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Emission photon statistics in collectively interacting dipole atom arrays in the low-intensity limit
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We investigate the photon statistics of light emitted from a system of collectively interacting dipoles in the low-
intensity regime, incorporating double-excitation states to capture beyond-single-excitation effects. By analyzing
the eigenstates of the double-excitation manifold, we establish their connection to the accessible single-excitation
eigenmodes and investigate the role of decay rates in shaping the zero-time-delay photon correlation function
g(2)(τ = 0) under different detection schemes. The photon emission statistics can be arbitrarily controlled
by interfering two beams of light that selectively address orthogonal eigenmodes. This can act as a tunable
nonlinearity that enables both enhancement or suppression of two-photon emission.

DOI: 10.1103/3l9m-7dfn

I. INTRODUCTION

Making photons interact has been a long-standing goal
in optics. The regime of nonlinear effects at low intensities,
where individual photons interact strongly with one another,
can be called "quantum nonlinear optics" [1]. It holds great
potential for applications in optical transistors, nonlinear op-
tical switches [2], quantum information and communication
[3], and metrology using nonclassical fields [4,5]. The scat-
tering of two photons with the help of interaction with other
systems has been explored in Refs. [6–10].

At the single-photon level, collective interactions in free
space have had many theoretical proposals and experimental
implementations of applications in coherent control [11–30].
The photon statistics associated with these collective effects,
especially in systems with many emitters, have also been
investigated [31–35]. This interaction with emitters has been
harnessed to make individual photons interact with each other,
especially in the more controllable case of emitters coupled to
waveguides [36–48].

In the case of atom-light interactions with high intensities,
many of the atoms are simultaneously excited, sometimes
even reaching full inversion. Superradiance and subradiance
can be seen in the emission of photons. References [49,50]
have studied the correlations in the photons emitted in such
systems. They showed that bunching is a characteristic of the
emission in superradiant systems in this regime of near-total
inversion. Alternatively, will these associations be valid in the
opposite regime, where the intensity is low enough that there
are only one or two excitations on average? The process of
building coherences for the enhanced or suppressed emission
is quite different in the two cases.

When atoms interact with the incident light, there are two
types of contributions that give rise to photon correlations.
The first is due to the interference of the incoming driving
light and the emitted light, which is analogous to the g(2)
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in the forward direction in systems such as atom arrays. In
the low-intensity limit, this effect primarily comes from the
single-excitation states of the ensemble, which has a popula-
tion proportional to the intensity (∝ �2). The terms from the
double-excitation states will be proportional to the square of
intensity (∝ �4) and will not have a significant contribution.

Alternatively, in the backward direction, the correlations
arise only because of the light emitted by the ensemble.
These correlations arise purely because of the interactions
between the atoms in the ensemble. The second-order corre-
lation between two emitted photons no longer depends only
on the single-excitation states, but also on the doubly excited
states. Hence, we will include and focus on how the doubly
excited states evolve and contribute to the dynamics of the
second-order correlation of the photon emission. We study
the correlations only in the emitted light, without including
the incoming laser field, which is analogous to studying the
backward scattering of light.

In this paper, we explore how the correlations in the emitted
light are affected by the decay rate of the system. The study
focuses on a system consisting of collectively interacting
dipole atoms arranged in subwavelength arrays. The atoms
are excited by constant incident light with weak intensity,
and the system is driven to steady state. We particularly em-
phasize investigating the zero-time-delay correlation function
g(2)(τ = 0) to determine the emission statistics. It describes
the probability of two photons being emitted together, normal-
ized by their independent emission. When the photons emitted
hold no correlations, it will have g(2)(0) = 1. If the photons
are more prone to being emitted together, it is called bunched
emission and will have a g(2)(0) > 1. The opposite is called
antibunching and will have a g(2)(0) < 1.

We study these dynamics using a density matrix formal-
ism using both the single- and double-excitation states of the
ensemble. We study how the zero-time-delay g(2)(0), which
pertains to the emission of two photons together, depends
quantitatively on the decay rates of both the single- and
double-excitation eigenmodes. Although double-excitation
states have been studied in other contexts [9,51], our study
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will focus on the double-excitation states as a consequence
of working beyond the edge of the low-intensity and single-
excitation regime.

We also observed that interfering two coherent beams pro-
vides a mechanism for controlling the photon statistics of
the emitted light. By selectively detecting light from a single
eigenmode, we can tune the g(2)(0) between antibunching
and bunching by adjusting the relative phase of the beams.
A source capable of real-time modulation of its correlation
properties without altering intensity can be used as an interest-
ing building block for novel quantum light sources. This can
also be utilized to suppress two-photon emission into a desired
mode. References [47,48,52] have also studied different meth-
ods of tailoring the correlations of light using interferences
from multiple emitters.

The formalism used for calculations is detailed in Sec. II.
Section III A investigates the properties of the double-
excitation states and how they connect to the single-excitation
manifold. Section III B investigates the initial time correla-
tion, g(2)(0), of the emitted light when the atoms are excited
by a single eigenmode. The effects of interference of two
different modes is explored in Sec. III C.

