§2.4 MASSLESS SPIN ONE PARTICLES: PHOTONS

Recall in the introduction that we described a system of noninteracting photons
by means of the quantum field four-potential A* = (¢, ff) with the relativistic invariant
Lagrangian

1 v
L= —ZFWF“ (2.4.1)

where the field strength tensor was defined to be
F,, =0,A, —0,A, (2.4.2)

We subjected the four vector potential to the Coulomb gauge condition 611 = 0. Con-
sequently, we were able to eliminate two of the four components of A#. The remaining
two degrees of freedom were subjected to the canonical quantization procedure. More
specifically Maxwell’s equations implied that

O F" =0. (2.4.3)
Hence we found 7%2¢ = 0 or ¢ = 0, and the ETCR were given as
(T'(Z, 1), A7 (5. )] = i6,).(F — 9) (2.4.4)

where the transversality of the physical fields was manifested in the transverse o-

function 5 o
g Br kR -
iz g tk-(Z—9)
HEEr | (07 = e (2.4.5)
and ﬁ(az) — —A. Further, the Coulomb gauge constraint can be built right into the

Fourier transform. Since 17 - A = 0 we must have in momentum space

- 1 d4k —ikx 7. %
VA= o) e ik - A(k) =0 (2.4.6)
implying that o
- . vtk .
A'(k) = (6% — k]_;; VB (k) (2.4.7)

since 0, F"" = 0 along with 6 CA=0 implies ¢ = 0, this yields OPA = 0,
B(k) = (2m)6(k?)a(k, k) (2.4.8)
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Hence we obtained with @(k, +wy,) = @(k) and using the hermiticity of A(z) so that
a(—k, —w) = d' ()

. d4k . y
Al(x) = (2m)8(k?)e ™o (59 —
/ (2m)* (2.4.9)

d’k i KR e ik it ik
:/m(aﬂ— )l (e + (et )

The (69 — kEIZ“J) projects three-space vectors onto the plane perpendicular to E, that

is, the plane spanned by the polarization vectors €T(E). Furthermore, the k-transverse
projector is

ij TN (L ij k'K
Py = Zlemc)ei(k) = (07 = =), (2.4.10)
the €T(E) are complete in this plane. Hence,
2
Al(z) = / Pk > ei(k)el(k)a’ (k)e ke + el (B)al ' (K)etike] (2.4.11)
(2m)32wy, &= T r
But defining
ar(k) = &.(k) - a(k) (2.4.12)
al(k) = €.(k) - @' (k)
we obtained
f Ph S Do e 4 af (Rt
A = P — € r T TR 2.4.13
)= [ Gy e Bl @ @ 413
with o
Ur(x) = €-(k)e™ "™ (2.4.14)
¥, (z) = @iy (x) = & (k)" ek,

the positive and negative energy solutions to Maxwell’s equations in the Coulomb
gauge. The operator ai(lg) creates photons with momentum k and polarization (he-
licity) €.(k) while a,(k) annihilates such particles. The coordinate space equal time

commutation relations led to the momentum space canonical commutation relations.
[ar(k), al ()] = (27) 2wy, 8,56% (k — 1)
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(k),al ()] = 0. (2.4.15)
The vacuum was defined to be absent of all photons

a, (K)|0 >=0 (2.4.16)

for all k and . The Hilbert space of photon states was built up from the vacuum state
by action of the creation operators

(F1, 1), (R, ) >=al, (k1) -+ al (kn )]0 > . (2.4.17)
The Hamiltonian and momentum operators were given as usual by

-

- %
P / o 32wk Zk al (K)a, (k) (2.4.18)

with k* = (wg, k) = (|k|,k) and H = P° having eigenvalues greater than or equal
to zero. Further, the angular momentum of the photon was described by the helicity

operator
— = M€k — 2.4.19
K2 R 241
(recall the time component of the Pauli-Lubanski vector operator, W9 = ~7- 73, we

choose it as one of our CSCO for massless particles rather than W3) and we found that

‘7| a’“ Jal (k)] = +al (k) (2.4.20)

[

where

alL (k) = £——=(al (k) £ iad (K)) (2.4.21)

are the circularly polarized creation operators. Consequently,

. ; S
J -k _ / (L[al(k)a+(k) —al (Ba (F)] (2.4.22)



which we can derive from a general expression for M*¥ as will be seen later. We may
proceed as usual and calculate the all time commutators to find

