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Inductors

• Just like energy can be stored in an electric 
field (ie, a capacitor) it can also be stored in a 
magnetic field.

• Charge carriers lose energy when they 
increase the magnetic field and they gain 
energy from the magnetic field when it 
decays.

• Faraday’s law of induction:

ර
𝑪

𝑬 ∙ 𝑑𝒍 = −
𝑑𝜙𝑚
𝑑𝑡



Inductors

• Consider a solenoid:  𝐵 = 𝜇0𝑛𝐼

– Turns per unit length: 𝑛 = 𝑁/ℓ

• Magnetic flux: 𝜙𝑚 = 𝐵𝐴

• Potential difference:

Δ𝑉 = −
𝜇0𝑁

2𝐴

ℓ

𝑑𝐼

𝑑𝑡
• In general,

𝑉𝑏 − 𝑉𝑎 = −𝐿
𝑑𝐼

𝑑𝑡
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One Loop

𝑉 − 𝐿
𝑑𝑖

𝑑𝑡
− 𝑖𝑅 = 0

Initial condition: 𝑖 0 = 0
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One Loop
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One Loop

• Homogeneous equation:
𝑑𝑖

𝑑𝑡
+
𝑅

𝐿
𝑖 = 0

• Solution to the homogeneous equation:

𝑖 𝑡 = 𝐼0𝑒
Τ−(𝑅 𝐿)𝑡

• Particular solution:

𝑖0 =
𝑉

𝑅
• Complete solution:

𝑖 𝑡 = 𝐼0𝑒
− Τ𝑅 𝐿 𝑡 +

𝑉

𝑅



One Loop

• Complete solution:

𝑖 𝑡 = 𝐼0𝑒
− Τ𝑅 𝐿 𝑡 +

𝑉

𝑅
• Initial condition:

𝑖 0 = 𝐼0 +
𝑉

𝑅
= 0

𝐼0 = −
𝑉

𝑅
• Solution:

𝑖 𝑡 =
𝑉

𝑅
1 − 𝑒− Τ𝑅 𝐿 𝑡



Inductors in Circuits

• Initially, an inductor acts like an open circuit

– No current is flowing through the inductor

– All the electrical potential energy is used up in 
creating the magnetic field

• As 𝑡 → ∞, an inductor acts like a wire

– No potential difference across the inductor

– The magnetic field is constant ( Τ𝑑𝜙𝑚 𝑑𝑡 = 0)



RLC Circuits
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− 𝑖𝑅 −

1

𝐶
න
0

𝑡
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+
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𝐶



RLC Circuits

𝑑2𝑖

𝑑𝑡2
+
𝑅

𝐿

𝑑𝑖

𝑑𝑡
+

𝑖

𝐿𝐶
= 0

• Let 𝜔0
2 = 1/𝐿𝐶 and 𝛾 = 𝑅/2𝐿

𝑑2𝑖

𝑑𝑡2
+ 2𝛾

𝑑𝑖

𝑑𝑡
+ 𝜔0

2𝑖 = 0

• Suppose 𝑖 𝑡 is of the form 𝑖 𝑡 = 𝑐 𝑒𝛼𝑡

• Then 𝛼2 + 2𝛾𝛼 + 𝜔0
2 = 0

𝛼 = −𝛾 ± 𝛾2 − 𝜔0
2



RLC Circuits

• If 𝛾 > 𝜔0 then the roots are real:
𝑖 𝑡 = 𝐴𝑒−𝛾+𝑡 + 𝐵𝑒−𝛾−𝑡

𝛾± = 𝛾 ± 𝛾2 −𝜔0
2

• If 𝛾 < 𝜔0 then the roots are complex:
𝑖 𝑡 = 𝐴𝑒−𝛾𝑡 sin𝜔𝑡 + 𝐵𝑒−𝛾𝑡 cos𝜔𝑡

𝜔 = 𝜔0
2 − 𝛾2



RLC Circuits

• Suppose the roots are complex and we have a 
solution that oscillates

• At time 𝑡 = 0, no current is flowing because of 
the inductor.
– Therefore, 𝐵 = 0

• Original equation at time 𝑡 = 0:

𝑉 − 𝐿
𝑑𝑖

𝑑𝑡
= 0

𝑑𝑖

𝑑𝑡
ȁ𝑡=0 = 𝐴𝜔 𝐴 = 𝑉/𝜔𝐿



RLC Circuits

𝑖 𝑡 =
𝑉

𝜔𝐿
𝑒−𝛾𝑡 sin𝜔𝑡

• Example:

𝑉 = 10 V

𝑅 = 10 Ω

𝐿 = 5 mH

𝐶 = 0.05 μF
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Mutual Inductance

• The magnetic flux is generated by the current in Coil 1
• The changing magnetic flux induces a potential 

difference across Coil 2

Δ𝑉2 = −𝑁2
𝑑𝜙12
𝑑𝑡

= −𝑀12

𝑑𝐼1
𝑑𝑡

• Likewise, a magnetic flux can be generated by current in 
Coil 2 which induces a potential difference across Coil 1:

Δ𝑉1 = −𝑁1
𝑑𝜙21
𝑑𝑡

= −𝑀21

𝑑𝐼2
𝑑𝑡



Mutual Inductance

• The reciprocity theorem can be used to show 
that

𝑀12 = 𝑀21 ≡ 𝑀

• Mutual inductance can be expressed in terms 
of self-inductance of each coil:

