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Transmission Lines
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* Total equivalent impedance:
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Transmission Lines

* Suppose we had an infinite chain of these lumped
circuit elements.

* |f we add one more lump, the impedance should not
change:
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Transmission Lines

* Now suppose that each lump was split into n smaller

lumps
R—->R/n
%
L—>L/n} X - x/n

G- G/n
C—>C/n} y = y/n

X x? x/n
Z==+ |7=+—1
n 4n<  y/n
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X R+ jwlL
y G+ jwC




Transmission Lines

* At high frequencies, wL > R and wC > G

Z ol
% S
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— Inductance per unit length: L'

— Capacitance per unit length: C’
— Resistance per unit length: R’
— Conductance per unit length: G' = 0



Transmission Lines

v v R’dx L/dx Gldx ? C/dx
V(x) — V(x + dx)
i(t)
®
X x + dx

[I(x+dx)=1(x)—V(x)Y(x)

where
Y(x) =(G'+jwC")dx
ol I(x+dx)—I(x)

ox dx

= —(G'+jwC")V(x)



Transmission Lines

v v R’dx L/dx Gldx ? C/dx
V(x) — V(x + dx)
i(t)
®
X x + dx

Vix+dx) =V(x) —I1(x)X(x)

where
X(x)=(R' +jwlL)dx
vV V(x+dx)—V(x)

dx dx

= —(R"+jwlL")I(x)



Transmission Lines

0%V
dx?

2V (x) =0

¥ =+ R +jol)(G' + jwC")
=a+jp
B~ wVLC

V(ix) +Viet* + V,e™V*



Transmission Lines

 Time dependence:
V(x’ t) + Vleaxej(wt‘l'ﬁx) + Vze—axej(a)t—ﬁx)

* Speed of wave propagation:
wt — fx = const.




What are L' and C’ in practice?




What are L' and C’ in practice?
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V = | E-dr =
(r) ja r 27'[60[

The charge is determined by the capacitance:
Q=CV
277:601
C =
logb/a
If the space between the conductors was filled with a
dielectric material then €y —» € = €y€,

Capacitance per unit length:

Cl

_ 2mepEy
~logh/a




What are L' and C’ in practice?

* Similarly, the inductance per unit length is

Zo

I 1 b
Zn og
* Characteristic impedance of a coaxial cable:
"1 uo logh/a
¢ 2m €0 Ve
logb/a

~ (59.97 ) 282/

Ver




What are L' and C’ in practice?

Speed of signal propagation:

1 1
— i = C
VL'C' +/€oMo
If a dielectric is used, then
C
v = <cC
VET

A common dielectric material is polyethylene (P.E.)

which hase, = 225=2 v = gc = 20 cm/ns

Printed circuit boards use FR4/epoxy which has
€, ~42—-45=2Dv = %c = 15 cm/ns



Coaxial Cables
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TRANSRADIO Q 0 [ 1] Q Q (1 Q (] [ 0 a Q Q Q (]
PART NO. 98101 | 98102 | 98103 | 98104 | 98105 | 98137 | 98139 | 98106 | 9at07 | omtat | 98111 | 98112 | 88113 | 98114 | 98115 | ssi1s
RG TYPE 2800 598U |62 AU 14280 | 174 (1788 | 1798 [ 180810 | 1880
[
L
HOW. THPEDRHCE %l s lwololwlnlzlnlsole|oloe]o|o|s|s]se
NOM. CAPACITANCE | 675 | 675 | s2 | 101 | 101 | 676 676 | 676 | 443 | 443 | 443 | %4 | 1010 94| 505) 05| %4
SUIEMIATION sz | a0 | 18 |28 | 50| 50 |95 | ssjos [z2e |28 |2s | S0 W] W [ 85| WO 12
somiz | 70 | as | 62 | 12| 12 | 8o | 80 [ 80 | 65| 65 | 65 | 120 24 [ 3 | 20 | 4 | 8
soomnz | 0o | 65 | s0o| | 6| 2| 2| 12| 92| 92| 9s2| w6 | 3| 6 [ 228 |2n |77
gpoomnz | 28 | 2 | — | so| so | a4 | 3¢ [ 3¢ | 26| % | % | @ [ 30| 50| 94 | 70| 90
ot % | e | 2 | o | e | o | G | S | Saw | Sk | Sao |'soun | s mo 1m0 | 7m0 107
ommm. | 07 | 12 | 12| o9 | 09| 06| 06 | 06 | 064 | 064 | 064|099 | 048 |0305 | 0.305 | 0305 | 050
DIELETRI: pe | pe | pe | pe | pe | Pe | Pe | PE |PEsTh|PesTH|PE4TH] PTFE | PE | PYFE | PYFE | PTFE | PIFE
om(m)r;.) 46 | 72 | 73 | 30| 30| 37| 37 |37 |37 | 37| 37| 30| 15| o8| 16 |26 [ 15
il 1ot | sco | co [ e | me| me| cw| co | o | o | cu | cu [sice| TC | Sicu| SiCu | SiCu | SicCu
2nd | SiCu - TiC - - — - — - - - SiCu.| - - - - -
— pve | pvc | pvc | pvc | eve | pvc | evc | pve | eve | pe | pve | rep | pve | rep | rep | rep | pire
omomy | 8« | 103 | 03| 49| a9 [ 62 |62 | — | 62| 62 | ~ | 49 |25 [ 19 | 254 | 37 | 28
s ik 19 | 143 | 180 | aa | a3 | a8 [ 96 | - [ s6 [ 57 | = | 7a | na| 74 | 148|281 | 162
MIN 102 | 114 | 51 51 st | 0| = | - 51 | 16 | — | s1 | 254 | 254 | 254 | 508 | 254