II. METHODS

We consider N atoms and assume each to be a two-
level system. The atoms are arranged in one-dimensional
or two-dimensional arrays with separation (d ) less than the
wavelength of the resonant light (λ). The dynamics of the
system are calculated using the density matrix formalism.

The low-intensity limit is often assumed when performing
calculations for collective interaction dynamics. There can be
only a single excitation in the system at any time, which means
that only the single-excitation states have to be considered in
the density matrix. The g(2) correlations, which describe the
correlation between the emission of two photons, also require
the doubly excited states to be considered. This increases the
total number of states (of the order N2), which considerably
reduces the total number of atoms that can be accurately
simulated.

The raising and lowering operators of the jth atom are
represented by σ̂+

j and σ̂−
j , respectively. The state in which

all atoms are in the ground state is represented by |g〉 and the
states in which only the atom ′ j′ is excited will be represented
by |e j〉 = σ̂+

j |g〉. The doubly excited state will be represented
by |eeμ〉 = σ̂+

m1
σ̂+

m2
|g〉 and the index μ = (m1, m2) represents

the atoms m1 and m2 being excited. Since m1 < m2, the index
μ goes from 1 to N (N − 1)/2. An example schematic of the
energy level structure for N = 4 atoms has been depicted in
Fig. 1. Hence, the density matrix will be represented by

ρ = a0|g〉〈g| +
∑

j

v∗
j |g〉〈e j | +

∑
μ

w∗
μ|g〉〈eeμ|

+
∑

j

v j |e j〉〈g| +
∑
i, j

ρ̃i j |ei〉〈e j | +
∑
j,μ

s∗
jμ|e j〉〈eeμ|

+
∑

μ

wμ|eeμ〉〈g|+
∑
j,μ

s jμ|eeμ〉〈e j |+
∑
μ,ν

˜̃ρμν |eeμ〉〈eeν |.

(1)

FIG. 1. An example schematic of the atomic energy levels for
N = 4 atoms. 0 and 1 represent the atoms being in the ground and
excited state, respectively. |g〉 represents the collective ground state.
|e j〉 represents the single-excitation states and |eeμ〉 represents the
double-excitation states.

The dynamics of the system will be calculated by using the
Hamiltonian and the Lindblad superoperator

d ρ̂

dt
= − i

h̄
[Ĥeff, ρ̂] + L(ρ̂ ), (2)

where Ĥeff = ĤL + Ĥdd , which are defined in Eqs. (3) and (6),
and L(ρ̂) is defined in Eq. (7)

The laser interaction is described by the laser Hamiltonian
in the rotating wave approximation given by

ĤL = h̄
∑

j

[
−δσ̂+

j σ̂−
j + � j

2
σ̂+

j + �∗
j

2
σ̂−

j

]
, (3)

where � j = �0eik0·r j is the Rabi frequency of atom j, which
governs the intensity of the driving laser and δ is the detuning.
rj gives the position of the jth atom. The laser Hamiltonian
can induce transitions from the ground state to the first excited
state and also from the first excited state to the second excited
state.

Since this study is restricted to the low-intensity limit, the
Rabi frequency should be small: �0 � 	0, where 	0 is the
decay rate of a single atom. Even beyond this limit, the Rabi
frequency should be smaller than the eigenmode decay rates,
�0 � γα , to ensure that there are only one or two photons in
the case of long-lived eigenmodes (see Sec. II A). The proba-
bility of excitation in the first excited state is proportional to
�2

0, while the probability of excitation in the second excited
state is of order �4

0.
In the semiclassical limit, the collective interactions be-

tween the atoms can be obtained by tracing out the vacuum
radiation fields [53,54]. The coupling between atoms can then
be described by the dyadic Green’s function in vacuum g(ri j )
given by

g(ri j ) = −i	0

2

[
h(1)

0 (kri j )+3(r̂i j · q̂)(r̂i j · q̂∗) − 1

2
h(1)

2 (kri j )

]
,

(4)

where q̂ is the dipole orientation of the atoms, ri j = ri − r j

denotes the distance between atoms i and j, ri j = |ri j | is the
norm of ri j , and r̂i j = ri j/ri j is the unit vector along ri j . 	0 is
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the decay rate of a single atom and h(1)
l are the outgoing spher-

ical Hankel function of angular momentum l . The Green’s
function g(ri j ) is proportional to the electric field of a dipole
at position r j due to another dipole at ri [55].

