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We present mixed gaugeR-matrix Floquet calculations of multiphoton ionization of Li within a single active
electron local model potential. The laser frequency ranges from 15 000 to 15 800 cm21, and at least three
photons are needed to ionize the electron in the 2s ground state. We found that the measured ionization rate as
a function of photon frequency results from ionization processes in different intensity regions of the laser. The
experimental angular distribution of the ejected electrons can be explained using the high intensity portion of
the laser for both the lowest ionization channel and the first above-threshold ionization channel. The calculated
and experimental angular distributions agree well with each other and demonstrate the success of the
R-matrix approach to the multiphoton ionization processes.@S1050-2947~96!05810-6#

PACS number~s!: 32.80.Rm, 32.80.Wr, 32.80.Fb

I. INTRODUCTION

There have been several theoretical methods introduced to
describe multiphoton processes in atoms@1–11#. In particu-
lar, the Floquet approximation has proved to be successful
for most experimental conditions where strong lasers interact
with atoms or ions. There are several assumptions in the
Floquet approximation. The typical duration of a modern
short pulse laser is of the order of a picosecond. Though it is
short by its standard, this is long compared to the typical
time of transitions between atomic states at the peak of the
laser pulse. The laser can thus be considered to be turned on
slowly, and the atomic states evolve adiabatically to the Flo-
quet states. The Floquet state is a linear combination of field-
free atomic states which are coupled by the laser field; the
coupling between the field-free atomic states may be strong
or weak depending on the laser frequency and intensity.

Recent experiments@12# measuring the multiphoton ion-
ization of Li in the vicinity of the 3d, 4s, and 4d resonant
states demonstrated the success of the Floquet description.
With the laser frequency range from 15 000 to 15 800
cm21, the 2s ground state coupled strongly to the 2p and
the 3d states by one and two photons, respectively. Absorb-
ing three photons puts the electron into the continuum. In the
simplest model, one may assume that only the ground state,
the 2p state, and the 3d state are important to the ionization
process, and neglect all other states. This 33 3 Floquet
model@12# explains many aspects of the ionization spectrum
in the experiment. The experimental measurements include
the three-photon ionization spectrum as a function of laser
frequency, the energy shift of the ground state at several
frequencies, and the angular distributions of the photoelec-
trons in the three- and four-photon ionization peaks with
various frequencies and intensities. The major features of the
ionization rate spectrum can be explained by the three-state
Floquet calculation. The angular distribution of the ejected
electrons was measured for electrons absorbing three pho-
tons and those absorbing four photons. These distributions
were fit to low-order Legendre polynomials, but noab initio
calculations were performed.

In this paper, we present a mixed gaugeR-matrix calcu-

lation on this system. The basic idea of a mixed gauge trans-
formation was first discussed in Ref.@13#. The theoretical
method in this calculation has been described elsewhere@14#,
and applied to related problems. Do¨rr et al. @8# used a similar
method to obtain multiphoton decay rates in H. Our method
utilizes a generalized gauge transformation that gradually in-
corporates part of the interaction between the electron and
the laser field into the wave function. TheR-matrix method
and multichannel quantum defect theory are employed to
obtain the scattering information. Particularly, the ionization
information is extracted from the delay-time matrix@16#
which can be obtained from the scattering matrix. A major
extension of the method in this calculation is its application
to the angular distribution of the photoelectrons. We obtain
excellent agreement with all experimental results.

II. THEORETICAL METHODS

In the mixed gauge formulation, the gauge transformation
approaches the length gauge at small distance, the velocity
gauge at intermediate distances, and acceleration at large dis-
tances. The change from one gauge to the next is accom-
plished smoothly over a range of distances. The Hamiltonian
of the mixed gauge approach is more complicated than it is
in a pure gauge. In practice, we omit the transformation to
the length gauge at small distances to simplify the evaluation
of the Hamiltonian matrix.

