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Rees & Gunn (1974), Kennel & Coroniti (1984)

1D Model

• electrons are accelerated at the termination shock to relativistic energies according 
to n∝E-2.2 

• loose energy due to synchrotron and inverse Compton emission.  => Successful to 
model spectrum from visible to γ-rays 

• particle dominated relativistic 
pulsar wind with purely azimuthal 
magnetic field terminates at 
shock

• sub-sonic nebula flow velocity 
decreases to match speed of 
remnant

• magnetic field increases towards 
the outer boundary of the nebula
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• Pulsar wind setup
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Magnetization after annihilation: Limits:

Coroniti 1990, Lyubarski 2003, Sironi & Spitkovsky 2011

• Striped Wind
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Shock radii
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• H is the non-magnetic theory, in 
self-similar phase: rmax/rn=0.095

• self-similar regime after t~200

• Observations provide rmax/rn=0.085

• Shock sizes in 3D: 

• Don’t collapse for high σ0

• little dependence on σ0
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What remains of the sigma problem
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• 2D cases are also fairly dissipative!

• Dynamics dominated by gas pressure

Lyutikov (2010), Komissarov (2012)

Observed value from 
fitting Synchrotron and 
i.Compton emission:
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• Dissipation in the Nebula

What remains of the sigma problem

Dissipation region in 2D run.
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• Dissipation in the Nebula

What remains of the sigma problem
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B(Gauss)   

The magnetic field is strongest in the vicinity of the termination shock, 
where it is still predominantly azimuthal. It is disordered further away 

from the shock. 

Magnetic field in the nebula
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Polar beam and jet

Thermal pressure isocontours for consecutive simulation snapshots [years after start of simulation]
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Polar beam and jet
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Polar beam and jet

Iso contours of the velocity component 
uz={1/3c,2/3c} for ten consecutive years

Wisps

Jet/Plume

Termination shock

Toroidal field jet (non-
force free)
visible in 3D as a 
‘plume’ with velocity 
up to 2/3c 

Ok for Crab and Vela 
jets (e.g. Pavlov+ 2013
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Radiation modeling - Particle injection profiles
Optical ν = 1015Hz hard Xray ν = 1019Hz

Recipe A

Recipe B

Over-producing polar 
column, outshines 
knot 1

Good resemblance 
with Hubble 
observations of Crab
But: No jet in (hard) 
Xray?

as Kennel & Coroniti (1984)
296 O. Porth, S. S. Komissarov and R. Keppens

Figure 16. Optical and X-ray synthetic synchrotron images of inner PWN. The images are produced for the simulation run B3Dhr. Left-hand panels show the
optical images (ν = 1015 Hz) and the right-hand panels show the X-ray images (hν = 1 keV). The top panels show the results based on the recipe A for the
injection of relativistic particles and the bottom panels show the results based on the recipe B. In all these plots the brightness is shown using a linear scale up
to 1/10 of the maximum intensity of both recipes. The location of the pulsar is marked with white ‘+’ and saturated pixels are indicated in blue. The recipe A
gives rise to excessively bright sprite and inner jet. No clear polar plume is seen in any of these maps.

The latter authors also report a relation between the knot flux and
its position. To investigate the knot position in detail, we calculate
the distance "r between the intensity peak and the pulsar location
in the plane of the sky. The middle panel of Fig. 18 shows the knot
flux as a function of "r. The figure indicates an anticorrelation for
which we obtain the Pearson correlation coefficient between "r and
Fν of −0.81. Thus, as the knot approaches the pulsar, its optical flux
tends to increase – in good agreement to the findings of Moran et al.
(2013).

The bottom panels of Fig. 18 show the degree of polarization and
the electric vector position angle (EVPA) of the synthetic knot emis-
sion as measured from the projected jet axis in the anticlockwise
direction. One can see that the knot polarization remains nearly
constant. Within the error, the polarization degree, 0.58 ± 0.01,

agrees with the early off-pulse polarization observations by Jones,
Smith & Wallace (1981), Smith et al. (1988) and particularly the
recent Hubble data curated by Moran et al. (2013), who separated
the pulsar and knot contributions. The EVPA angle varies between
−4.◦5 and −1.◦5 and thus it is closely aligned with the rotational axis
of the pulsar. Such a weak variability agrees with the observations
of the Crab’s inner knot (Moran et al. 2013).

4.4 Nebula polarization

We have already discussed the polarization of the knot 1 in Sec-
tion 4.3. Here we describe the polarization properties of the rest
of the simulated nebulae. The polarization of the total flux of
the Crab nebula in radio band is # = 8.8 ± 0.2 per cent with

 at U
niversity of Leeds on February 11, 2014
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nras.oxfordjournals.org/
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Wisps
Synthetic Hubble movie

L50 HST AND CHANDRA MONITORING OF CRAB NEBULA Vol. 577

Fig. 1.—(a) HST image H23 obtained on 2001 April 6. (b) Difference
between image H23 (dark) and image H13 (light), taken 109 days earlier. The
dark/light patterns show changes in morphology, including wisp motion. The
arrows indicate nonradial motions of features A and B.

