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Time-dependent close-coupling calculations of the triple-differential cross section
for electron-impact ionization of hydrogen
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The formulation of the time-dependent close-coupling method is extended to allow the calculation of
electron-impact triple-differential cross sections for atoms. The fully quantal method is applied to the electron-
impact ionization of hydrogen at an incident energy of 54.4 eV for various scattering geometries. The time-
dependent close-coupling results are found to be in very good agreement with those obtained by a time-
independent exterior complex-scaling method. On the other hand, even though the incident energy is relatively
large, significant differences are found between the two nonperturbative cross-section results and those ob-
tained using perturbative distorted-wave methods. Large differences are found for those geometries that require
an accurate knowledge of the correlation between two outgoing continuum electrons in the presence of a
Coulomb nuclear field.

DOI: 10.1103/PhysRevA.65.042721 PACS nuntber34.80.Dp

[. INTRODUCTION which are all within the error bars of experimental measure-
ments [11]. Two of the nonperturbative methods, the
The electron-impact ionization of an atom yields two out-converged-close couplirid 2] and the exterior complex scal-
going continuum electrons moving in the long-range Cou-4ng [13], have recently been applied to the calculation of
lomb field of the remaining atomic ion; an example of aabsolute triple-differential cross sections for hydrogen near
quantal three-body problem. The degree of interaction bethreshold.
tween the two continuum electrons depends on their overall In this paper, we extend the formulation of the time-
energy, how they share that energy, and their angles of emislependent close-coupling method to enable the calculation of
sion. An excellent probe of the correlation between the twoabsolute triple-differential cross sections for the electron-
outgoing electrons is the experimental measurement of thignpact ionization of hydrogen. Besides hydrogen, the time-
triple-differential cross sectiofil]. Although many relative dependent method has been used to calculate total-integral
and a few absolute measurements for various atoms hawand single-differential cross sections for heliyt¥] and
been made over the last 30 years, the first absolute tripldithium [15], as well as total-integral cross sections for
differential cross-section measurements for hydrogen neatomic ions in the heliunil16], lithium [17,18], and sodium
threshold were only recently reporté2|. [19] isoelectronic sequences. In Sec. Il, we present our for-
A theoretical description of the electron-impact ionization mulation of the time-dependent close-coupling method for
of hydrogen begins with standard first-order perturbatioririple-differential, single-differential, and total-integral cross
theory[3,4]. The initial state is an incoming distorted-wave sections for the electron-impact ionization of hydrogen. We
times the ground state of hydrogen, while the final state is @lso include a short review of the time-independent pertur-
properly antisymmetrized product of outgoing distortedbative distorted-wave and nonperturbative exterior complex-
waves. As formulated, the standard first-order theory doescaling methods. We then carry out triple-differential ioniza-
not include any long-range correlation between the outgoingion calculations for hydrogen at an incident energy of 54.4
electrons; therefore, as will be shown in this paper, it hagV and present a variety of perturbative and nonperturbative
only a limited range of validity in the determination of triple- results in Sec. lll. In Sec. IV, we provide a full discussion
differential cross sections. and summary. Unless indicated otherwise, we use atomic
Many theoretical efforts have been made to extend theinits throughout this paper.
standard first-order perturbation theory for the electron-
impact ionization of atom§g5]. These include the use of po-
larization potentials, final-state correlation factors, fraction- Il. THEORY
ally charged screening potentials, and the development of a
variety of three-body continuum asymptotic wave functions.
On the other hand, fully numerical nonperturbative methods The time-dependent Schiimger equation for the full six-
[6—10Q have been developed in the last decade, which yieldlimensional dynamics of electron-hydrogen scattering is
total integral-electron-ionization cross sections for hydrogengiven by