We approximate the interaction between the 2s electron
and the core state by a model potential. The potential is
parametrized to obtain a good agreement with the neutral Li
spectrum@17#. In atomic units~a.u.!, we assume the potential
has the following form:
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wheread50.189 @18# is the dipole polarizability, anda1,
a2, a3, and r c are free parameters. The radius of theR-
matrix boundary in the calculation is set to 31 a.u. This en-
sures that the energies of the low-lying states are close to the
spectroscopic values. We list the parameters used in the cal-
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culation in Table I, and the energy levels of the orbitals that
are contained inside theR-matrix volume in Table II. These
levels agree with the compilation@17# within 1 cm21, except
for the 3p orbital which has a 8-cm21 error in energy. The
error in the 3p state energy will not cause problems because
it is far from resonances with 2s11 photon or 2s13 pho-
tons. The 1s state of the model potential is unphysical, and
we do not include it in our calculation.

In the multiphoton ionization processes, a channel is iden-
tified by a set of quantum numbers associated with it. These
quantum numbers are the angular momentum quantum num-
ber l , magnetic quantum numberm, and the number of pho-
tons absorbed by the electronN. The fact that the electron
may absorb an arbitrary number of photons increases the
total number of channels to be included in the calculation.
This number of channels is, however, reduced by the fact
that the magnetic quantum numberm does not change before
and after the interaction as a result of the linear polarization
of the laser. Specifically, the ground state of Li is 2s, and
m50 in all the channels. Since the 3d orbital is well con-
tained in theR-matrix volume, the two-photon channels
(2s12\v is near 3d with \v the photon energy! are treated
as strongly closed in the calculation near the 3d resonance.
On the other hand, the 4s and 4d states are not completely
contained inside theR-matrix boundary, and the two-photon
processes are treated as weakly closed around the 4s and
4d resonances~the two-photon channel is strongly closed for
frequencies less than 16 000 cm21, and weakly closed for
frequencies greater than 17 000 cm21). They are closed at a
later stage to obtain the physical scattering matrix.

The ionization information is extracted by using the
delay-time matrix@16#

Q~E!52 i
dS~E!

dE
S†~E!, ~2!

whereS is the scattering matrix. The largest eigenvalue of
Q, qmax(E), is a function of energy and can be identified as
the decay time of a resonance state. Its energy profile is
Lorentzian,

qmax~E!5
G

~E2Er !
21~G/2!2

, ~3!

whereEr is the resonance energy and the widthG is the
ionization rate of the resonance state.

To obtain the angular distribution of the ejected electrons,
we need to construct the wave function describing the out-
going electrons. There are different approaches to obtain the
angular distribution function~e.g., Dörr et al. @8# and Rottke
et al. @15#!. Surprisingly, in the delay-time formulation, the
information needed to obtain the wave function of the
ejected electrons in the open channels can be obtained from
Q. The eigenvector of the delay-time matrixQ, correspond-
ing to the eigenvalue of Eq.~3!, contains dynamical infor-
mation for constructing the outgoing electron flux. However,
the derivation showing the connection between the wave
function of the ejected electron and the eigenvector of the
Q matrix is somewhat lengthy. We leave the detailed deri-
vation in the Appendix, and single out only the main result in
the following.

A time-dependent wave function describing a decaying
system can be written as

c~r ,t !5E
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whereCE j
2 (r ) is the time-independent wave function in the

continuum, and atomic units are assumed. The coefficient
Aj

2(E) is the overlap between the continuum stateCE j
2 (r )

and the resonant stateFR(r ); Aj
2(E)5^CE j

2 (r )uFR(r )&,
which givesc(r ,t)5FR(r ) at t50. Our task is to relate
Aj

2(E) to the eigenvectors of theQ matrix. This relation,
derived in the Appendix, is

Aj
2~E!5S G

2p D 1/2 1
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whereWj is the component of the normalized eigenvector of
theQ matrix of channelj . The wave functionCE j