3 3 2 2 L . B ‘ ‘
4@, A0 = | sy 2o 2 R Do (B al @l =+

(27T)32Wk r=1s=1

- -

+ lal(k), as (D))e*™ =1V}
2

d3k i (TN T (N[ o—tk(z—1 ik(z—
- / (2m)3 2wy, 2 s BG®)[em e - enHEL
r=1

(2.4.23)
But recall €, (E) along with k form the coordinate system basis shown in Figure 2.4.1.

ad
%\

e

el

Figure 2.4.1

So k- &.(k) = 0; & (k) - &(k) = 6,5 and thus Zle ¢t (k)i (k) is a matrix which
projects onto the € — € plane perpendicular to k. Hence we can write it as the
k-transverse projector, as already mentioned,

P (k) =) ei(k)el (k) = 67 = (2.4.24)
r=1
So for a vector ¥,
-, . (T-k)k
Ptr(k)v =V — S TS, (2425)
|kl ||



it projects ¥ onto the €; — € plane

P, 7= (&), (2.4.26)

-,

since using the (€1, €3, k) basis vectors

—
k = =g

v = (- E)@ + (T E)E,. (2.4.27)
Thus
. . 3 L %] . .
[Ai(e), A1) = [ e (9 = S etk ik
(27r)32wk k2
5 59 B (2.4.28)
x k
but recall
A3k - -
ZA(QZ - y,m) - / W[e_l (x—y) — €+Z (x—y)] (2429)
k

where w = 4/ |l_€’|2 + m?2. For m = 0, not to confuse our notation we call this iD(z —1y),

iD(x —y) =iA(x —y;m =0). (2.4.30)
Hence, o
4l (2), 41 ()] = (6 — Z%)iD(w — ). (2.4.31)

€T

Similarly, we have

. . A3k 2oL L
i j _ ) j —ik(z—y)
OL@PE0>= [ G5 b

(2.4.32)
= P(x)iD* (x — y)
with 5 i
Pl (z) = (09 — £2£) (2.4.33)
Vi
and
iD* (x) = iAE (z;m = 0). (2.4.34)
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Furthermore, defining the time ordered functions as in the scalar case
<O|TA'(z)A7 ()]0 > = 0(z° — y”) < 0]A"(z) A7 (y)[0 >
+0(y° —2%) < 0|47 (y)A* ()]0 >
= Ptlﬂ(x [0(z" —y*)iD*(z — y) (2.4.35)
—0(y° —2%)iD™ (z — y)]
= Pi(x)Dr(z — y)
where Dp(x —y) = Ap(x —y;m = 0). Hence,

<O|TA ()4 (y)|0 > = D, (& —y) = Pl (2) Dp(z — y)

. 'k i
— pu —ik(z—y)

tr (37)/ (27r)4e k2 + je (2.4.36)
B / d*k —ik(e—y) (51 _ k* kj) 1
B (27r)4e k|2 k% +ie

Now we can write this in a more suggestive notation by introducing the four-vector
field A#(z) = (0, A(z)) and a time-like unit vector n#. Our results above depended on
choosing a frame of reference where the polarization vectors for momentum k* were
three-vectors, that is, e/(k) = (0,&.(k)). In this frame, let’s introduce another vector
perpendicular to € 5 and k and call it n# = (1,0,0,0) pointing in the time direction.
Hence, we can introduce an orthonormal system of four polarization four-vectors in
this frame. We call these vectors e (k, \) where A = 0,1,2,3 with

(1,0,0,0) A =0

e (k,\) = ( gé(E ) A=1,2 (2.4.37)
k _
©, 7) A=3
These are orthonormal
Eu(k, )\)Eu(k, p) = gxp (2438)
and complete
Ze“ k,A)e (k, N)gan = g™ (2.4.39)
or more directly
3
D ek, A)e” (ky A) = 6m. (2.4.40)
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We can write the last polarization vector in terms of k* and n* as

=

)= K= (- kjn” (2.4.41)

e"(k,3) = (0, R

S

(here we have included a k2 # 0 term since later we will want the polarization vectors

away from the light-cone. For k2 = 0, this is just
et (k,3) = %) Thus our four polarization vectors can be used as a set of

basis vectors (n*, e#(k,1), e (k,2), \k/%) Using the completeness relation we

can rewrite the transverse polarization sum as ( €”(k,1) and €”(k,2) are called trans-
verse polarizations while €”(k,0) and €”(k,3) are called the scalar and longitudinal
polarizations, respectively)