Fig. 2.—(a) Chandra image C8. (b) Difference between Chandra images
C8 (dark) and C3 (light). These images were each taken within a day of the
HST images shown in Fig. 1.

Fig. 3.—(a) High-pass–filtered version of the average of Chandra visits C2
through C8. This is a negative image. (b) High-pass–filtered version of the
average Chandra image minus the high-pass–filtered version of the average
of the corresponding WFPC2 images. The WFPC2 image was smoothed to
match the resolution of the Chandra image.

side. These differences may be explained by differences in light
delay times in features moving toward or away from the ob-
server with typical velocities of about (this is the same0.5c
phenomena responsible for superluminal motion in active ga-
lactic nucleus jets). Wisps can brighten very quickly and then
might fade over a month or so. We tentatively interpret moving
wisps as magnetic flux tubes undergoing unstable synchrotron
cooling (Hester 1998). Rapidly moving wisps in the inner neb-
ula merge to form less dynamic structures that move outward
at speeds of ∼0.03c near the outer edge of the torus.
Weisskopf et al. (2000) noted what appeared to be poloidal

loops around the torus in an early Chandra image. These fea-
tures, which expand perpendicular to striations at ∼0.03c–
0.04c, are also seen in the HST images (A in Fig. 1b). Rather
than closed poloidal structures, in HST difference images these
appear to be field lines that are draped around the expanding
torus. We interpret these as evidence of the confinement of the
torus by the magnetic field of the surrounding nebula. Motions
in the outer part of the torus that are perpendicular to the radial
direction (e.g., the upwardmotion of feature B in Fig. 1b) provide
other evidence of pressure-driven expansion of the torus.
While some structures are relatively brighter in X-rays or

visual light, the most prominent differences involve the inner
X-ray ring noted by Weisskopf et al. (2000). Figure 3a shows
a high-pass–filtered version of the average of Chandra visits
C2 through C8. Figure 3b shows the difference between this
image and a similarly filtered average of the corresponding
HST observations. In the difference image, the sharp feature
seen in projection along the northwest edge of the inner ring
and a faint feature located immediately to the northwest of the

100 day Chandra difference 
image by Hester et al 
(2002) and synthetic 
version square root filtered intensity ~40 days between frames 

(1year total)
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• Highly variable feature at the 
base of the jet

• Tempting: candidate for γ-ray 
Flares (Tavani et al 2011,  
Abdo et al 2011)?

• Not seen in 2D simulations

Anvil
Synthetic Hubble movie

Anvil/Sprite

log10 �

y[cm]

z[
cm

]

square root filtered intensity ~40 days between frames 
(1year total)

wait for it...
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Variability of KnotMHD modelling of PWN 23
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Figure 23. Time series illustrating the knot variability. The top row shows the optical intensity (linear scale) of the knot in simulation
B3Dhr for the consecutive times t = {50.1, 50.2, 50.3, 50.4} years. The numerical resolution on the shock is here 1.1⇥1015 cm allowing for
a close zoom-in. As before, the position of the pulsar is marked with a white “+” and we indicate the location of the peak intensity with
smaller blue “+”. In the middle panel, we show the corresponding fluxes (normalised to the temporal mean value) as function of time
(left) and as function of the displacement between peak intensity and pulsar position �r (right). The data-points are identically coloured
in both figures to allow cross-comparison. We note a variability of the knot flux F

⌫

with standard deviation of 11% over the considered
timescale. The flux is anti-correlated with the displacement, giving a Pearson correlation coe�cient between F

⌫

and �r of �0.81 for
the presented data. The lower panel shows unresolved polarisation degree and electric vector position angle in the data. Polarisation
degree and direction show almost no variability. The (temporal) mean polarisation degree is 0.58 ± 0.01 and the mean polarisation angle
is �3.1� ± 0.8�, in close alignment with the axis of rotation (reported errors are standard deviation). Mean values are indicated by the
horizontal line in the plots.

4.4 Polarisation

The linear polarization of synchrotron emission contains im-
portant information on the geometry of magnetic field in the
emitting region. While the polarization of the outer Crab
nebula is rather complex, a more coherent picture emerges
from the recent studies of the inner region. Both the optical
(Moran et al. 2013) and recent X-ray observations (Forot
et al. 2008) agree on the polarization direction in this re-
gion. They show that the photon e-field vector of knot and

wisps well alignment with the spin axis of the Crab pulsar
(Ng & Romani 2004).