When i = j, that is, when ri j = 0, the real part of the
function becomes undefined, while the imaginary part remains
finite (Im{g(0)} = −	0/2). Hence, we redefine g(ri j ) to be

g(ri j ) = g(ri j ) for i �= j

= − i	0

2
for i = j. (5)

The real part of the Green’s function captures the co-
herent dipole-dipole interactions corresponding to excitation
exchange between atoms through virtual photons. This pro-
cess leads to collective energy shifts of the atomic resonance
[14,16,17]. This is described by the coherent dipole-dipole
coupling Hamiltonian,

Ĥdd = h̄
∑
i �= j

Re{g(ri j )}σ̂+
i σ̂−

j . (6)

The imaginary part of the Green’s function, on the other
hand, describes the dynamics of the deexcitation in the system
and is modeled by the Lindblad operator given by

L(ρ̂ ) =
∑
i, j

−Im{g(ri j )}
[
2σ̂−

i ρ̂σ̂+
j − σ̂+

j σ̂−
i ρ̂ − ρ̂σ̂+

j σ̂−
i

]
,

(7)

where the i = j terms describe the single-atom spontaneous
emission and the i �= j terms describe the collective spon-
taneous emission responsible for modifying the decay rates,
resulting in subradiance or superradiance. The first term
(σ̂−

i ρ̂σ̂+
j ) in particular is responsible for inducing a deexci-

tation of the atom, which is accompanied by the emission of a
photon.

A. Eigenmodes

The Green’s function of the interaction between the atoms
can be used to construct a matrix Gi j = g(ri j ) that, when di-
agonalized, will give the natural single-excitation eigenmodes
of the system. Each eigenvector Vα corresponds to a mode of
the system with a particular decay rate given by the imaginary
part of the eigenvalue γα and the energy shift given by the real
part �α . ∑

j

Gi jV jα = GαViα =
(
�α − i

γα

2

)
Viα. (8)

The index α will be used in general to denote the single-
excitation eigenmodes. Since the Gi j matrix is complex
symmetric, the orthogonality conditions are different from the
conventional eigenmodes of Hermitian matrices. The eigen-
modes can be normalized to follow∑

i

ViαViα′ = δα,α′ . (9)

Similar to how the single-excitation Green’s function de-
scribes the transfer of an excitation between two atoms,
the double-excitation Green’s function characterizes this pro-
cess in the presence of an additional excitation on an

unrelated atom. It employs the same Green’s function ex-
pression [Eq. (4)] to connect pairs of double-excitation states
that share one common excited atom. In other words, for
μ = (m1, m2) and ν = (n1, n2), a transition from |eeμ〉 to
|eeν〉 occurs through a single photon-exchange process de-
scribed by the jump operator σ̂+

m1
σ̂−

n1
if m2 = n2. Since the

two-excitation states are twice as likely to decay, the diagonal
terms will be 2 × Im{g(0)} = −	0.

G̃μν = g(rm1n1 ) for m2 = n2, m1 �= n1

= g(rm2n2 ) for m1 = n1, m2 �= n2

= g(rm2n1 ) for m1 = n2, m2 �= n1

= g(rm1n2 ) for m2 = n1, m1 �= n2

= −i	0 for m1 = n1, m2 = n2

= 0 for m1 �= n1, m2 �= n2. (10)

This can be diagonalized to obtain the eigenmodes that corre-
spond to the doubly excited states. The index β will be used to
generally denote two-excitation eigenmodes. These eigenvec-
tors Wμβ also follow a similar situation where the imaginary
part of the eigenvalue denotes the decay rate of a single photon
being emitted and descending into single-excitation states.

∑
ν

G̃μνWνβ = G (2)
β Wμβ =

(
�

(2)
β − i

γ
(2)
β

2

)
Wμβ. (11)

It is important to note that the γ
(2)
β describes the rate at which

the first photon is emitted. Each such state will then connect
to a mix of single-excitation states after the emission. This
diagonalization step is the most computationally intensive,
scaling as O(N6), and limits the maximum number of atoms
that can be simulated to around 30.

B. Calculation of g(2) correlation

To calculate the g(2), the system is driven with a laser until
it reaches steady state up to time t . The density matrix is then
projected into a state where the system has emitted a photon
[56–59].

σ̂−ρ̂(t )σ̂+

〈σ̂+σ̂−〉(t )
→ ρ̂ ′(t ), (12)

where σ̂− can represent the emission of a photon in a particu-
lar direction k or from a particular eigenmode α,

σ̂−
k =

∑
j

e−ik.r j σ̂−
j or σ̂−

α =
∑

j

Vjασ̂−
j . (13)

Projecting the state due to emission from a specific eigenmode
allows us to isolate how the system’s lifetime influences the
photon correlations.