2 behaves
asymptotically,

CE j
2 ~r !5f jYl j0

exp@ i ~kj r1 ln~2kj r !/kj2 l jp/21s l j
!#,
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wheref j is the core state wave function,kj is the momen-
tum, ands l j

is the Coulomb phase shift of channelj . There

are incoming wave terms to theCE j
2 (r ) functions, but these

terms do not contribute to Eq.~4! since at positive times the
electron flux is completely directed outward. We are inter-
ested in angular distributions of ejected electrons that have

TABLE I. Parameters of the model potential in Eq.~1!.

l50 l>1

a1 2.8917 2.8964
a2 0.9476 3.2052
a3 1.9664 4.7130
r c 1.0 1.0

TABLE II. Energy levels of Li for several low-lying configura-
tions. The energies given are in cm21, and are below-threshold. In
the experiment, if the fine structure of a given configuration can be
resolved, the level of the state with lower total angular momentum
J is chosen.

Energy below-threshold~cm21)
Configuration Present Experiment

2s 43 487.0 43 487.19
2p 28 584.4 28 583.53
3s 16 280.0 16 281.07
3p 12 554.0 12 561.81
3d 12 202.8 12 204.11

aReference@17#.
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absorbed the same number of photons. The momentumkj of
the electrons is the same in the summation, and the terms
which depend only onkj contribute to an overall phase fac-
tor. For a fixed number of photons, the factor common to all
channels is

F~E,r !5S G

2p D 1/2exp$ i @kr1 ln~2kr !/k#%

E2ER1 iG/2
. ~7!

The time-dependent wave function is then
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2 l jp/2!e2 iEtF~E,r !dE ~8!

if we restrict the summation to the channels in which the
electrons have the same kinetic energy. The resonance width
is assumed small and the angular factors and sum overj can
be evaluated at the resonance energy before the integration is
performed. The function in Eq.~8! separates into a radial
function times an angular function, which can be identified
with the angular distribution of the ejected electrons. Finally,
the angular distribution is

ds

dV
}U(

j
WjYl j0

ei ~s l j
2 l jp/2!U2, ~9!

since these are the only factors in Eq.~8! that depend on
angle. TheQ matrix is Hermitian, and its eigenvectorsWj
are complex in general.

III. IONIZATION SPECTRA

Figure 1 shows the ionization rate as a function of laser
frequency for theR matrix, the 33 3 Floquet calculations,
and the experiment. The variation of the intensity of the laser
with the frequency in the experiment has been taken into
account in the calculations by making the intensity propor-
tional to the dye gain curve. In presenting the figures, we
have smoothed the experimental and theoretical curves a
little to reduce the effect of the structured dye gain curve.
The intensity in the calculation is about 63 1010 W/cm2 at
frequencyv 5 14 900 cm21. It decreases as the frequency
increases according to the dye gain curve in the experiment.
In the 33 3 Floquet calculation, the dipole matrix elements
m2p,2s andm3d,2p are evaluated in length form, and the wave
functions are from the model potential eigenstates. Their val-
ues arem2p,2s50.751 andm3d,2p50.642, compared to the
values 0.753 and 0.667 cited in Ref.@12#. There are signifi-
cant differences between theR-matrix and the 33 3 Floquet
calculations in the low frequency region.

The ionization rate in the 333 Floquet calculation was
proportional to the intensity times the mixing coefficient of
the 3d state. TheR-matrix Floquet calculation, on the other
hand, includes photon channels fromN522 ~two-photon
emission! to N55 ~five-photon absorption!. This inclusion
allows various combinations of emission and absorption in
the ionization process. When the intensity reaches a certain
value, the probability of emission may surpass absorption,
and results in a decrease of ionization as the intensity in-
creases@8#. The intensity in the calculation is for the edge of
the laser beam, and represents the low intensity region. This

intensity produces the right width of the 3d resonance, but
the ionization rate is too small for frequencies away from the
resonance. With twice the intensity~1.2 3 1011 W/cm2 at
frequencyv514 900 cm21) of Fig. 1, the ratio of the decay
rate at the resonance to the decay rate away from the reso-
nance can match the experiment, but the width of the 3d
resonance is too broad~Fig. 2!. This seems to support the
scenario that the observed ionization spectrum is a mixture
of ionization processes from different intensity regions in the
laser. The width at the 3d resonance is mostly determined by
the low intensity while, away from the resonance, the ioniza-