> (k) (R)ghig”; =Y ek, N)e” (k, \)
r=1 A=1

= —g" + e*(k,0)e”(k,0) — e"(k,3)e” (k, 3)
(k# — (n - k)n*) (k¥ — (n - k)n")

= —g" + nfn¥ —

(n-k)? — k2
n*nvk? — (n - k)(k*n” + kYnH) + kFkY
= —g" — . 2.4.42
g (n- k)2 — k2 (24.42)
Thus, we find
DR (x —y) =< 0|T A (z)A” (y)|0 >=< 0|T A*(z) A’ (y)|0 > 99"
= / d'k e~k (z—y) i [—g"
(2m)4 k? + ie
n*n’k? — (n - k)(k*n” + kYn*) + kFkY
B (n- k)% — k2 ) (2.4.43)
dk  _. 1
= —gtD _q) — [ L oik(z—y)
g r(r=y) / (27r)4e k2 + ie
y [n“n”kQ —(n-k)(kFn” + kVn*) + k“k”]
(n-k)2— k2 :

Similarly with k2 = 0, we have

(A (), A" (y)]
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WZD(””_”*( - )EnAax)z LiD(e —y). (24.44)

The price of working in the Coulomb gauge now becomes evident. Although our ob-

= —g"iD(x —y) —

servables were well defined (i.e. H > 0), and we had a well defined Hilbert space
of states, the commutator and propagator are not Lorentz covariant due to their de-
pendence on the preferred vector n*. Since our physical operators and their matrix
elements are invariant under gauge transformations (i.e. dependent on F*"), we can
go to another gauge which manifestly preserves the Lorentz invariance and yields the
same physical observables. Unfortunately there is a price to pay for this also and it
is that by treating all the components of A, equally we will introduce two fictitious
photon degrees of freedom, Ay and As in our special frame tied to k*. The space of
states will no longer form a Hilbert space since Aq states will have a negative norm. We
will need to eliminate these modes from the physical subspace of states A; 2 and show
that indeed the matrix elements of the observables are the same as in the Coulomb
gauge. Alternatively, we can work in the Coulomb gauge maintaining a good physical
interpretation of the states and operators but then we must prove Lorentz covariance
of the matrix elements.

The Lorentz invariance will come about in the free case trivially since observables
are independent of n*. When interactions are considered, for example, when a current
appears on the right hand side of the Maxwell field equations

O FH = —J, (2.4.45)

we no longer can set ¢ = 0 since the Coulomb gauge implies Gauss’ law 72¢ = J°.
Thus, the time component can be solved to yield

$(z) = / PyDo(F — §)7°(y) (2.4.46)

where the Coulomb Green function obeys

VaDe(@ —9) = 8°(F — 7)) (2.4.47)
and is given by
1 1 d3k - 1
Dc R _ +ik-(Z—79) — 4.
i At P (2449



or symbolically

S 1 S
D.(Z—vy) = ?53(30 — ). (2.4.49)

The Lagrangian for this system is given by

1 1%
L=~ FuF" 4 A,

. ) (2.4.50)
FYF7 + A-7¢+ §v¢-v¢+¢J0—A-J

so that

(2.4.51)

1> = 1 _ .. .. 1 o4
:/d3x[§A-A—ZF”F” —§¢v2¢+¢JO—A-J]

where 6 . A = 0 has been used. The interaction Lagrangian is given by the last three
terms

L;= /d3x[¢J0 - %qb v2o—A-J (2.4.52)

but v?¢ = J° so
]_ — —
L;= /d3x[§¢J0 —A-J]. (2.4.53)

The interaction Hamiltonian becomes (with 4 = 2% understood)

Hy=-L;
_ /d3x,af. J_ %/d3xd3yJ0(x)Dc(f_g)JO(y), (2.4.54)
Hence, the S-operator is given by
S — Te—ifdtH;’P
(2.4.55)

_ i [dtel AT =5 [ dtys(a—y°) 1% (@) Do(@=)1° (v)]

When we calculate a matrix element of S and apply Wick’s theorem to evaluate each
term in the interaction picture, we see that it is Lorentz invariant since the n* depen-

dent terms in the propagators will cancel the Coulomb interaction terms from H;. In
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—,

the Coulomb gauge with A* = (0, A) we have terms in the S-matrix elements from the
A J term in Hj of the form

/d4$1d4$2Ju($1) < 0|TA“($1)AV($2)|0 > JV(QZQ)
= /d4$1d4$2Ji($1) < 0|TAZ($1)A]($2)|0 > Jj(&?g)