This projected density matrix ρ̂ ′ is then evolved again in
time using Eq. (2) up to time t + τ . Then, the probability
of another photon being emitted is calculated and normalized
with the intensity

g(2)(τ ) = Tr[σ̂−ρ̂ ′(t + τ )σ̂+]

〈σ̂+σ̂−〉(t )
, (14)
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which, by expanding the projected density matrix ρ̂ ′ according
to Eq. (12), can also be written as

g(2)(τ ) = Tr[σ̂−(t + τ )σ̂−(t )ρ̂σ̂+(t )σ̂+(t + τ )]

[〈σ̂+σ̂−〉(t )]2
. (15)

In many cases, we focus on the g(2) when τ = 0, that
is, without any time delay, or the instantaneous two-photon
correlation. That simplifies Eq. (15) as

g(2)(τ = 0) = Tr[σ̂−σ̂−ρ̂σ̂+σ̂+]

〈σ̂+σ̂−〉2
. (16)

If the system is excited to a particular eigenmode α using
the operator σ̂+

α = ∑
j Vjασ̂+

j , we cannot use the same set of
σ̂+

α , σ̂−
α for the detection of light emitted in that mode. Due

to the unusual orthogonality relation defined in Eq. (9), the
raising and lowering operators used for the detection have
to be redefined as σ̂ ′+

α = ∑
j V ∗

jασ̂+
j , σ̂ ′−

α = (σ̂ ′+
α )∗ to give

σ̂ ′−
α′ σ̂+

α |g〉 = δα,α′ |g〉.
The results from the double-excitation model for low in-

tensities has been tested for convergence with a full density
matrix treatment with small atom numbers.

III. RESULTS

Using the formalism described in Sec. II, the density matrix
can be evolved to study the dynamics of both the single- and
the double-excitation states. This paper will focus exclusively
on correlations in the emitted light, and the correlations with
the driving light fields will be ignored.

To keep the data shown consistent, the configuration of the
atoms will be kept the same in this section. There are 25 atoms
in a square lattice in the XZ plane with lattice separation d
ranging from 0.3λ to 1.0λ. The minimum separation is lim-
ited to 0.3λ, since smaller separations can cause the coherent
dipole-dipole coupling to be larger than 	0, resulting in other
effects like the dipole blockade [60]. The atoms are polarized
along the z axis. Although the data shown are only for a
two-dimensional array, the results are qualitatively similar for
other atom configurations.

When collective dipole interactions are absent, the steady-
state density matrix contains no interatomic coherences
(〈σ̂+

i σ̂−
j 〉 = 0 for i �= j), corresponding to independent emit-

ters with only incoherent emission. In this limit, the g(2)(0)
will depend on the number of atoms as (1 − 1/N ) [61]. The
results will be compared to this independent-emitter reference
value, which equals 0.96 for N = 25, corresponding to nearly
Poissonian photon statistics.

A. Double-excitation eigenmodes

In this section, we will provide some basic descriptions
of the second excitation eigenmodes. We will also explore
the connection between the single and doubly excited states.
A detailed investigation of the characteristics of the double-
excitation eigenmodes has been done in Ref. [9]. Even though
their description is for waveguide-qubit systems, many of the
properties are similar to atoms in free space.

The most subradiant double-excitation state decays faster
than the most subradiant single-excitation state in a single
configuration of atoms in space. When two atoms are being

FIG. 2. The decay rate of the second photon (ζβ ) vs the decay
rate of the first photon (γ (2)

β ) from a double-excitation eigenmode β.
The separation has been varied from 0.3 to 1.0λ. The color shows the
separation d of the atoms in the array. The dashed line corresponds
to ζβ = γ

(2)
β /2.

excited, each excitation can only hop to the other N − 2
atoms that are not excited, which is analogous to the first
excited atom being invisible to the second excited atom. This
"hole" interferes with the perfect destructive interference nec-
essary to get to the most subradiant state. The alternate is
true for the superradiant state where the most superradiant
double-excitation state decays faster than the most superra-
diant single-excitation state.

The manifold of the double-excitation states is of N (N −
1)/2 dimensions and the corresponding eigenmodes can be
renormalized to form a complete orthonormal subspace with
the new definition of the inner product as in Eq. (9). On the
other hand, there are N2/2 vectors that can be made when
any two single-excitation eigenmodes are used to excite the
ground state procedurally. This discrepancy in the number of
states of the double-excitation eigenmodes and two single ex-
citations comes about because there cannot be two excitations
on a single atom, i.e., σ̂+

i σ̂+
i |g〉 = 0.

The imaginary part of the eigenmode γ
(2)
β gives the rate

of decay of the double-excitation eigenmode. Once the first
photon is emitted into free space, the system is brought into
a combination of single-excitation states. This combination
of single-excitation states will then result in a corresponding
average decay rate for the second photon. This decay rate of
the second photon will be represented by ζβ , has been plotted
in Fig. 2, and is defined by

ζβ = 4

γ
(2)
β

Tr

⎡
⎣∑

i ji′ j′
Im{g(ri′ j′ )}Im{g(ri j )}σ̂−

i′ σ̂−
i ρβσ̂+

j σ̂+
j′

⎤
⎦,

(17)

where ρβ is the density matrix initialized to contain only
the second excitation eigenmode β. In most cases, the ζβ

is approximately close to γ
(2)
β /2, especially for higher atom

separations. There are exceptions to this when the atom sepa-
rations get smaller. Specifically, for states that have very small
γ

(2)
β , the ζβ’s are not as suppressed and tend to go above the
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line that depicts ζβ = γ
(2)
β /2 in Fig. 2. This becomes more

relevant in Sec. III B 2.
The single- and double-excitation eigenmodes are vectors

with different sizes and normalization schemes, which makes
it hard to draw conclusions on how they correlate with each
other. To understand this, we can define a quantity that de-
scribes the overlap of the double-excitation eigenmode β with
two single-excitation eigenmodes α1 and α2. This can also be
understood as the tendency of mode β to emit two photons,
one in mode α1 and one in mode α2.

