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Figure 1. Two-dimensional slices of transverse magnetic field component showing the progression of magnetic field decay in a three-
dimensional relativistic MHD simulation. The left-most panel shows the initial condition, and then from left to right the solution is shown
at 1, 8, and 48 initial Alfvén crossing times of the simulation domain.

the simulation domain. The magnetic field initial condi-
tion is a divergenceless Gaussian random field with power
spectrum P (k) given by
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where the normalization P (�/2⇡) is fixed so thatR
P (k)dk = B
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RMS and �k sets the spectral bandwidth
of the initial magnetic field. BRMS is chosen so that
initial ratio � of gas to magnetic pressure is equal to 2.
The magnetic field has non-vanishing Lorentz force, i.e.
r⇥B 6= ↵B for any scalar field ↵, so that imbalance of
magnetic tension and pressure gradient accelerates the
fluid locally, instigating a spectrum of velocity fluctua-
tions.
Time units are measured in units of the Alfvén wave

crossing time of the domain with the initial magnetic field
strength. As the magnetic field decays, the dynamical
evolution time scale grows longer.

3. RESULTS

Figure 1 shows two-dimensional slices of the transverse
magnetic field component, starting with the initial condi-
tion and proceeding through 1, 8, and 48 time units from
left to right. It is visually evident from the second image
that a structured magnetic field has emerged out of the
Gaussian random initial data. In each subsequent frame
the correlation length of the magnetic field can be seen to
increase. The increasing magnetic field correlation length
is also illustrated in Figure 2(a), which shows the power
spectrum of magnetic field fluctuations PB(k) at evenly
spaced times throughout the simulation. At time t = 0,
PB(k) is peaked at k

peak
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. After t = 0 the
peak moves to larger scales, and PB(k) collapses toward
a power law with index �2. After a few Alfvén crossing
times, PB(k) evolves in a self-similar way, in that power
is lost with the same rate at each scale other than those
closest to the length of the simulation domain. Those
lowest wavenumbers gain in energy for some time, and
then turn over and begin to fall after t = xxx.
Figure 2(b) and 2(c) show the power spectrum of ve-

locity fluctuations separated into solenoidal (curl-like)

Pv,s(k) and dilatational (divergence-like) Pv,d(k) compo-
nents respectively. Power in solenoidal motions exceeds
that in dilational motions at every scale, although their
ratio varies widely as a function k.

4. DISCUSSION

Power-law decay of the magnetic energy can be un-
derstood from simple scaling relations. At a time t, let
�(t) be magnetic field correlation length, B(t) its mean
strength. The typical Alfvén speed is

vA = c
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where h is the specific enthalpy of the gas. Assuming
that interactions between Alfvén wave packets proceed
on a time scale tA ⇠ �(t)/vA(t), and redistribute a fixed
fraction of their energy irreversibly, the average magnetic
energy density Ė(t) ⇠ E(t)/tA(t). If it is furthermore
assumed that the magnetic field correlation length in-
creases in time in a scale-independent way, �(t) / t

⌫

then the magnetic field strength B ⇠ E

1/2 satisfies
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The exponent ⌫ would be di�cult to estimate self-
consistently, so the empirical value of 1/2 measured
in this study will be adopted. In the non-relativistic
limit vA ⌧ c, Equation 5 has the general solution
B / (t + t

0

)�1/2, consistent with the magnetic energy
decay t

�1.
The scaling is expected to be di↵erent in the limit vA !

c, since the Alfvén speed remains relatively unchanged
as the magnetic field weakens. The destruction of Alfvén
wave packets only slows due the increase of magnetic field
correlation length, so the decay proceeds faster than in
the non-relativistic limit. A sensible hypothesis is that
�(t) / t

�1, which has the solution E / t

�2. Numerically
investigating the transition from the relativistic to non-
relativistic regime would be di�cult due to di�culties in
relativistic MHD codes at handling large magnetizations.
However, the relativistic limit can be studied separately