A. Time-dependent close-coupling method
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The total wave function may be expanded in coupled spheri-
cal harmonics. From the projection onto the time-dependent X > (=)t l2exd +i(8). +6,.)]
Schralinger equation, we obtain the following set of time- l1.l2 o
dependent close-coupled partial-differential equations for
eachLS symmetry:
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at where « is the angle in the hypersphericat;(k,) plane,
Y,m(K) is a spherical harmonic, ar@'*'23 is a Clebsch-
+ 2 U, (P, TP (o ,t), m(k) P g MMM
T Y. 12 Gordan coefficient. TheS(a—tan “(k,/k;)) arises from
1e conservation of energy in the hyperspherical plane. The
€ single-differential cross section forslonization is given by
whereT, | (r,,r,) contains kinetic energy, centrifugal bar- do =« 2 2
1'2 I — —
rier, and nuclear operators, whila::'lI2 i:(r1,r,) contains da 4k® ;s (2L+1)(2S+1) wj dleJ die
12
the electron two-body interaction that couples the various K,
(I,1,) scattering channels. This time-dependent close- X Sl a—tan? k—))E |P|Ll?2(k1,k2)|2. (8)
1/ /11,05

coupling method is similar to an Euler angle time-dependent
method developed by Bottch¢20] and is a wave packet
solution to the same set of close-coupled partial-differentia
equations used in the time-independent electron-atom scat-
tering method of Wang and Callaw21,22.

The radial wave functions at timte=0 are constructed as

a simple product of the hydrogen ground state and an incom- ) 5
ing radial wave packet where the ejected enerdy, =k3/2, the total energfE= €5

+k?/2=Kk3/2+Kk5/2, and €, is the ground-state energy of
hydrogen.

,:inally, the total & ionization cross section is given by

72d o
o= da=

. dads Od—EldEl, 9

PES (r1.r2,t=0)=8 08, L P1c(r1)Gia,(r2)(i)'2e K2,
(4)

One propagates the radial wave functions for eaghsym- The time-independent radial Sclinger equation for an

metry according to the time-dependent close-coupled equncigent distorted wave on the ground state of hydrogen is
tions. At a timet=T following the collision, in which only given by

outgoing waves are present in each channel, the momentum
wave function for eacth S symmetry is given by k2
Ti(N) +Vu(r) +Vx(r) = - |Pu(r) =0, (10)

B. Time-independent distorted-wave method

P:_l?z(klrkZ):J j Pi 1, (r) P (r2)

whereT(r) contains kinetic energy, centrifugal barrier, and
nuclear operatorsVy(r) is the direct Hartree potential;
Vy(r) is a semiclassical exchange potential, and the radial
distorted waveP,(r) is normalized to one times a sine func-
tion. Following standard first-order perturbation thef3y4],
we make two different choices for the distorted waves of the
ElLﬁz(rl,rz,tF\/g[Ph?Z(rl.rz.t)Jr(—1)SP|L1?2U2J1")]’ ejected and scattered electrons. In the first distorted-wave
(6) method(DW1) the scattered distorted wave is also a solution
of Eq. (10), while the ejected distorted wave is a solution of

XPLS (1 t=Tydrydr,,  (5)

where

and P (r) are single-particle continuum orbitals that are
normalized to one times a sine function. The triple-
differential cross section forslionization is given by
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The DW1 method has proved to be especially accurate for
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C. Time-independent exterior complex-scaling method

high angular momentum scattering. In the second distorted- ,o time-independent Schtimger equation for the full

wave method (DW2), both the ejected and scattered
distorted-waves are solutions of E41). The DW2 method
is generally more accurate for low angular momentum sca

t-

six-dimensional dynamics of electron-hydrogen scattering is
rearranged to solve the outgoing scattered wave function ac-
cording to

tering. There are, of course, several other choices for the

potentials used in the first-order theory.
In the first-order perturbation theory the triple-differential
cross section for 4 ionization is given by
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wherer _=min(r,r,), r~-=max(,,r,), and the standard
expressions for B symbols are employed. The single-

differential cross section forslionization is given by
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Finally, the total & ionization cross section is given by
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and d)lS(F) is the ground-state wave function of hydrogen.
Following an expansion of the outgoing scattered wave func-
tion in coupled spherical harmonics and a mapping of the
radial coordinates according to the method of exterior
complex-scaling, we obtain a set of coupled, two-
dimensional, complex-differential equations for eatls
symmetry[10].