BENDING RADIUS




Coaxial Cable Properties

For typical coaxial cable, eg. RG-58
C' = 26.4 pF/foot = 86.6 pF/m
L' =0.070 uH/foot = 0.230 pH/m
R' =17 Q/foot = 0.056 Q/m
At what frequency does |wL'| = R'?
_00s6Q/m
© = 0230 pym >0 Khz
At 1 MHz, wL’ is four times larger than R

At 10 MHz, it is reasonable to ignore R’

!



Coaxial Cable Properties

e Recall that
¥y =+ (R +jwl)(G' +jwC) = a+jB
* Atlow frequencies, say 10 kHz,

(1+))

y =~ JjJwR'C' = (55X%107*m™1)

a=389%x10"*m!
* For example, when ¥ = 100 m, A" = Ae

!

G =20 logloz = 20 log g€~

= 20 (—af)logq,e€
= 0.34 dB
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Coaxial Cable Properties

At medium frequencies, say 100 MHz,
y =+ (wl)(wl)
= jw+ L'C’
Does this meanthata — 0 as w — ?

Skin effect results in resistive losses

At high frequencies, the electric and magnetic
frequencies penetrate conductors with an exponential

falloff:

E = Eje ¥/
2

0 = WlUNO
\ Ho




Coaxial Cable Properties

* At high frequencies, the resistance is mostly due to the skin effect:

R’ 1 |w
pN o
where p is the perimeter of the conductor.

* Impedance,

lim Z(w) = |[—

W — 00 C’

* However,y = \/(R’ + jwl')(G' + jwC')
lim y(w) = jovL'C'+ a(w)
wW—>00
a(w) ~Jw



Other Transmission Line Configurations
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 This is called “twisted pair” cable
eg. CAT4/5 Ethernet cable




Other Transmission Line Configurations
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€, is typically about 4.2-4.5
“microstrip” transmission line



Other Transmission Line Configurations
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Embedded microstrip



Transmission Lines

e When do we need to think of a conductor as a
transmission line and not just a wire?

* Generally, when the wavelength is shorter than
the length of the transmission line

 Example:
A signal with a fast rise-time of 200 ps:
C
A=vAt = At = 2.8 cm
V ET‘

A slower signal with At ~ 1 ns over 10 meters
of cable:

A=vAt=19cm K 10 m



o)

Transmission Lines in Circuits

Zs

<—,£—>

Zo

Ideal voltage source: v(t) = V,e/®t

Source impedance: Zg

Transmission line impedance: £,

Load impedance: Z;




Transmission Lines in Circuits

* The general solution to the differential equation in the
transmission line:

I[(x) = Ae¥* + Be™V*

* Voltage and current in the transmission line are related
by

Vx) = 1 o0l
* = G'+ jwC' 0x
14
— — A yx_B —YX
G’+ja)C’( © ")

= —Zy(Ae?* — Be™7%)

 The constants A and B must make the solution in the
transmission line match the boundary conditions at the
ends.



Transmission Lines in Circuits

e Atthe sourceend, x =0
Vo —1(0)Zs —V(0) =0
I(0)=A+8B
V(0) = —Z,(A — B)
Vo —Zs(A+B)+Z,(A—B) =0

e Attheloadend, x =¥
Vi) —-1(#)Z;, =0
—Zo(Ae¥t —Be V) — Z,(Ae?’ + Be7V") = 0

* Two equations in two unknowns...



Transmission Lines in Circuits

g = VorLe_ny

- (Zs + Zy)(1 — I e2r?)
B = Yo

B (Zs + Zy)(1 — Ts[e=27r?)

—_

- Zs — Zg
~ Z.+ 7, reflection

oo Z;, —Zo | coefficients
Y7L+ Z,

s

—



Interpretation

* IfV, produces a wave travelling to the right, the
current induced by this wave in the transmission

line is
Vo
10 —
Lo+ Zs
* This wave propagates down to the end of the
transmission line.

e At the far end,




Interpretation

Some energy is dissipated in the load Z; but
some is reflected back towards the source.

Reflected component:

[ = 0T, = —0 1 vt

1 olL Zo + Zs L
The reflected wave propagates back towards the
source.

When it arrives,

[, =Ije 7" =

Lo+ Zs



Interpretation

 When the reflected wave arrives back at the
source, some energy is dissipated in the
source impedance, but some is reflected back
towards the load.
Vo
=hls= Lo+ Zs

* This process continues, ad infinitum

[ [, e~ 2V?




Interpretation

* Adding up all the components gives:
— Current flowing in the +x direction:
Vo

e V*

I —

+(x) ZO ~+ ZS 1— FSFLe_ZW
— Current flowing in the —x direction:

Vo, Tpe 2rterx
I_(x) = ———
Zo+Zs1— gl e2v¢

* If Z; = Zy then no energy is reflected from the
oad.

e If Zg = Z, then no energy is reflected from the
source.