FIG. 1. Ionization spectrum as a function of laser frequency near
the 3d state. The intensity in the calculation is 63 1010 W/cm2 at
v514 900 cm21, and decreases toward the high-energy region ac-
cording to the dye gain in the experiment. The width at the 3d state
in the calculation is comparable to the experiment, but the magni-
tude is too small in the low-energy region.

FIG. 2. Same as Fig. 1, but with twice the intensity in the cal-
culation. The relative height between the resonant and the nonreso-
nant regions is in agreement with the experiment, but the width at
the 3d state is too large.

54 3263R-MATRIX FLOQUET DESCRIPTION OF MULTIPHOTON . . .



tion is mainly from high intensity region.
The ionization probability of the ground state in a laser

field depends on the intensity. Most importantly, the depen-
dence on the intensity varies with the frequency. When the
ground state is resonant with the 3d state, the ionization rate
is linearly proportional to the intensity. In the nonresonant
case, the dependence is the third power of the intensity if the
interaction between the atom and the laser field is perturba-
tive. At the intensity in the calculation, the dependence of the
ionization rate with intensity in theR-matrix calculation
shows we are not in the perturbation region. Away from the
3d resonance, the ionization is not proportional to the third
power of intensity, as expected from the perturbation theory.
The exact power depends on the energy of the ground Flo-
quet state.

Moreover, the decay rate of theR-matrix calculation at
15 000 cm21 is greater than the decay rate at 15 400
cm21. Two factors contribute to this anomalous shape in the
spectrum. First, the dye gain curve indicates that the intensity
is decreasing fromv515 000 cm21 toward v515 400
cm21. Second, atv515 000 cm21, where 2p is 100
cm21 away, the power of the dependence on the intensity is
slightly lower than the power atv515 400 cm21. The low
intensity in the calculation suppresses the decay rate at
v515 400 cm21, more thanv515 000 cm21. The anoma-
lous shape of the calculated spectrum will no longer occur if
the calculation were performed using a higher intensity.

To demonstrate the possibility that the measured spectrum
is a mixture of ionization processes from different intensity
regions of the laser beam, we take the combination of several
three-state Floquet calculations using different intensities,
and the result is presented in Fig. 3. We choose intensities
3 3 1010, 6 3 1010, 1.23 1011, 2.43 1011, 4.83 1011,
and 9.63 1011 W/cm2, with mixing coefficients 26, 4, 4, 4,
1, and 1, respectively. Both the width and the relative heights
agree with the experiment. The ionization measurement can
thus be modeled as the multiphoton ionization of Li with a

distribution of laser intensities.
Figures 4 and 5 compare the experimental and theoretical

ionization rates near the 4s and 4d resonance states respec-
tively. The intensity of the calculation is 1.83 1011

W/cm2 at 17400 cm21 for 4s resonance, and 2.03 1011

W/cm2 at 18 000 cm21 for 4d resonance. The two-photon
absorption channels are treated as weakly closed in these
calculations, unlike the calculations presented in Figs. 1–3.
Again the ratio of the peak-to-background ionization rates in
the calculation is larger than the experimental ratio. The cal-
culation were performed for only one intensity curve; we
thus expect the agreement between theory and experiment to
be comparable to that shown in Fig. 1.

FIG. 3. Linear combinations of the 33 3 Floquet calculations
with different intensities. This demonstrates a possible mechanism
for quantitatively describing the ionization rates measured in the
experiment.

FIG. 4. Ionization spectrum near the 4s state at an intensity of
1.831011 W/cm2 at 17 400 cm21. The intensity at other frequen-
cies were determined from the experimental dye gain curve. The
calculated ionization rate decreases rapidly toward the nonresonant
region.