The triple-differential cross section forslionization is
given by

2

d3c 8 .
kT|F(k1,kz)| ,

ded,d0, (21)
where the complex amplitudé(lzl,lzz) may be obtained in
terms of six-dimensional integrals involving Coulomb dis-
torted waves and the outgoing scattered wave function
[10,23. The single-differential cross section fos loniza-
tion is given by

do B 8

dE; 2

2 [ (ke ko)l?, (22)

LS|

wheref,sz(kl,kz) are momentum amplitudes in a partial-

wave expansion oF(k;,k,). Again, the total & ionization
cross section is given by

Edo

“JodE 23

o

dE;.

IIl. RESULTS
A. Total-ionization cross section

Before considering differential cross sections for hydro-
gen at 54.4 eV, it is instructive to examine the partial-wave
total-integral cross section at this energy. In Table I, we show
the partial-wave total-integral cross section calculated using
the time-dependent close-coupling method, the exterior
complex-scaling method, and the two distorted-wave meth-
ods(DW1 and DW32. The two nonperturbative methods are
in excellent agreement for all partial-wave cross sections and
for the total cross section. The first distorted-wave method
agrees quite well with the time-dependent method for the
high angular momentum partial cross sections. We note that
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TABLE |. Partial-wave total-ionization cross sections for hydro-  TABLE Il. As in Table I, but showing partial-wave single-
gen at 54.4 eV. TDCC denotes time-dependent close-coupling cabifferential cross sections at equal-energy sharing. All cross sections
culations; ECS denotes exterior complex-scaling calculations; DWahre in Mb/eV. (1.0 Mb=1.0x 108 cn?).
and DW2 denotes distorted-wave calculations as discussed in the
text. The total cross sections for TDCC include partial waves cal- L TDCC ECS DW1 DW2
culated using TDCC fronb.=0-9 topped up with DW1 calcula-

tions fromL =10-20, and the total cross sections for ECS include 0 0.04 0.04 0.05 0.05
partial waves froml=0-13 topped up with an extrapolation in 1 0.08 0.08 0.10 0.10
beyond this. The total cross sections for DW1 and DW2 include all 2 0.15 0.15 0.16 0.21
partial waves up to and including=20. All cross sections are in 3 0.14 0.14 0.14 0.22
megabarns. (1.0 Mb1.0x 108 cn?). 4 0.10 0.10 0.09 0.17
5 0.05 0.07 0.05 0.11

L TDCC ECS bwil bw2 6 0.04 0.04 0.03 0.06

0 2.38 230 3.65 269 0-6 0.60 0.61 0.62 0.92

1 5.06 4.91 6.58 6.68 7 0.02 0.02 0.02 0.03

2 8.64 8.53 12.03 11.31 8 0.01 0.01 0.01 0.02

3 10.12 10.05 12.82 14.26 ° 0.01 0.01 0.01 0.01

4 9.41 9.38 11.17 14.29 0-9 0.64 0.65 0.66 0.98

5 7.60 757 8.75 12.29 Total 0.65 0.66 0.66 0.98

6 5.72 5.63 6.44 9.63

0-6 48.93 48.36 61.44 71.15

7 4.16 4.01 4.55 7.16 so fast. For example, it was found that when one of the

8 297 280 322 511  electrons carries 5 eVand so the other has 35.8 g\ton-

9 211 1.93 291 364  vergence of the single-differential cross section with respect

0—9 58.17 57.11 71.42 g706 toLislessrapidand, in fact, shows the same pattern as seen

Total 6276 6223 76.02 9570 in Table I, byL=9 the cross section has reached approxi-

mately 90% of its final value. For more extreme unequal-
energy-sharing conditions the convergence is correspond-
ri]r%gly slower.

the total cross section calculated using the time-depende
method for values of the orbital angular momentunfrom