We now detail the polarisation signal of our synthetic
PWN in the region of the jet-torus. Figure 24 shows optical
intensity maps with overlying photon b-field vectors, scaled
according to polarisation degree. In 2D, the predominating
polarisation e-field direction is aligned with the projected
axis of rotation, in good agreement with the observations.
Following the symmetry of the problem, exact alignment is

c� 0000 RAS, MNRAS 000, 000–000

• optical intensity (linear 
scale) of the knot 
measured ∼ 1 month 
apart

• Flux as a function of time 
and as function of 
displacement

• Unresolved polarisation 
degree and direction of 
the Knot

• Consistent with 
Komissarov & Lyubarsky 
(2004)

• Significant flux variability 
~20%

• Closer in <-> brighter

• Stable polarisation signal 
at a degree of 60% 

Compare with 
Moran et al. (2013)

↵ = 45�, �0 = 1
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Variability of KnotMHD modelling of PWN 23
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Figure 23. Time series illustrating the knot variability. The top row shows the optical intensity (linear scale) of the knot in simulation
B3Dhr for the consecutive times t = {50.1, 50.2, 50.3, 50.4} years. The numerical resolution on the shock is here 1.1⇥1015 cm allowing for
a close zoom-in. As before, the position of the pulsar is marked with a white “+” and we indicate the location of the peak intensity with
smaller blue “+”. In the middle panel, we show the corresponding fluxes (normalised to the temporal mean value) as function of time
(left) and as function of the displacement between peak intensity and pulsar position �r (right). The data-points are identically coloured
in both figures to allow cross-comparison. We note a variability of the knot flux F

⌫

with standard deviation of 11% over the considered
timescale. The flux is anti-correlated with the displacement, giving a Pearson correlation coe�cient between F

⌫

and �r of �0.81 for
the presented data. The lower panel shows unresolved polarisation degree and electric vector position angle in the data. Polarisation
degree and direction show almost no variability. The (temporal) mean polarisation degree is 0.58 ± 0.01 and the mean polarisation angle
is �3.1� ± 0.8�, in close alignment with the axis of rotation (reported errors are standard deviation). Mean values are indicated by the
horizontal line in the plots.

4.4 Polarisation

The linear polarization of synchrotron emission contains im-
portant information on the geometry of magnetic field in the
emitting region. While the polarization of the outer Crab
nebula is rather complex, a more coherent picture emerges
from the recent studies of the inner region. Both the optical
(Moran et al. 2013) and recent X-ray observations (Forot
et al. 2008) agree on the polarization direction in this re-
gion. They show that the photon e-field vector of knot and

wisps well alignment with the spin axis of the Crab pulsar
(Ng & Romani 2004).

We now detail the polarisation signal of our synthetic
PWN in the region of the jet-torus. Figure 24 shows optical
intensity maps with overlying photon b-field vectors, scaled
according to polarisation degree. In 2D, the predominating
polarisation e-field direction is aligned with the projected
axis of rotation, in good agreement with the observations.
Following the symmetry of the problem, exact alignment is

c� 0000 RAS, MNRAS 000, 000–000

• optical intensity (linear 
scale) of the knot 
measured ∼ 1 month 
apart

• Flux as a function of time 
and as function of 
displacement

• Unresolved polarisation 
degree and direction of 
the Knot

• Consistent with 
Komissarov & Lyubarsky 
(2004)

• Significant flux variability 
~20%

• Closer in <-> brighter

• Stable polarisation signal 
at a degree of 60% 

Compare with 
Moran et al. (2013)

↵ = 45�, �0 = 1

     Komissarov & Lyubarsky (2003) 
     Komissarov & Lyutikov (2012) 
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• Features in intensity are 
highly polarised

• Photon b-vectors align 
with wisps

• Indicative of toroidal 
magnetic field in torus, 
also in 3D

• Polarisation stays aligned 
with wisps as they 
deform

• Unresolved polarization 
degree ~34%

• “Randomization” not fast 
enough to wipe out 
freshly injected toroidal 
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Conclusions
• Three mechanisms involved in the solution of the sigma problem:

• Striped Wind (here: assumption)

• Nebula turbulence (field randomization)

• Turbulent magnetic dissipation in the nebula

• 3D RMHD models for Crab with σ0=3 (>1)

• MHD model of Crab can explain many observed features: shock variability, jet, torus, wisps, 
knot1, robust in 3D! 

• The jets form downstream of the termination shock where the magnetic hoop stress causes 
collimation of the flow lines that pass through the shock at intermediate latitudes.

• Jets don’t drill through the nebula bubble, z-pinch magnetohydrostatic configurations obtained in 
2D unphysical! Total nebula pressure mostly uniform.

• Illuminating the jet (v up to 0.7c) might require particle acceleration in addition to the striped 
wind region at the termination shock.