FIG. 5. Ionization spectrum near the 4d state for an intensity of
1.831011 W/cm2 at 18 000 cm21. The intensity at other frequen-
cies were determined from the experimental dye gain curve.
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There is a puzzling discrepancy between the experimental
and calculated ionization rates. The peak value of this rate is
at a lower frequency in the calculation than in the experi-
ment. The difference is larger than expected from experi-
mental uncertainties in the wavelength, and from theoretical
inaccuracies in the model potential. We have no good expla-
nation for the discrepancy. The only semiplausible explana-
tion is based on the breakdown of the adiabatic approxima-
tion when the photon is near resonance. When the frequency
is near resonance, a Floquet state at low intensity may not
evolve into one Floquet state at high intensity, but may
evolve into a superposition of Floquet states. Near reso-
nance, the experiment may be measuring the weighted decay
rate of two states.

One of the interesting effects Li displays in a strong laser
is the intensity dependence of thep and f wave branching
ratios at different frequencies. Variations in the intensity can
significantly change the branching ratio of thep wave,Bp ,
and f wave,Bf , in the calculation. When the ground Floquet
state is below the 4s state (E2s12\v,E4s), the increasing
intensity will increaseBp/Bf . Thus the ground Floquet state
acquires more 4s character than the 4d. The situation is
reversed if the frequency is increased so that the ground Flo-
quet state is placed between the 4s and 4d states
(E4s,E2s12\v,E4d). In that case,Bp/Bf decreases as the
intensity increases.

A related issue to the ionization is the energy shift of the
ground state. As all the quantum states evolve under the
influence of the laser field, their relative positions may
change as a result. This is known as the ac Stark shift. The
energy shift of the ground state itself is not significant theo-
retically. But the shift of the ground state relative to other
quantum states does provide a picture of how the electrons in
the ground state may be ionized. The calculation shown in
Fig. 6 is the energy shift of the ground state using the inten-
sity profile in the experiment@20#. The calculation only uses
the high intensity profile, and does not take into account the
difference between the high and low intensity calculations.

At frequencies between 15 000 and 15 641 cm21, a one-
photon absorption would put the 2s state at ahigherenergy
than the 2p state, which tends to shift the 2s state to higher
energies, and a two-photon absorption would put the 2s state
at a lower energy than the 3d state, which tends to shift the
2s state to lower energies (E2p2\v,E2s,E3d22\v).
The 2s-2p coupling is the stronger coupling, and thus the
2s state is pushed to higher energy. However, as the fre-
quency is increased, the 2s plus 2\v state becomes more
nearly degenerate with the 3d state, and 2s plus \v state
becomes less degenerate with the 2p state; the upward shift
in the Floquet energy thus decreases with the frequency. At
frequencies above 15 641 cm21, 2s plus 2\v state is above
the 3d state; thus the interactions with the 2p and 3d states
push the 2s state to higher energy. This accounts for the
discontinuous jump in the shift at the frequency 15 641
cm21. As the frequency increases from 15 641 cm21, the
energies become less degenerate, and therefore the shift de-
creases.

IV. ANGULAR DISTRIBUTION OF PHOTOELECTRONS

In Fig. 7, we plot the angular distribution of the electrons
ejected from the Li atoms after absorbing three photons. In
Fig. 7~a!, the ground state is resonant with the 4s state after
two photons are absorbed. The only ionization channel popu-
lated is the continuump wave; the angular distribution is
proportional to cos2u. In Fig. 7~d!, the ground state is nearly
resonant with the 4d state (E2s12\v is 57 cm21 below the
4d state, wherev518 283 cm21). The 4d state can be ion-
ized top or f waves. The calculation shows that most of the
photoelectrons are ejected asf waves. This is consistent with

FIG. 6. Energy shift of the ground state near the 3d state for an
intensity of 231011 W/cm2 at 15 060 cm21. The intensity at other
frequencies were determined from the experimental dye gain curve.