0-9 and topped up with DW1 results fbr=10-20 gives a 7
cross section of 62.76 Mb, and that the exterior complex- — TDCC

scaling method gives a value of 62.23 Mb, both in excellent ¢ '\‘ —=— ECS l:' 1

agreement with the experimental value of Shethal. of \ - EX; I3

62 Mb[24]. At /N
o \ ’l

However, here we wish to focus on the rate of conver-
gence of the total-integral cross section with respect to the>
number of partial waves included in the calculation. By §
=6 the cross section has reached almost 80% of its finaz;
value and, byL=9 the cross section has reached over 90%¥x 3
of its final value. This is common to all four of the calcula- “
tions presented in Table 1. 2

4

B. Single-differential cross sections 1

We now turn our attention to calculations of the single-
differential cross section at 54.4 eV. In Table Il we present L ‘ . .
the partial-wave contributions to the single-differential cross ~ © 10 20 30 40
section at equal-energy sharing between the electrons for th. E, V)

Sa_me methods usec_:i in Table |. In this case, W% See.tha.t by FIG. 1. Single-differential cross sections for hydrogen at 54.4
L=6 the cross section has reached C_Iose to 95% of its fmatt.lv incident energy over a range Bf, the energy of the first ejected
value and that by =9 the cross section has reached over

. i . electron. The time-dependent close-coupl{igdpCC) calculations
99% of its total value, again, for all four methods described 5re given by the solid lines, the exterior complex scalE€S

This demonstrates that, for the case where the energy availz|cylations are given by the long-dashed line; the DW1 calcula-

able to the outgoing electrons is equally shared, convergenGgns are given by the dot-dashed line; and the DW2 calculations
with respect td_ is rapid and by =6 has almost reached its are given by the short-dashed line. The TDCC and ECS calculations

final value. _ _ include orbital angular momentafrom 0 to 9, and the distorted-
For cases where the ejected energy is not equally sharaghve calculations include values a&f from 0 to 20. (1.0 Mb
between the electrons, convergence with respettignot =1.0x10"18 cn?.)
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In Fig. 1 we present this single-differential cross section Care must also be taken in testing convergence with re-
as calculated by all four methods over a range of the energgpect to the number of angular momehth, pairs included
of the first ejected electro;. As expected, the characteris- in each partial wavé., as well as convergence with respect
tic “smile” shape of the single-differential cross section is to the total number of partial waves. It was found that, in
reproduced. The time-dependent calculatiddid line) and  general, many morg, |, pairs were needed to converge the
the exterior complex-scaling calculatiofleng-dashed line triple-differential cross section than to converge the total in-
are clearly in excellent agreement over the full rangé&pf tegral or single-differential cross section for edchFor ex-
as has also been previously demonstrated for several partiample, even for a lov partial wave, such asP, up to 12
waves at a lower incident electron enef@p]. Both nonper- 1,1, pairs were needed to converge the triple-differential
turbative calculations include from O through 9. Distorted- cross section, whereas the total-integral and single-
wave results are also presented for both the DWat-  differential cross sections folP were well converged with
dashed ling and DW2 (short-dashed linemethods and are only 6 |1, pairs. Increasing the number 6fl, pairs in-
very similar in shape, although generally higher in magni-creases the size of the calculations accordingly. We comment
tude than the nonperturbative results. However, we note thdtere that the CPU time required for the time-dependent cal-
the cross section from the DW1 method is in surprisinglyculations to produce the wave functions in momentum space
good agreement with the cross sections from the nonpertugre of a similar magnitude to the exterior complex-scaling

bative methods in the equal-energy-sharing region. calculations of the complex amplitudes, and that both these
are several orders of magnitude slower than the distorted-
C. Triple-differential cross sections: Convergence studies wave calculations. In the time-dependent calculations pre-

. ~ sented here we included a maximum of 2B, pairs for the
There have already been many calculations exploringyigherL partial waves. Therefore, these higlpartial waves
triple-differential cross sections over a wide range of excesgay not be completely converged, but their contribution to
electron energies and ejection angles. Here, we examine sughe triple-differential cross section is smaller than that of the
calculations at an incident energy of 54.4 eV in an effort tolower partial waves.

check our new formulation of the time-dependent close-
coupling method against the exterior complex-scaling p. Triple-differential cross sections at fixed values o,
method and to compare both nonperturbative methods with
the perturbative distorted-wave method.