• Polar beam in our simulations becomes (kink-) unstable early on

• Origin of the Anvil/Sprite feature? Flares?

• Knot 1 variability compatible with recent Hubble observations analyzed by Moran et al. (2013)

• As knot flux increases, polarization remains stable, degree 0.6, e-direction along rotation axis

• knot flux correlated with position: brighter states <-> knot closer to pulsar

• Toroidal wisps seen also in 3D simulation, inner nebula synchrotron polarization indicates 
toroidal field
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Where do we go from here?
• Simulations at ~1300 AD, don’t reach self-similar regime yet

• No notable nebula elongation (yet)

• Flaring region (Abdo+ ’11, Tavani+ ’11,...) not resolved 
(~1016cm), still: investigate current sheets and electric fields 
in the nebula

• We still have no idea what the ‘gems’ on the X-ray inner 
ring are, ring appears beamed.

• Missing jet problem in Magnetars ?!

• Cases for In-situ particle acceleration:

• X-ray jet in simulations too faint

• Average optical polarisation degree too high (~34% vs. 
~9% observed) and intensity contrast torus/nebula also 
too high
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• Simulate only part of domain around equator:

• Use periodic boundary conditions in φ, Θ 

• Anti-periodic boundaries in Θ for the magnetic field

• Inject PW as before

• Capture termination 
shock, dissipation region

• Now focus on long-term
 evolution:

• Turbulent magnetic 
dissipation

• RT-instability of 
contact

local 3D simulations

�✓ = �� = ⇡/4 r 2 [0.05, 10]Ly nr ⇥ n✓ ⇥ n� = 2048⇥ 80⇥ 80

�0 = 0.01; ↵ = 10�
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• Use periodic boundary conditions in φ, Θ 

• Anti-periodic boundaries in Θ for the magnetic field

• Inject PW as before
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• Now focus on long-term
 evolution:
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local 3D simulations - energetics

3D MHD simulations of the Crab nebula 289

Figure 7. Magnetic dissipation in 2D and 3D simulations. The top panels show the ratio of the total magnetic and kinetic energies, whereas the bottom ones
the ratio of total magnetic and thermal energies. The data from the 2D runs {A2D, B2D, C2D, D2D} are shown in the left-hand panels while the 3D results
for the runs with the equivalent setups {A3D, B3D, C3D, D3D} are in the right-hand panels. The solid horizontal lines of the lower panels show the values
expected in the case when the randomization of magnetic field is not accompanied by its dissipation.

Figure 8. Magnetic dissipation regions in 3D and 2D simulations. The images show the distribution of log10em/et for the models with α = 45◦ and σ 0 = 1 at
t = 70 yr. From left to right: the yz slice for the run B3D, the data for B2D and B2Duhr (the B2Duhr run has eight times higher resolution inside the nebula
compared to B2D). The magenta line in plots for the 2D runs shows the locus of points where the magnetic flux changes its sign and the black contour shows
the termination shock. In the 2D cases, a strong polar jet develops, which is shielded from the rest of nebula by its backflow.

magnetic dissipation is stronger in 3D. For example, the 3D models
with α = 45◦ and σ 0 ≥ 1 reach Em/Et # 0.01 by the time of
∼80 yr, whereas the corresponding 2D models seem to saturate
at Em/Et # 0.03 (see Fig. 7). Incidentally, the combined data on

the synchrotron and inverse-Compton emission of the Crab nebula
also lead to Em/Et # 0.03 within its ‘one-zone model’. This is in
conflict with the much higher mean value expected on theoretical
grounds for the plasma injected into the nebula by the pulsar wind
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Figure 8. Magnetic dissipation regions in 3D and 2D simulations. The images show the distribution of log10em/et for the models with α = 45◦ and σ 0 = 1 at
t = 70 yr. From left to right: the yz slice for the run B3D, the data for B2D and B2Duhr (the B2Duhr run has eight times higher resolution inside the nebula
compared to B2D). The magenta line in plots for the 2D runs shows the locus of points where the magnetic flux changes its sign and the black contour shows
the termination shock. In the 2D cases, a strong polar jet develops, which is shielded from the rest of nebula by its backflow.

magnetic dissipation is stronger in 3D. For example, the 3D models
with α = 45◦ and σ 0 ≥ 1 reach Em/Et # 0.01 by the time of
∼80 yr, whereas the corresponding 2D models seem to saturate
at Em/Et # 0.03 (see Fig. 7). Incidentally, the combined data on

the synchrotron and inverse-Compton emission of the Crab nebula
also lead to Em/Et # 0.03 within its ‘one-zone model’. This is in
conflict with the much higher mean value expected on theoretical
grounds for the plasma injected into the nebula by the pulsar wind
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Thanks!
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What about convergence?
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