ionization cross sections
the lithium isonuclear sequence@12,13#, which is necessary
for collisional radiative modeling of fusion plasmas whe
lithium beam spectroscopy remains an important diagnos

II. THEORY

For electron scattering from a one-electron target atom
Hamiltonian in atomic units is given by
©2002 The American Physical Society18-1
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, ~1!

wherer 1 andr 2 are the coordinates of the two electrons a
Z is the atomic number. The total wave function can be
panded in coupled spherical harmonics as

CLS~rW1 ,rW2 ,t !5 (
l 1 ,l 2

Pl 1l 2
LS ~r 1 ,r 2 ,t !

r 1r 2

3 (
m1 ,m2

Cm1m20
l 1l 2L Yl 1m1

~ r̂ 1!Yl 2m2
~ r̂ 2!, ~2!

whereL andS are the total orbital and spin angular mome
tum of the system,Ylm( r̂ ) is a spherical harmonic, an
Cm1m20

l 1l 2L is a Clebsch-Gordan coefficient. From projecti

onto the time-dependent Schro¨dinger equation we obtain
set of time-dependent close-coupled partial differential eq
tions for eachLS symmetry

i
]Pl 1l 2

LS ~r 1 ,r 2 ,t !

]t
5Tl 1l 2

~r 1 ,r 2!Pl 1 ,l 2
LS ~r 1 ,r 2 ,t !

1 (
l 18 ,l 28

Vl 1l 2 ,l
18 l

28
L

~r 1 ,r 2!Pl
18 l

28
LS

~r 1 ,r 2 ,t !,

~3!

whereTl 1l 2
(r 1 ,r 2) contains kinetic energy, centrifugal ba

rier, nuclear, direct Hartree and local exchange operat
and Vl 1l 2 ,l

18 l
28

L
(r 1 ,r 2) couples the various (l 1l 2) scattering

channels. Explicit expressions for these quantities may
found in Ref.@4#.

We note here that our time-dependent radial wave fu
tion may also be written, for a time-independent Ham
tonian, in the form

Pl 1l 2
LS ~r 1 ,r 2 ,t !5E A~E!P1s~r 1!fkl~r 2!e2 iEtdE, ~4!

wherefkl(r ) are energy normalized radial continuum fun
tions, product functions are used for simplicity, and the tim
independent quantityA(E) may be defined as

A~E!5E Pls~r 1!fkl~r 2!Pl 1l 2
LS ~r 1 ,r 2 ,t50!dr1dr2 , ~5!

whereE5e1s1k2/2.

We now choose a ‘‘parent’’ time-dependent wave functi
Pa

LS(r 1 ,r 2 ,t), and a family of ‘‘children’’ wave functions
Pb

LS(r 1 ,r 2 ,t) ~where we have dropped thel 1l 2 subscript on
the radial wave functions for clarity!, where we choose the
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energy width of eachPb
LS to be smaller than that ofPa

LS. By
applying a Fourier transform to Eq.~4! we can write

1

2pE eiEtPa
LS~r 1 ,r 2 ,t !dt5Aa~E!P1s~r 1!fkl~r 2!, ~6!

so that

Pb
LS~r 1 ,r 2 ,t!5E Ab~E!

Aa~E!
Aa~E!P1s~r 1!fkl~r 2!e2 iEtdE

5
1

2pE E Ab~E!

Aa~E!
eiE(t2t)Pa

LS~r 1 ,r 2 ,t !dEdt

5E Pa
LS~r 1 ,r 2 ,t !

3H 1

2pE Ab~E!

Aa~E!
eiE(t2t)dEJ dt. ~7!

The ratiosAb(E)/Aa(E) can be calculated numerically from
Eq. ~5! once we have defined our initial (t50) wave func-
tion and need only be computed once, since they are t
independent. The widths of the wave packets must be cho
such thatAb(E)/Aa(E)→0 asE→6`. Also, since we are
only concerned with the ratios, the normalization of the co
tinuum functions need not be computed. Thus the child
wave functionsPb

LS may be calculated from the parentPa
LS

in a straightforward manner. Also, the number of time stept
necessary for computation ofPb

LS is much less than the num
ber required in the main time propagation ofPa

LS . This is
because the computation ofPb

LS in Eq. ~7! is an integral over
a smoothly varying function, whereasPa

LS is obtained via an
explicit time propagation that depends on the radial g
spacing.

At a time t50 before the collision the two-electron radi
wave functionsPl 1l 2

LS (r 1 ,r 2 ,t50), for l 5L are defined by

Pl0
LS~r 1 ,r 2 ,t50!5A1

2
gkl~r 1!P1s~r 2!,

P0l
LS~r 1 ,r 2 ,t50!5A1

2
~21!SP1s~r 1!gkl~r 2!, ~8!

where k is the linear momentum andP1s(r ) is the bound
radial orbital of Li21, and we now use an antisymmetrize
product function. The radial wave packetgkl

a (r ) that defines
Pa

LS is given by

gkl
a ~r !5

1

~w2p!1/4
e2(r 2s)2/2w2

hl
2~kr !, ~9!

wheres is the localization radius of the wave packet,w is the
width of the wave packet andhl

2(kr) is an asymptotic Han-
kel function, i.e.,hl

2(kr)5e2 ikreip l /2. For the Pb
LS wave

functions we choose a wave packet where
8-2
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FIG. 1. Contour plot of the
probability density for the1Sl1
5 l 250 channel for electron scat
tering from Li21. For ~a!, ~b!, and
~c! the plots were made with sepa
rate runs using the older versio
of our time-dependent programs
For ~d!, ~e!, and~f! the plots were
made using one run of our pro
posed program, with the initial en
ergy centered at 200 eV. For~a!
and ~d! the electron energy is 180
eV, for ~b! and~e! the electron en-
ergy is 200 eV, and for~c! and~f!
the electron energy is 220 eV.
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gkl
b ~r !5

1

@~4w!2p#1/4
e2(r 2s)2/2(4w)2

hl
2~kr !, ~10!

i.e., we have taken a much narrower width in moment
space~and so broader in radial space!. This allows the chil-
dren Pb

LS wave functions to cover a wide range of energ
and Eq.~7! ensures that these wave functions may be
tracted efficiently from a normal time propagation ofPa

LS .
The same bound orbitalsP1s(r ) are used for both thePa

LS

andPb
LS wave functions.