In all the calculations presented here we defipand 65,

We now present comparison of the calculated triple-
differential cross sections using all four methods previously

. ...described. Figs. 2—4 show the triple-differential cross section
the angles of the ejected and scattered electrons, as POSItiyS. | ~lues of the first ejected electron anglé) equal to
in the counterclockwise direction with respect to the incident300 60°, and 90°, respectively, over a range &f (the

electron-beam axis. This is specified clearly here since othe{;ng|e of the second ejected electrofior equal-energy-

groups have used different conventions in regard to thignaring conditions between the electrons. We compare re-
choice. sults from (1) the time-dependent calculatiofiBigs. 2a),

The time-dependent close-coupling equations for the twog(g) 4(a)]; (2) the exterior complex-scaling calculations
electron radial wave functions were solved on a numericajFigs. 2b),3(b),4(b)]; (3) the distorted-wave DW1 calcula-
lattice with uniform mesh spacing of 0.2 a.u. over a grid thatiions [Figs. 2¢),3(c),4(c)]; and (4) the distorted-wave DW2
extended to 50 a.u. The momentum wave functions werealculationgFigs. 2d),3(d),4(d)].
calculated using typically 300 continuum-state radial orbitals In parts(a) and (b) of Figs. 2—4 the long-dashed lines
on a uniform momentum mesh with spaciag=0.01. The signify calculations including orbital angular momentum val-
time propagation of the radial wave functions was carried outiesL=0-6 and the solid linek=0-9. It is clear that for
until the collision probabilities were well converged. It was the calculations including onl=0-6 the two nonpertur-
found that for particular combinations of electron angles andative methods give results that are in very good agreement.
energies, where correlation effects would be expected tdhelL=0-9 calculations, while reasonably close, are not in
dominate the triple-differential cross section, it was necessuch good agreement. This is likely to be due to the insuffi-
sary to time propagate the wave function over a much longecient number of 1, channels in the time-dependent calcula-
time and over a larger grid in order to achieve fully con-tions. For example, for =7 the time-dependent calculations
verged results. This was most evident in cases of equalncluded 221,41, channels, whereas the exterior complex-
energy sharing between the electrons when the electrorssaling calculations included 34, channels. For lower val-
were emitted along the same angle. Electron-electron correses ofL the number ofi41, channels used by both nonper-
lation effects ensure that this cross section should go to zerwrbative calculations were similar and we see the agreement
in this region, but the convergence tends to be very slowbetween them is very good. This agreement also extends to
This demonstrates that calculation of the triple-differentialthe agreement between the two nonperturbative methods in
cross section provides the most sensitive test of theory. Howthe triple-differential cross sections for each individual
ever, for most other cases, where the angles or energies vélue. ForL=7 and beyond, we limited the number lgf,
the emitted electrons are not the same, convergence witthannels in the time-dependent calculations in an effort to
respect to grid size and the propagation time was much morgetermine the importance of the number of channels to the
rapid. convergence of the triple-differential cross section. We see
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240 : : ‘ .
(a) TDCC (b) ECS
200 |- 1 r 1
160 | 1 F 8
FIG. 2. Triple-differential cross section for
120 | 1 ] hydrogen at 54.4 eV incident energy, for equal-
g0 L 2 1 [ 1 energy sharing between the two electrons der
o A\ =30° and over a range d@f,. Results are shown
o 40 1 r 8 for the time-dependent close-couplifgDCC),
% 0 . exterior complex-scaling(ECS, and the two
i/ distorted-wave(DW1 and DW2 methods. We
® 240 TR ‘ ' present TDCC and ECS calculations that include
E o0 L \ @DbWL 1| @bw2 | orbital angular momentum values fdr=0-6
(long-dashed lingsand L=0-9 (solid lines.
160 |- A 1 7 The distorted-wave(DW1) and distorted-wave
120 b i\ 1 [ (DW2) calculations include orbital angular mo-
\ mentum contributions fok =0-6 (short-dashed
80 1 1 lines); L=0-9 (dot-dashed lingsandL=0-20
w0l 1 1 (solid lines. (1.0 kb=1.0x10"?* cn?.)
0 L - ]
-180  -90 0 90 180-180  -90 0 90 180
6, (deg) 6, (deg)