Lα1α2β =
∑

μ

(
Vm1α1Vm2α2 + Vm1α2Vm2α1

)
Wμβ, (18)

where the index μ = (m1, m2) represents the atoms m1 and m2

being excited (see Fig. 1).
When α1 = α2, it can be redefined as Xαβ , which is anal-

ogous to a projection of (Viα )2 over Wμβ . This describes the
geometric overlap of the double-excitation eigenmode with
the state where both photons are in the same single-excitation
eigenmode. This quantity will become relevant in Sec. III B.

Xαβ =
∑

μ

(
2Vm1αVm2α

)
Wμβ. (19)

Figure 3 shows the |Xαβ | and |Lα1α2β | (α1 �= α2) for a
square array with 25 atoms with separation of 0.4λ. The
points correspond to the N single-excitation eigenmodes α and
N (N − 1)/2 double-excitation eigenmodes β.

Although the overlaps |Xαβ | and |Lα1α2β | only depend on
the spatial profile of the eigenmodes, they are inherently
still connected to the decay rates of the eigenmodes. In both
plots, the overlap is maximized when the sum of the single-
excitation decay rates matches the double-excitation decay
rates. In the case of |Xαβ |, the overlap is maximum when
γ

(2)
β = 2γα .

The spread of the points along the x axis (difference in
decay rate) depends on the separation of the atoms d . As
the separation becomes smaller, the range of decay rates
increases, i.e., better subradiant and superradiant states are
achievable. This makes the spread of the difference in decay
rate also larger. This means that non-negligible overlap is
possible with larger differences in decay rates for smaller
separations.

Even with small differences in decay rates, many points
exhibit only a small overlap. This suggests that a small decay-
rate difference does not guarantee good overlap, although
good overlap tends to occur when decay-rate differences are
small.

B. Single-mode excitation

In experiments, it is usually possible to detect or input light
from only a single mode (a common example is a Gaussian
light mode). But using the geometry of the atom ensemble,
it can be made to excite eigenmodes with different decay
rates. For example, when using Gaussian light to excite and
detect light from a finite array of atoms, having the separation
between the atoms to be less than half a wavelength will result
in the superradiant modes being predominantly excited. The
opposite is true for separations in the range of half to one
wavelength, where the subradiant modes are excited [62].

FIG. 3. The overlap between single- and double-excitation
eigenmodes. (a) The |Xαβ | of the single-excitation eigenmode α

and double-excitation eigenmode β vs the difference in decay rate
(γ (2)

β − 2γα )/	0. (b) The |Lα1α2β | of the single-excitation eigenmodes
α1, α2 and the double-excitation eigenmode β vs the difference in
decay rate (γ (2)

β − γα1 − γα2 )/	0, where α1 �= α2. The data is shown
for interatom separation of d = 0.4λ. The contour depicts the density
of points. The data is calculated for a square array of 25 atoms.

Hence, we first consider a situation where we are exciting
and detecting the same mode of light, but each mode will
be an eigenmode of the atomic ensemble. While most of
the eigenmodes of atomic systems in free space, especially
the subradiant modes, will be difficult to directly excite in
experiments, we are studying this to isolate the effect of only
the decay rate on the correlations in the emitted light. There
are also platforms such as transmon waveguide QED which
offer a high degree of individual emitter control while still
supporting strong collective effects, allowing direct access to
specific eigenmodes.

In the calculations, hypothetical lasers that can exactly
address a particular single-excitation eigenmode of the system
are used. The corresponding spatial profile and detuning of
the eigenmode can be imprinted on the driving laser. After
emitting a photon, the time the system takes to recover back
to steady state is usually determined by the eigenmode’s decay
rate.
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On the other hand, the zero-time-delay photon correlation
g(2)(0) does not trivially depend on this decay rate. Since
g(2)(0) describes how likely it is to emit two photons together,
the decay rates of the double-excitation eigenmodes will
also contribute. Therefore, we numerically and analytically
study the dependence of the zero-time-delay second-order
photon correlation on the decay rates of the single- and
double-excitation eigenmodes.

1. Detection in the same eigenmode α

In this section, the g(2)(0) will be calculated when the
light is emitted into the same single-excitation eigenmode
with which it is excited. This represents how two photons,
each in a single-excitation eigenmode Viα , connect with the
double-excitation mode Wμβ , which was described by Xαβ as
discussed in Sec. III A and in Fig. 3(a).

While the g(2)(0) can be calculated numerically by time
evolving the density matrix to steady state and taking pro-
jections, we can simplify the calculation by using eigenmode
decomposition. An analytical expression can be derived for
the steady state and g(2)(0) when exciting using a single eigen-
mode. The derivation is detailed in the Appendix.