𝑀 = 𝐿1𝐿2
• This assumes optimal coupling between the 

two coils which is not always the case

𝑀 = 𝑘 𝐿1𝐿2



Mutual Inductance

• Kirchhoff’s rules:

𝑉𝑏 = 𝑉𝑎 − 𝐿1
𝑑𝐼1
𝑑𝑡

− 𝑀
𝑑𝐼2
𝑑𝑡

𝑉𝑑 = 𝑉𝑐 − 𝐿2
𝑑𝐼2
𝑑𝑡

− 𝑀
𝑑𝐼1
𝑑𝑡

𝐼2𝐼1

a

b

c

d



Coupled Inductors

• This represents an arbitrary mutual 
inductance as we have been 
discussing:

• When the secondary coil is 
connected backwards we need to flip 
the sign of the induced potential:

• This just indicates that the flux is 
contained in a core material (like iron 
or ferrite):



A Circuit with Mutual Inductance

𝑉 − 𝑖1𝑅1 − 𝐿1
𝑑𝑖1
𝑑𝑡

+𝑀
𝑑𝑖2
𝑑𝑡

= 0

−𝑖2𝑅2 − 𝐿2
𝑑𝑖2
𝑑𝑡

+𝑀
𝑑𝑖1
𝑑𝑡

= 0

−

+𝑉

𝑅1

𝑖1(𝑡) 𝐿1

𝑅2

𝐿2

𝑀

𝑖2(𝑡)



A Circuit with Mutual Inductance

• Assume solutions might be of the form:
𝒊 𝑡 = 𝑰 𝑒−𝛼𝑡

𝑅1 − 𝛼𝐿1 𝛼𝑀
𝛼𝑀 𝑅2 − 𝛼𝐿2

𝑖1
𝑖2

=
𝑉
0

• First, solve the homogeneous equation:
𝑅1 − 𝛼𝐿1 𝛼𝑀

𝛼𝑀 𝑅2 − 𝛼𝐿2

𝑖1
𝑖2

=
0
0

𝛼2 𝐿1𝐿2 −𝑀2 − 𝛼 𝑅1𝐿2 + 𝑅2𝐿1 + 𝑅1𝑅2 = 0
• When the coupling is perfect, 𝑀2 = 𝐿1𝐿2 and

𝛼 =
𝑅1𝑅2

𝑅1𝐿2 + 𝑅2𝐿1



A Circuit with Mutual Inductance

• Eigenvectors:
𝑅1 − 𝛼𝐿1 𝛼𝑀

𝛼𝑀 𝑅2 − 𝛼𝐿2

𝐴
𝐵

=
0
0

𝐵 =
𝛼𝐿1 − 𝑅1

𝛼𝑀
𝐴

• Add in the particular solution:

𝑖1 𝑡 = 𝐴 𝑒−𝛼𝑡 +
𝑉

𝑅1

𝑖2 𝑡 = 𝐴
𝛼𝐿1 − 𝑅1

𝛼𝑀
𝑒−𝛼𝑡

• Initial condition: 𝑖1 0 = 0 ⇒ 𝐴 = −𝑉/𝑅1



A Circuit with Mutual Inductance

• The current in the first loop behaves as before:

• The current in the second loop:

𝑖2 𝑡 = −
𝑉

𝑅1

𝐿1 − 𝑅1/𝛼

𝑀
𝑒−𝛼𝑡

=
𝑉

𝑅1

𝑅1𝐿2
𝑀𝑅2

𝑒−𝛼𝑡 =
𝑉

𝑅2

𝐿2
𝐿1
𝑒−𝛼𝑡

𝑖1(𝑡)

𝑡

(Assuming perfect coupling)



A Circuit with Mutual Inductance

• Special case when 𝑅1 = 𝑅2 and 𝐿1 = 𝐿2:

• Recall that for an ideal solenoid,

𝐿 =
𝜇0𝑁

2𝐴

ℓ

𝐿2
𝐿1

=
𝑁2
𝑁1

𝑖(𝑡)

𝑡

(sometimes called the “turns ratio”)



Real Inductors

• In the earlier example we used 𝐿 = 5 mH

• What does a 5 mH inductor look like?

• Example: Bournes SDR0503-502JL



Real Inductors



Real Inductors

• Real inductors dissipate energy in the core material.
– A “high-Q” inductor dissipates less energy than a “low-Q” 

inductor

• Real inductors are made with a coil if wire that is usually 
very thin and has its own resistance.
– RDC is the DC resistance of the inductor

– In this example it is 60 Ω.

• If you put too much current through the inductor it will 
dissipate too much heat and start to smoke…
– In this example the maximum current is 39 mA

• The core material will saturate with a maximum magnetic 
field strength
– In this case the core saturates at 50 mA



Real Inductors

• A model for a real inductor can be constructed from ideal 
circuit elements:

• A model for real coupled inductors:

𝑅 𝐿

𝑅𝑝 𝑅𝑠

𝐿𝑝 𝐿𝑠

𝑀

𝐶



Real Inductors



Real Inductors

This equipment might need to handle 500 kV and 
thousands of amperes.