that the poorer agreement for the=0-9 calculations dem-

L =9 of the single-differential cross section at equal-energy

onstrates that the number of channels included is central t®haring, as discussed previously. A similar trend in conver-
the convergence of the triple-differential cross section. gence is seen fo#;=60°. In this case, the distorted-wave
The distorted-wave results, pafty and(d) of Figs. 2-4 DW1 cross section is now lower than the nonperturbative
are for three total values:L=0-6 (short-dashed line L cross sections whereas the DW2 cross section continues to
=0-9 (dot-dashed ling and L=0-20 (solid line). For 6 be higher than the nonperturbative cross sections. Also, for
=30° (Fig. 2) the cross sections are noticeably higher thand;=90°, the DW1 cross section is now considerably lower
the nonperturbative cross sections, especially for the DWihan those obtained from the nonperturbative methods and
calculations. We also see that there is little difference bethe cross section resulting from the DW2 method is of a
tween the distorted-wave results fio.=0-9 andL=0-20, similar height to those obtained from the nonperturbative
indicating convergence with respectltoThis gives us con- methods.
fidence that our nonperturbative calculations in péatsand The nonperturbative and distorted-wave results show the
(b) of Figs. 2—4 are reasonably well converged with respecsame broad shape in the cross section. However, the
to L. This is also supported by the excellent convergence bylistorted-wave curves consistently have an extra peak in the

160

120 |

80

40 |

(a) TDCC

(b) ECS

160

TDCS (kb/st” eV)
<

120 |

80

40 |

(c) DW1

(d) DW2

0
-180

-90

0 90

180 -180

-90

0 90
0, (deg)
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TDCS (kb/st” eV)

35
30
25
20
15
10

@1tce {4 L

(b) ECS

(c)DWI1 | L

(dDW2 |
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FIG. 4. Same as Fig. 2, for the case where
6,=90°. (1.0 kb=1.0x 10 %' cn?.)

180 -180 =90 0 90 180

0, (deg)

cross section around low positive values @&f, which is  sections. This is indeed what is found. Here we again com-
clearly unphysical. This is due to the incomplete treatment opare in[Fig. 5a)] the time-dependen{Fig. 5b)] exterior
electron-electron correlation in the distorted-wave theory. complex-scaling[Fig. 5(c)] distorted-wave DW1, anfFig.
5(d)] distorted-wave DW2 results. In this case, the cross sec-
tions from all four methods have good agreement in shape.
The nonperturbative methods and the DW2 method also
In Fig. 5, we present the triple-differential cross sectionagree reasonably well in magnitude, with the DW2 result
for the case where the angle between the ejected electronging slightly higher. However, the peaks in the DW1 cross
01, (defined simply asf;,=6;—6,) equals 180°. In this section are considerably lower by a factor of 2 than those
particular case of back-to-back emission of the electrons, thealculated by the other methods and the “trough” is corre-
electron-electron correlation should be minimaince the spondingly more shallow. This is interesting because, for the
electrons are always as far apart as possiael we would  single-differential cross section, it is the DW1 method that
expect the distorted-wave results to give reasonable crosmexpectedly agrees better with the nonperturbative methods

E. Triple-differential cross sections at fixed values o#,,

24 T T T T
(b) ECS

-0 | (2) TDCC |

16

12
FIG. 5. Triple-differential cross section for

hydrogen at 54.4 eV incident energy, for equal-
energy sharing between the two electrons and for
0,,=180°, where 6,,=60,—60,. As before we
compareg(a) the time-dependeffDCC) method,
(b) the exterior complex-scalingeCS method,