The g(2)(0) when driven and detected using the single-
excitation eigenmode α with decay rate γα and a detuning
corresponding its line shift δ = �α is given by

g(2)(0) = γ 2
α

∣∣∣∣∑
β

X 2
αβ

γ
(2)
β + 2i

(
�

(2)
β − 2�α

) ∣∣∣∣
2

, (20)

where the sum over β goes over all the double-excitation
eigenmodes.

The g(2)(0) can be understood as the ratio between the
decay rates of the single-excitation eigenmodes over the decay
rates of the double-excitation eigenmodes weighted over the
coupling coefficient Xαβ . The detuning also plays a role in
decreasing how well the double-excitation eigenmode is ex-
cited. As seen in Fig. 3(a), the coupling coefficient Xαβ only
has a significant contribution when γα ≈ γ

(2)
β /2, resulting in

the g(2)(0) almost always being less than 1.
For highly subradiant states, the g(2)(0) is very low and is

almost proportional to the decay rate. This shows a clear cor-
relation between antibunching and low-intensity subradiance.
But once the decay rate reaches 0.5	0, the g(2)(0) starts to
saturate and approaches the independent-emitter incoherent
emission value of 0.96. Even for highly superradiant states,
the g(2)(0) is only around or less than this value. This means
that, unlike in the high-intensity situation where superradiance
implies bunching, superradiance in the low-intensity limit
only makes the photon emission Poissonian.

This effect is a consequence of the system being at steady
state, where the dependence on the decay rates plays a role.
When the system is excited using very short pulses (where
the decay rate is irrelevant in determining the excitation of the
system), both the subradiant and superradiant states emit close
to Poissonian light.

2. Detection in all of free space

So far, we have described the photons being detected in the
same mode they were excited in. In this section, the detection

FIG. 4. The g(2)(0) when excited using a single eigenmode α for
an ensemble of 25 atoms arranged in a square array, vs the decay rate
of the eigenmode (γα). (a) depicts the situation when the detection is
also in mode α, where subradiant states exhibit antibunching despite
the presence of double-excitation states. (b) corresponds to detection
over all of free space, in which subradiant states instead display
bunched emission. The separation has been varied from 0.3 to 1.0λ.
The color shows the separation d of the atoms in the array. The dotted
line shows the independent-emitter incoherent emission g(2)(0) for 25
atoms.

scheme covers the light emitted into all of free space. This
type of detection is more relevant in some experimental imple-
mentations, especially in waveguide QED, where all the light
being emitted can be easily detected from the two ends of the
waveguide. In this scenario, the emission of both photons is
not restricted to the same mode α1 but includes the possibility
of emission into a combination of the eigenmodes α1 and α2.

The total intensity of light can be calculated from the
surrounding term of the Lindblad operator 2Re{g(ri j )}σ̂−

i ρ̂σ̂+
j

that represents the emission of light and lowering of the exci-
tation in the system. Since the eigenmodes of g(ri j ) discussed
so far will no longer be eigenmodes of this decay operator
2Re{g(ri j )}, we cannot derive a simple relation like Eq. (20).
Nevertheless, it can be directly calculated and we can draw
simple conclusions.

The results have been plotted in Fig. 4(b) for a similar con-
figuration. Contrary to Fig. 4(a), the g(2)(0) in this case starts
as a bunched emission for subradiant states and approaches
0.96 again for superradiant states. The initial time emission
correlation g(2)(0) describes the possibility of the second pho-
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ton being emitted immediately after the first photon is emitted.
As seen in Fig. 2, for a double-excitation eigenmode β, the
second photon decay rate ζβ follows the line ζβ = γ

(2)
β /2 for

large γ
(2)
β but fails to keep up as it reaches very small decay

rates. When excited using subradiant states, even though the
decay rate of the first photon is small, the second photon rate
is comparatively larger, leading to larger g(2)(0) and bunched
emission.

Unlike the previous section, this effect is not dependent on
reaching steady state and will occur even when driven using
short pulses.

This result contrasts with Ref. [60], which reports anti-
bunching in subradiant states at very small atomic separations.
That observation pertains to a different regime, known as the
dipole blockade, which arises from large interaction-induced
energy shifts when atoms are closely spaced (d < 0.2λ). This
effect can be understood from the denominators in Eqs. (20)
and (A4), where significant detuning mismatches suppress
double-excitation probabilities, thereby inducing a blockade.

In conclusion, when exciting the system using a single
characteristic eigenmode α, the trend of the g(2)(0) versus the
decay rate γα depends on the type of detection of the photons.
For subradiant states, detection in the same eigenmode α dis-
plays antibunched emission, while detection in all free spaces
results in bunched emission. However, superradiant states tend
to converge to the independent-emitter incoherent emission
g(2)(0) = 1 − 1/N irrespective of the detection scheme. The
behavior of g(2)(0) as N increases is governed by the scaling
of the corresponding subradiant lifetimes. In general, larger
ensembles support enhanced subradiance, but the extent of
this enhancement is strongly dependent on the geometry of
the array.