FIG. 7. Angular distribution of photoelectrons with intensity of
4.83 1011 W/cm2 in the calculation. The frequencies were chosen
so two photons were resonant or nearly resonant with the 4s and
4d states. The frequency varies so that the ground Floquet state is
~a! resonant with the 4s state,~b! 25 cm21 above the 4s state,~c!
200 cm21 above the 4s state, or~d! 1554 cm21 above the 4s state.
The pattern shows the electrons gain more and moref -wave char-
acter from~a! to ~d!. The branching ratiosBp /Bf are ~a! 930, ~b!
2.64, ~c! 0.843, and~d! 0.055.
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the propensity rule@19#, which states that the electron tends
to gain angular momentum when it gains energy from the
laser field.

The intensity chosen for these resonant calculations is not
crucial. When the ground state is resonant with the 4s/4d
state, it almost exclusively evolves to the resonant state
(4s/4d) irrespective of the intensity. The angular symmetry
of the resonant state determines into which channels the elec-
tron will go once it absorbs an additional photon. Because
the resonant state is not strongly perturbed by the laser, the
angular symmetry is uniquely determined by single-photon
absorption from the resonant state. The probability of the
electrons in the resonant state to be ionized is linearly pro-
portional to the photon flux~the intensity!. Hence the inten-
sity only affects the ionization rate but not the angular dis-
tribution pattern. For Figs. 7~b! and 7~c!, the photon
frequency is such that two-photon absorption from the 2s
state will be at an energy between the 4s and 4d states. In
Fig. 7~b!, the frequency is 17518.5 cm21, and for Fig. 7~c!
the frequency is 17 606 cm21. The relative amount of mix-
ture between the ground state and the 4s and 4d states now
depends on the intensity. The angular symmetry of the exit
channels for the 4s and 4d states can interfere with each
other. However, from the discussion in Sec. III, the measured
distributions mainly arise from the high intensity part of the
laser field. The intensity in the calculation~4.8 3 1011

W/cm2) is close to the high intensity portion of the experi-
ment, and it can represent most of the angular distribution
measurement. A combination of multiintensity calculations
may be needed to obtain a better agreement.

Figure 8 shows the calculations for various intensities
with a frequency of 17556 cm21. The intensities are~a!
0.5I , ~b! 0.7I and~c! I , with I54.831011 W/cm2. It can be
seen from the figure that the relative amount of thef wave

increases as the intensity increases from~a! to ~c!. The ratio
of the branching ratios ofp to f waves,Bp /Bf decreases
from 3.17 to 2.27 to 1.53 from~a! to ~b! to ~c!. The ground
state acquires more 4d character as the intensity increases,
and the electrons are ionized to thef wave. This is a mani-
festation of the nonlinear laser-atom interaction. For a fixed
laser frequency, the ratioBp /Bf should not change with the
laser intensity to lowest-order in perturbation theory. This
can be seen by calculating the mixing coefficients using per-
turbation theory. In lowest-order perturbation theory the ad-
mixture of 4s and 4d states into the 2s ground state is

A4s5I
^2suzu2p&^2puzu4s&

~E2s1\v2E2p!~E2s12\v2E4s!
~10!

for the 4s state, and

A4d5I
^2suzu2p&^2puzu4d&

~E2s1\v2E2p!~E2s12\v2E4d!
~11!

for the 4d state, whereI is the intensity of the laser field.
Both of the states mix with the ground state at second order
in perturbation theory~reflecting two-photon absorption!,
and therefore both of the mixing coefficients are proportional
to the laser intensity. The ratio of the amplitudes, and there-
fore the ratios of the probabilities, is independent of the laser
intensity of this order.