TDCS (kbjsr” eV)
<

24 : . . . .

ol (c) DW1 @ DW2 (c) the DW1 method, andd) the DW2 method.
For (@) and (b) we showlL =0-6 (long-dashed

161 | lines) andL =0-9 (solid lineg, and in(c) and(d)
we showL=0-6 (short-dashed line L=0-9

12 F 8 (dot-dashed ling and L=0-20 (solid line).
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at equal-energy sharing. The DW2 results are in good agreelifferential cross sections, work remains in order to present
ment with the nonperturbative calculations. Again, for Figs.triple-differential cross sections over the widest possible
5(@ and 3b) we show results includind.=0-6 (long-  range of incident and ejected energies, as well as for different
dashed linpandL =0-9 (solid line), and for Figs. &c) and  ejected geometries.

5(d) we showL=0-6 (short-dashed line L=0-9 (dot- We have shown that, in the time-dependent method, large
dashed ling andL=0-20 (solid line). It is clear that the numbers of coupled channels are necessary to achieve con-
triple-differential cross section at this geometry is well con-vergence of the triple-differential cross sections for ehch
verged even by =6 for all four methods. As expected for This is further complicated by the fact that convergence with
this back-to-back emission case, the cross section is at r@spect to the number of coupled channels varies widely for

maximum for#,=0° and 180°. different ejected electron geometries, and is much slower
when the energy sharing between ejected electrons is very
IV. SUMMARY asymmetric. However, we have seen that by studying con-

vergence with respect tofor the total and single-differential

In this paper, we have extended the time-dependent closeross sections, one can obtain some indication of the prob-
coupling method to allow the calculation of electron-impactaple convergence of the triple-differential cross section for a
triple-differential cross sections for atoms. Results from 0Ufparticu|ar value of the energy-sharing ratio. For lower inci-
time-dependent method agree very well with nonperturbativglent energies, the convergence with respect tis much
time-independent calculations using the exterior complexmore rapid and the nonperturbative methods are capable of
scaling method for calculations of total-integral, single-producing converged triple-differential cross sections for a
differential, and triple-differential cross sections for the wide range of ejected electron geometries and energy shar-
electron-impact ionization of hydrogen at an incident elecings. Even at the relatively high incident energy of 54.4 eV
tron energy of 54.4 eV. Cross sections resulting from perturywe are confident that our results are reasonably well con-
bative distorted-wave calculations are generally Iarger thal{}erged for equal-energy-sharing conditions and at the angles
those obtained from the non-perturbative calculations andstudied here. As the energy sharing becomes more asymmet-
for some cases, the distorted-wave methods yield anomaloyf the maximum value ol needed for convergence in-
shapes for triple-differential cross sections. creases and consequently convergence of the triple-

Here, as in previous time-dependent calculations, higher differential cross section at highly unequal-energy sharing,

contributions to total and single-differential cross sectiongor this incident electron energy, is not possible at this time
were calculated using the distorted-wave method. This wagsing the current methods.

possible since the extra contributions could be added to the |n future work, we intend to examine various approxima-

time-dependent calculations incoherently. In the calculationions to the nonperturbative method to calculate the contri-

of triple-differential Cross sections, however, all contribu- bution from the h|gher angu|ar momentum partia| waves in a

tions from each orbital angular momentunmust be added timely manner. Once accomplished, this will enable us to

coherently. Also, we have seen that the distorted-wavepply the time-dependent method to the calculation of

method can give unphysical shapes in some regions of thglectron-impact triple-differential cross sections for helium

triple-differential cross sections. This will be present for all and the alkali metals. It is hoped that this work can stimulate

angular momenta and so can introduce unphysical contriblfurther experimental measurements of absolute triple-

tions if used to top up nonperturbative calculations. Ofdifferential cross sections.

course, this is not the case for all geometries; for instance,

for 6,,=180°, the distorted-wave methods yield cross sec- ACKNOWLEDGMENTS
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