C. Two interfering modes

In this section, we will discuss how two different
single-excitation eigenmodes interfere and interact with the
double-excitation eigenmodes. In Sec. III B 1, the system was
both excited and detected using the same eigenmode α. An-
other eigenmode α̃ will be added to the excitation with a
relative phase, and the dependence of the g(2)(0) will be stud-
ied. The Rabi frequency for each atom will be given by

� j = �0(V jα + AeiφV jα̃ ), (21)

where φ is the relative phase and A is relative amplitude of the
mode α̃.

When the two eigenmodes interfere, the orthogonality
ensures that the populations in the single-excitation eigen-
modes do not vary with the relative phase φ. However, in
the case of the double-excitation eigenmodes, the correla-
tions are emphasized and affect their population. Since the
different double-excitation modes couple differently to the
original mode of detection, g(2)(0) can vary without a change
in intensity.

For a system with 25 atoms in a square array with sep-
aration d = 0.4λ and relative amplitude A = 2.8, the g(2)(0)
oscillates between 0.0002 and 3.5 when using the most
superradiant and most subradiant eigenstates as the two in-
terfering modes. This has been depicted in Fig. 5(a). The
maximum and minimum g(2)(0) possible for different relative

FIG. 5. The g(2)(0) when two eigenmodes are incident and the
light emitted into one mode is detected. (a) depicts the dependence
on the relative phase φ at relative amplitude A = 2.8 and (b) depicts
the maximum and minimum range of g(2)(0) possible when the
relative amplitude A is varied. The black dotted line is a reference
for g(2)(0) = 1.

amplitudes is depicted in Fig. 5(b). The recovery time of
g(2)(τ ) will simply be the decay rate of the mode that is being
detected. With the relative phase as a knob, the g(2)(0) of the
emitted light can be controlled. This can also be thought of as
a controllable nonlinearity.

The analytical form of g(2)(0) in this case can be derived
similar to the Appendix. Since there are two eigenmodes, the
expression Lαα̃β will also play a role.

g(2)(0) = γ 2
α

∣∣∣∣∑
β

Xαβ

γ
(2)
β + 2i

(
�

(2)
β − 2�α

)
× (

Xαβ + e2iφηA2Xα̃β + eiφ (1 + η)ALαα̃β

)∣∣∣∣
2

,

(22)

where α and α̃ are the two eigenmodes used to excite the
system and β denotes the index of double excitation. A is
the relative amplitude and η is the ratio of decay rates of the
two eigenmodes and will be given by η = γα/[γα̃ + 2i(�α̃ −
�α )].

This equation is exactly the same as Eq. (20) when
A = 0. When A �= 0, only the second and third terms cause
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a dependence on φ. The three terms in the second line de-
scribe the contribution of the two photons from the excitation
eigenmodes α and α̃. The first term describes both photons
being excited by mode α. The second term describes both
photons excited by mode α̃ and depends on A2 and Xα̃β . The
third term denotes the situation in which the two photons are
each excited using α and α̃. It depends on the parameter Lαα̃β

that was depicted in Eq. (18) and in Fig. 3(b).
Although the ratio of decay rates η contributes to the φ

dependent terms, the choice of eigenmodes is flexible. Al-
though the most superradiant and subradiant states were used
in the example shown in Fig. 5, this effect can be observed
with any combination of eigenmodes and large antibunching
can be found at different relative amplitudes. Once the first
eigenmode has been chosen, the second perturbing eigenmode
can be any combination of all the other N − 1 orthogonal
eigenmodes. An optimum combination could be found to
further suppress the g(2)(0) minima.

Unlike in Sec. III B 1, this effect does not depend on reach-
ing steady state and can also be observed when the excitations
are short pulses. This can be utilized in applications where
single photon pulses are required. If the system is configured
to be in a g(2)(0) minima, the two-photon emission probability
can be highly suppressed while also allowing for an increase
in the intensity of the incident light.

To get an intuition behind this phenomenon, we can study
the simple case with two atoms. A similar concept has also
been studied experimentally in Ref. [31]. The eigenmodes
of the system are |+〉 = (|eg〉 + |ge〉)/

√
2 and |−〉 = (|eg〉 −

|ge〉)/
√

2. By interfering two modes with an arbitrary relative
phase, the minima of 〈ee〉 occurs when the modes cancel
out on one atom and only the other atom interacts with the
incident light. This means that the phase controls whether
the incident light interacts with one or two atoms. While
this seems simple, the situation becomes nontrivial when
many atoms are involved, and the level of nonlinearity can
be changed on a much larger scale.

Similarly, when there are many atoms, the interference
controls the populations in the different double-excitation
eigenmodes. However, the caveat is that having a beam that
can address or detect individual eigenmodes becomes diffi-
cult. In some cases, the variation in the spatial part of the
eigenmode becomes so fast that the mode becomes dark and
cannot be simply accessed with optical beams. Therefore, we
need systems that are similar, yet have a greater degree of
control than free-space atoms.

