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Dynamics of Particle Interactions

e Schrodinger’s equation for a free particle:
ik 0¥
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2m dt

 |n the momentum basis,

(p|¥) = f(p)
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 Time dependence of momentum eigenstates:
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Dynamics of Particle Interactions

* Try to construct an equation that is consistent with
special relativity:

_ oW
AY = p? + m2Y = ih——

* Inthe momentum basis,
(p|¥) = f(p)
blp) = plp)
\/p2 + m? = hw
* Time dependence of momentum eigenstates:
b, t) = e™*!|p)




Dynamics of Particle Interactions

* Try to construct a Hamiltonian that describes spin % particles,
quantized along the z-axis:

h
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* Now, the wavefunction has two components:
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Dynamics of Particle Interactions

Let’s construct a Hamiltonian that is linear in p:
(52, p|H|¥) = (@ P + m)Y(p)
This is constructed using the Pauli matrices:

S IR S B
Energy squared:

(s, p|H?|W) = (G- B +m)(G - B +m)p(p)
Re-write the dot products using indices:

- -

0P = 0;p;
(0 -P)? = oi0pip; = (6ij + i€ijkon )DiP; = D
(6-p+m)(d-p+m)=(p?+m?+2mo-p)
This is inconsistent with E? = p? + m? unless m = 0.
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Dynamics of Particle Interactions

* Try again using a 4-dimensional representation:
(s2,p|H|®) = (@B + pm)(p)
* « and S are now 4x4 matrices and v is a 4-
component spinor.

(52, 0|H?|W) = (@- P + pm)(@ - p + fm)Y(p)
* For this to work we must have
(a@-p)(a-p) =p’
(@-p)B+p(ad-p)=0
f? =1 (4x4 identity matrix)




Dirac Matrices

* This is one representation that works:

() -G 2

(this is not the only such representation)
e Now the cross-terms cancel:
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Dirac Equation

(@-p—E+pm)p(p) =0
We can re-write this in a Lorentz covariant form:
pla-p—E+ pm)(p) =0
(Vﬂpu - m)lp(p) =0
The gamma matrices are defined

Vozﬁ:(é —01)
r-sa-(t, §

o : :
Useful notation: & = y a, so we can write the Diract

equation like this:
@ —m)Y(p) =0



Solutions to the Dirac Equation

_ Uy ()

* U,y and ug are 1x2 column vectors.
E-m —o-p uy (p)
(y#p, — m)(p) = ( 5.5 - m) (uB (ﬁ)>
* This gives two coupled equations:
o-pug = (E—m)uy
g-puy =(E+m)ug
* These can also be written:

u—aﬁu u —E'ﬁu
A_E—mB B_E+mA



Solutions to the Dirac Equation

* First, suppose that E > 0. Then we can pick the basis

u, = ¥ where y(O = ((1)) and y? = ((1))

 Then, solutions can be written

E+m
e But we can also have E < 0 and in this case, let

-
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Solutions to the Dirac Equation

« Rather than work with u(®) and u® which have
E < 0, itis convenient to introduce the v spinors:

v (p) = u® (—p)
v (p) = uB (—p)
e Then the solutions can be written

TP
v =N|EFim
o

* The E < 0 solutions are interpreted as anti-particles



Solutions to the Dirac Equation

(¥ —m)u(p) =0
(= —m)u(-p) =0
.. Or ...

(¥ —m)u(p) =0
+m)v(p) =0

(particles)
(anti-particles)

(particles)
(anti-particles)



Normalization of Solutions

e We will us a Lorentz covariant normalization:
2E

[¥Tpdv == Wiy = 2E

* Positive energy solutions:
. , 512
utu=|N|[*({1+

(E + m)?
(E* —m?)
— |N|2(1+ (E+m)2)

= |N|? 2k = 2F
E+m

* Therefore, the normalizationis N = VE + m.