As in our previous time-dependent calculations, the clo
coupled equations are solved on a lattice of uniform m
spacing, in this caseDr 50.1 a.u., with 500 points. This
gives an ionization threshold of 119.8 eV, within 2% of t
experimental value. We propagate thePa

LS wave function as
01271
s
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normal and extract thePb
LS wave functions from it using Eq

~7!, using the stored values of the ratiosAb(E)/Aa(E). We
note that thePa

LS wave function is propagated for longer tha
would usually be necessary, in order to allow the transform
wave functions associated with the lowest energies store
Pb

LS sufficient time to converge. After the time propagatio
the probabilites and cross sections for both excitation
ionization may be extracted by the usual projection o
products of bound and continuum radial orbitals.

In Fig. 1 we show contour plots of the probability densi
for the 1S l15 l 250 channel for electron scattering from
Li21, for three different initial electron energies. Figures 1~a!
and 1~d! show the probability density for an initial electro
energy of 180 eV, 1~b! and 1~e! show the probability density
for an energy of 200 eV, and 1~c! and 1~f! show the prob-
ability density for an energy of 220 eV. The probabilities
8-3
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Figs. 1~a!–1~c! were generated using three separate runs
our computer programs used in all our previous calculatio
For Figs. 1~d!–1~f! the probabilities were generated using
single run of our computer program, which generates
wave functions from a single propagation of thePa

LS wave
function ~at 200 eV initial electron energy! and which then
extracts thePb

LS wave functions as described previously. T
runs used to generate the probabilities in Figs. 1~d!–1~f! took
only slightly longer than a single run of Figs. 1~a!–1~c!. In
practice, we used our method to generate the transfor
wave functions for typically ten energies, for one propag
tion of the parentPa

LS wave function. The saving in compute
time is then easily an order of magnitude over our prev
time-dependent calculations and shows how cross sec
may now be efficiently generated over a wide range of en
gies.

III. RESULTS

Using our modified time-dependent method, cross s
tions are calculated for electron scattering from Li21 over a
wide range of energies. This ion was chosen in order to c
plete our set of calculations on the lithium isonuclear
quence for both excitation and ionization, following previo
work on Li and Li1 @12–15#.

The time-dependent method was used to generate ion
tion cross sections over a range of energies from 140 to
eV in steps of 20 eV. For each angular momentum fromL
5026 three parent time propagations were made at an
ergy of 200, 380, and 560 eV, and the probabilities and cr
sections extracted for children energies from 80 eV below
80 eV above each parent energy. For the high angular
mentum aboveL56 our total cross sections were topped
with distorted-wave calculations following previous work.
Fig. 2 we present the results of two sets of time-depend
calculations. The crosses are three independent calcula

FIG. 2. Electron-impact ionization cross sections for Li21 cal-
culated using the time-dependent close-coupling method.
crosses are the results at the energies of the three parent calcul
and the circles are the results of the children calculations as
scribed in the text. (1.0 Mb51.0310218 cm2).
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made at the parent energies of 200, 380, and 560 eV and
circles are the calculations made at the children energie
described. It is clear that our Fourier transform method is
excellent agreement with the previous time-depend
method and that the total ionization cross section is a smo
curve as expected.

In Fig. 3 we now present the total ionization cross sect
and compare the time-dependent calculations~solid line!,
fully distorted-wave calculations~dashed line!, and the ex-
perimental measurements of Tinschertet al. @16# ~circles!.
The agreement between both sets of theoretical calculat
and the experimental measurements is very good over a w
range of energies. It is clear that for a doubly charged
such as Li21, distorted-wave calculations are reasonably
curate for total ionization cross sections. The time-depend
calculations are slightly lower than the distorted-wave cal
lations near the peak of the cross section, but both sets
well within the error bars of the experimental measureme
We note that this good agreement between distorted-w
and time-dependent calculations did not extend to the t
ionization cross sections for Li, where the distorted-wa
calculations overestimated the total ionization cross sec
by up to 50% at some energies.

IV. SUMMARY

In this paper we have described a method of extract
total ionization cross sections from time-dependent clo
coupling theory using a simple Fourier transform techniq
Our method allows time-dependent calculations for ma
more energy points than in previous calculations for alm
no increase in computer time. We have demonstrated
effectiveness of our technique by calculating total ionizat
cross sections for electron scattering from Li21 for many
energy points. Although distorted-wave calculations for t

e
ions
e-

FIG. 3. Electron-impact ionization cross sections for Li21. We
show the experimental measurements of Tinschertet al. @16# ~solid
circles!, distorted-wave calculations~dashed line! and time-
dependent close-coupling calculations~solid line!. (1.0 Mb51.0
310218 cm2).
8-4
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process are also in excellent agreement with available exp
mental measurements, this set of calculations convenie
illustrates our method.

In the future we expect to apply our method to calcu
tions of total ionization cross sections of other atomic s
cies. We remark that excitation cross sections can also
easily extracted from these time-dependent calculations
work on comparison with other theoretical calculations
underway for Li21. Also, the calculation of single and tripl
differential cross sections can easily be made at any of
.

01271
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many initial electron energies at which the total ionizati
cross section is computed.
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