Figure 9 is the experimental and calculated angular distri-
butions for the above-threshold ionization~ATI ! with four-
photon absorption. The angular distribution pattern does not
change over the total 25-cm21 variation in the frequency. In
lowest-order perturbation theory, the electrons can be ejected
ass, d, or g waves after absorbing four photons. The calcu-
lation shows that the branching ratio for the continuumd

FIG. 8. Angular distribution of photoelectrons with the ground
Floquet state 100 cm21 above the 4s state
(E2s12\v5E4s1100 cm21). The intensity varies from~a! 0.5I ,
~b! 0.7I to ~c! I , with I 5 4.83 1011 W/cm2. The electrons gain
f -wave character with higher intensity reflecting the nonlinear
laser-atom interaction. The branching ratiosBp /Bf are~a! 3.17,~b!
2.27, and~c! 1.53.

FIG. 9. Angular distribution of photoelectrons with four-photon
absorption~the first above-threshold ionization! with intensity 5
4.83 1011W/cm2. The ground Floquet state is~a! 25 cm21 below
the 4s state,~b! resonant with the 4s state, and~c! 25 cm21 above
the 4s state. The pattern does not vary significantly as the frequency
sweeps over the 4s state. The branching ratiosBs /Bd are~a! 0.423,
~b! 0.424, and~c! 0.419.
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wave to thes wave is 2.4, and that this does not vary sig-
nificantly as the frequency varies over the 4s resonance; the
probability of ejection asg waves is very small. A simple
application of the propensity rules would suggest theg
waves should have the highest probability of ejection. This
propensity is suppressed because theg waves do not have a
large enough energy to penetrate the angular momentum bar-
rier and reach the ionization region. An interesting aspect of
the ATI angular distribution is that the ratio of thes andd
coefficients in Eq.~9! is nearly real. This was not true of the
three-photon angular distributions; the ratio of thep to f
coefficients in Eq.~9! was complex. In comparing Figs. 7
and 8 with Fig. 9, it is clear that the angular distribution for
the ATI electrons is more strongly peaked along the direction
of laser polarization than the angular distribution for three-
photon absorption. This behavior arises from the fact that the
laser can only do work on the electron in the polarization
direction. The propensity rule is that as more photons are
absorbed the angular distribution becomes more strongly
peaked.

V. CONCLUSION

In summary, we have applied the mixed gaugeR-matrix
Floquet method to calculate the ionization rate and angular
distribution of electrons ejected from Li in a laser field. The
angular distribution calculations are in good agreement with
the experiment. The intensity of the laser used in the calcu-
lation of the angular distribution indicates that the photoelec-
trons come mainly from the high intensity part of the laser
beam. The calculations of the ionization rate as a function of
laser frequency suggest that the measured spectrum is a mix-
ture of ionization processes from the intensity distribution in
the laser beam. A superposition of calculations with various
intensities is necessary to obtain the agreement with the ex-
periment. Overall, theR-matrix Floquet method is useful to
understand multiphoton processes in atoms, and to reproduce
experimental measurements quantitatively.
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APPENDIX

This Appendix gives a detailed derivation of the coeffi-
cientAj

2 in Eq. ~4!, which leads to the angular distribution in
Eq. ~9!. The purpose of this derivation is to show thatAj

2 is
simply proportional to the eigenvectors of the delay-time
matrix Q. We start with the exact solutions of the Schro¨-
dinger equation (E2H)Fa50 for the continuum states, as-
suming no coupling to the closed channels. The regular so-
lution outside the short-range interaction region is

Fa5(
i

f i~ f icospma2gisinpma!Uia , ~A1!

wheref i is the core-state wave function,f i andgi are the
regular and irregular Coulomb wave functions,ma is the
eigen quantum defect, andU is the rotation matrix needed to
construct the eigenchannela. Similarly, the corresponding
irregular solution outside the short-range interaction region is

Ga5(
i

f i~ f isinpma1gicospma!Uia . ~A2!

For the case we are interested in in this paper, the widths of
the resonant states are relatively small. It suffices to consider
a well-isolated resonance state which has an energyER ,

^FRuHuFR&5ER , ~A3!

whereFR is the wave function of the resonance state. Now,
consider the coupling between the continuum and the reso-
nance state. Because the existence of the resonant state, the
continuum state becomes

ca5(
a8

~Fa8da8a2Ga8K̄a8a!. ~A4!