One such system with a higher degree of control is the
transmon waveguide QED system. These are artificial atom-
like systems made using superconducting circuits that can
interact with each other through microwave waveguides.
These transmons can also be directly driven using the elec-
tronics, in addition to the microwave driving through the
waveguide. This facilitates individual addressing of the qubits
that can be used to access any arbitrary eigenmode of the
system. This can then be the knob that can be used to control
the g(2) emission of the waveguide mode. In situations where
the transmons are coherently controlled using the waveguide
photons, a second orthogonal mode could be driven directly
using the electronics to suppress or enhance two-photon
emissions.

IV. CONCLUSION

We studied the photon statistics of the emitted light in col-
lectively interacting dipole systems using double-excitation
states. We explored how the decay rate of the system plays
a role in determining the photon correlations in the emitted
light. We described the emission properties of the double-
excitation eigenmodes and explored how they couple to the
single-excitation eigenmodes.

When the system is excited by a single-excitation eigen-
mode, we study the g(2)(0) of the emission when the photons
are detected in (1) the same excitation eigenmode or (2) free
space. For superradiant states, regardless of the detection type,
the emission is mostly Poissonian. For subradiant states, the
emission is either (1) antibunched or (2) bunched, depending
on the type of detection. This is contrary to the many-photon
situation where superradiance induces bunching and subradi-
ance causes antibunching.

When the system is excited by two distinct single-
excitation eigenmodes, the interference between the two can
cause interesting dependencies on the photon statistics. By
changing the phase between the two incident excitations, the
nonlinearity of the system can be controlled to an extent,
resulting in being able to arbitrarily control the g(2)(0) of
the emitted light. This can be utilized to enhance or suppress
two-photon emission and extend the intensity range for single-
photon operations.

Most of the observed effects can be attributed to the
coupling between the different sets of eigenmodes. This for-
malism can be easily extended to other types of atom-atom
interactions once the corresponding eigenmodes and orthogo-
nality relations can be established.
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APPENDIX: SINGLE MODE EMISSION
ANALYTICAL CALCULATION

The density matrix can be evolved in time using Eq. (2)
until it reaches steady state. However, this method becomes
tedious to calculate when N increases or when dealing with
highly subradiant modes. Hence, we can use the low-intensity
approximation and directly calculate the steady state using
eigenstate decomposition. Each of the types of terms in the
density matrix represented in Eq. (1) can be transformed into
the corresponding eigenmode basis.

ṽα =
∑

j

v jV jα v j =
∑

α

ṽαV jα

w̃β =
∑

μ

wμWμβ wμ =
∑

β

w̃βWμβ, (A1)
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and similar relations can be shown for the other terms.
In the low-intensity limit, the Rabi frequency is much

smaller than the decay timescales. As a consequence, each
term in Eq. (1), to the right or below, is one order higher with
respect to �, i.e., a0 ∝ �0, v j ∝ �1, wμ, ρ̃i j ∝ �2, s jμ ∝ �3,
and ˜̃ρμν ∝ �4. It can be shown that by ignoring the higher-
order � terms in the rate equations, the terms in Eq. (1)
become

ρ̃i j = viv
∗
j

a0
s jμ = wμv∗

j

a0

˜̃ρμν = wμw∗
ν

a0
, (A2)

where a0 is the population in the ground state, which can be
calculated from Tr[ρ] = 1.

Using Eqs. (2), (A1), and (A2), the contribution from each
eigenmode at steady state can be directly calculated from � j :

ṽα = a0

2

∑
j � jV jα

(Gα − δ)

w̃β = a0

2

∑
μ

(
�m1vm2 + �m2vm1

)
Wμβ(

G (2)
β − 2δ

) . (A3)

When the system is excited using a particular single-
excitation eigenmode α̃, � j = �0V jα̃ and δ = �α̃ will give

ṽα = ia0�0

γα̃

δα,α̃

w̃β = −a2
0�

2
0

γα̃

Xα̃β

γ
(2)
β + 2i

(
�

(2)
β − 2�α̃

) . (A4)

Using this, the coefficients of the final density matrix
[Eq. (1)] at steady state can be calculated. The coefficients
v j and wμ can be calculated using Eqs. (A4) and (A1). The
rest of the terms of the density matrix can be calculated using
Eq. (A2).

For detecting the light emitted into the same eigenmode α̃,
we use σ̂−

α̃ = ∑
j Vjα̃ σ̂−

j to arrive at Eq. (20):

g(2)(0) = Tr{σ̂−
α̃ σ̂−

α̃ ρσ̂+
α̃ σ̂+

α̃ }
Tr{σ̂−

α̃ ρσ̂+
α̃ }2

= γ 2
α̃

∣∣∣∣∑
β

X 2
α̃β

γ
(2)
β + 2i

(
�

(2)
β − 2�α̃

) ∣∣∣∣
2

. (A5)
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