Solutions to the Dirac Equation

* Positive energy solutions:
VE + m y®

u@) =| ¢-p
VE +m

* Negative energy solutions:

o - p X’(S)
U(S)(ﬁ) =|VE+m

VE +m x'®
¥ D = 4@ = ((1)) K =2 = ((1))

* Inboth cases, E = +/|p|2 + m2 > 0.

1)




Position Representation

We can also use the position basis:
(x|p) = e™P

(x]x') = j (xIpYplx'ydp = j e P dp = 218 (x — x7)

Time dependence:
(X|P, t) = elPX-Et) = o—ipx

In this representation, the momentum and energy operators are

p=—iV

E=i0/0t
The Dirac equation can now be written

(iy“é‘u — m)t/)(x) =0
(7' —m)y(x) = 0

PY(x) = u(p)e P*



Adjoint Spinors

It will be convenient to introduce the adjoint spinors, 1/;
which are defined:
P =yty?°

These satisfy the Dirac equation in the adjoint
representation:

[(iv#0, = m)yp()]" =0
wT(—iyﬁ”Léu - m) =0
But we can use the identities:
yit =y Oyhy r)? =1
1/3(—1')/“5“ —m)y®=0
or

B(iF+m) =0



Probability Density Currents

The probability density of a wave function is just
p=Ip*=yTy
We want to construct a current that satisfies the continuity
equation:
0
a—i +V-7=0
Observe that we can write

1/3(i5/+ m) + 1/3(1'5/— m)y =0
0, YyHy) =0

Therefore, the probability density current is

jE=yy*y



Probability Density Currents

* Consider the positive energy states:
1/)(5) (x) ] u(s) (p)e_ip'x
j.u(x) = ’a(s)y“u(s)
t t G-P B4 my®
1o = (EFm 0 L) 5o

VE+m ()
\/E+mX
= (E+m) + il —E+m+E2_m2—2E
E+m E+m
N VE +m
je) = (VExm " ' =) (0 O)( % o)\ a-p
VEtm) W0 —1/\-¢ o0
E+m
JETmyof ot P \(0 3§ E+my®
= | VE + S S (9 ) 7D
( mx X ,/—E+m> g o)\ L,




Probability Density Currents

e The currentis

5 VE + m xy®)
- — (S)-l- 0-’p - (S)-l-—> —>. -
J(x) ()( ma VE +my 0) og-p O
VE +m

_I- - =N\ = >/ > -
= ((@-p)o + 6 -p)x™
* We can write this as
. T
jj = x© (0y0; + 0;0)pix ™
T .
= x) (0i0; + igjyon + 8 )pix®
T/, .
xS (igijron — igjion + 268:;)pix™ = 2p;
* Thus, j#(x) = 2p* and the probability density flows in the
direction of the momentum.



Probability Density Currents

What about currents for the anti-particles?
¢(5+2) (X) — u(s+2) (_p)eip-x

— U(s)(p)eip’x
]:u'(x) = ﬁ(s)yﬂv(s)
Gg-p
t P t '(s)
rw = ("2 EEm )|V
m VE +my'®
=E-m+E+m=2E>0
R (st 0P o\ (0 &\ —=1®
Jx) =1x E—+— VE+my (5 O) vE +m
m VE + m y'S)
- G-p
t t d-p '(s)
= ( E+my® ¢ ¥ — +p 0) VE+xm"
T NVE+m y®

-l- >, > e
= x99 @@ -p)+ (@ -pPH)x®
=25



Electron Currents

* In general, the probability density current j#* = yYy*y
describes the motion of electrons with positive energy and
momentum p as well as electrons with negative energy and
momentum —p.

* If all physical electrons are assigned charge —e then the
electric current is

.“, _ R
Jem(x) = —e WYy*y)
e This naturally obeys the continuity equation:
0 fmp (x) =0



Summary

* We can interpret solutions to the Dirac equation as
descriptions of spin % particles and their anti-
particles.

 Next, we would like to see how to describe the
motion of charged fermions in a static (classical)

e
.« T
e

ectromagnetic field.
nen we want to see how they couple to a quantized

ectromagnetic field.