From the Kohn variational principle, we approximate the
matrix K̄a8a by

K̄a8a52p^ca8
t uH2Euca

t &, ~A5!

where the trial wave functionca
t 5Fa1FRAa . FR is or-

thogonal toFa , which means thatAa5^ca
t uFR&. By varia-

tion with respect toAa , we find

Aa5
^FauVuFR&
E2ER

[
VaR

Ap~E2ER!
~A6!

whereVaR5Ap^FauVuFR& and

K̄a8a52
Va8R~VT!Ra

E2ER
. ~A7!

In matrix form,

K̄52
V–VT

E2ER
, ~A8!

and the width of the resonanceG is related toV by

VTV5G/2, ~A9!

whereG is assumed to be small. We can also construct the
S̄matrix in terms ofV,

S̄5
11 i K̄

12 i K̄
512 i2VS 1

E2ER1 iG/2DVT. ~A10!

The eigenchannel wave functions that satisfy the outgoing
~incoming! wave boundary condition are obtained through

c65c
1

17 iK
. ~A11!
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The coefficientAa is transformed accordingly:

A65
1

16 iK
A5

V

Ap

1

E2ER7 iG/2
. ~A12!

Up to this moment, all the formulations are expressed using
the eigenchannel wave functionca . To express the coeffi-
cientsA in terms ofc j , we note that

(
a

~2Ga6 iF a!e7 ipmaUa j
† 5f j~2gj6 i f j !. ~A13!

The wave functions and the coefficients are then

c j
65(

a
ca

6e6 ipmaUa j
† ~A14!

and

Aj
65(

a
Ujae

7 ipma
VaR

Ap

1

E2ER7 iG/2
. ~A15!

The expression forAj
2 in Eq. ~A15! can be calculated based

on the information we had. However we are going to show
that this expression can be further simplified and related to
the eigenvectors of the delay-time matrix. This reduces the
effort to obtain the angular distribution of the ejected elec-
trons.

With the basis functionc j , the scattering matrixS and
the delay-time matrixQ are

Sjk5(
aa8

Ujae
ipmaS̄aa8e

2 ipma8Ua8k
† ~A16!

and

Qjk5(
aa8

Ujae
ipmaQ̄aa8e

2 ipma8Ua8k
† . ~A17!

The eigenvector of matrixQ, Wj , and the eigenvector of
matrix Q̄, W̄j , can be related through

(
k
QjkWk5qWj ~A18!

and

(
a8

Q̄aa8W̄a85qW̄a . ~A19!

From Eq.~A17!, we have

Wj5(
a

Ujae
ipmaW̄a . ~A20!

To obtainW̄a , we note

Q̄52 i
dS̄

dE
S̄† ~A21!

and using Eqs.~A9! and ~A10!, we obtain

Q̄5V
2

~E2ER!21~G/2!2
VT. ~A22!

The relation between the eigenvalueq and the width of the
resonance is governed by Eq.~3!, and we should have

Q̄•W̄5W̄
G

~E2ER!21~G/2!2
. ~A23!

Equation~A22! then implies

W̄a5S 2G D 1/2VaR . ~A24!

Finally, from Eq.~A20!,

Wj5(
a

Ujae
ipmaS 2G D 1/2VaR , ~A25!

and, put in matrix form and using Eq.~A12!,

W5UeipmaS 2G DV
5S 2p

G D 1/2~E2ER1 iG/2!A2. ~A26!

Inverting the matrix equation, we find the coefficient

Aj
25S G

2p D 1/2 1

E2ER1 iG/2
Wj . ~A27!

Aj
2 is the coefficient in Eq.~5!, and it serves to demonstrate

that the energy distribution of the wave function is propor-
tional to the eigenvector of the delay-time matrix. Thus the
delay-time matrixQ is useful in multiphoton ionization
problems, for which its largest eigenvalue is related to ion-
ization rate, and its eigenvectors are connected to angular
distributions of the ejected electrons.
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