B /d4x1d4$2(—Ju($1)ngF($l — 22)J(2))

azln“n” —(n- 8x1)(8§‘1n” + 8;’1n“) + o4 0,
(n-0.,)7 — 0, |
). (2.4.56)

—/d4x1d4x2Ju($1)Ju($2)[

XDF(QZl — T2

If 0,J" = 0 (i.e. there is gauge invariance of Maxwell’s equations, 9, F* = —J", so

they imply —0,J" = 0,0, F" = 0), the second and third derivative terms vanish by
integration by parts since they always act on one of the conserved currents. So the
second term reduces to just the first factor in it

0z,

(- O, )2 — 02, Dp(z1 — x2). (2.4.57)

- / d4931d4932n“Ju(a:1 Y Jy,(x2)

With our choice of n* = (1,0,0,0), this is
2
ar; 5 Dr
(n . 61’1) - 81‘1

—/d4$1d4$2J0($1)( (331 —332))J0(332). (2458)

Now
o2 Ak i Ji2
T D _ _ —itk(z1—x2)
(n-0,)% — 02, p(wn = ) / (2r)a°¢ k2 + e ((n k)2 — k2)

— / (#_ke—ik(xl—xz) i

(2m)* 72 (2.4.59)
Bk i
_ 0o_,.0
= o ‘”2)/(2703 2

= —id(a:(l) - asg)Dc(fl — ).

So we get the second term to be
+i / d*zd*yJo(z) Do (Z — 7)) Jo ()6 (x° — ) (2.4.60)
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and thus we find from the A - .J term in H 1 terms of the form

=i

5 /d4xd4yJi (z) < O|T A (z)A? (y)|0 > J;(y)

_ % / diadyJ, (2)(—g" Dp(z — 1)) o (y)

- / dtad ys(2® — o) Jo(2)De (@ — §)Jo(y). (2.4.61)

The first term here is completely Lorentz invariant because D is invariant. The second
term exactly cancels the contribution to the S-matrix element that the Coulomb term
in HiP gives

+% / d*zd*ys(z° — 1°)Jo(z)De (T — ) Jo(y) (2.4.62)

(the combinatorics must be checked more carefully but works out, see Bjorken and Drell
chapter 17.9 for a detailed proof). Needless to say this is extremely tedious. Rather
than give up manifest Lorentz covariance we face the complications of enlarging the
number of photons to include the unphysical degrees of freedom, the longitudinal A3
and the scalar Ay photons.

We now reconsider the quantization of photons in a gauge that is manifestly
Lorentz invariant. Recall that the Maxwell Lagrangian describing the time evolution

of the photon field is given by

1
L= FuF" (2.4.63)

with the field strength tensor given in terms of the four-vector photon field A4,
F,, =0,A, —0,A,. (2.4.64)

As we have seen, the description of the photon requires only two dynamical degrees
of freedom. The introduction of the potential A, has four degrees of freedom, two of
which are unphysical. This enlarged variable space is reflected in the gauge invariance
of the Lagrangian; £ remains unchanged under local gauge transformations

A (z) = Ap(x) + 0uA(x)
Fy,(x) = 0,4, (x) — 0, A ()
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= 0,A,(z) — 0, Au(x) + 0,0, A(z) — 0,0, A(x) = F) () (2.4.65)

and L' (x) = L(x). Introducing a unitary operator U(A) such that

U Y (AN)AL(2)U(N) = Au(z) + 0 A () (2.4.66)
and
U Y (A)F,, (x)U(A) = F.(z) (2.4.67)
so that
U YA L(2)U(A) = L(z). (2.4.68)

Since, as seen in the introduction, the physical observables are given in terms of F},,,
we have a new phenomenon in that the equivalence class of the field A, determines
the uniqueness of the physical situation. The members of each equivalence class being
related by a gauge transformation. A, and A/u = A, + 0,A are two members of
the same equivalence class. Unfortunately our canonical quantization rules apply to
the individual dynamical degrees of freedom not equivalence classes of fields. Thus,
we must pick from each equivalence class a representative and apply the quantization
rules to it. That is, we must break the gauge invariance of the Lagrangian, this picks
a representative of the equivalence class, then we can apply the quantization rules.
The physical observables being gauge invariant, we obtain the same values for them,
regardless of the gauge we pick in which to quantize.

Of course different gauges have different uses and conveniences. We have studied
the Coulomb gauge so far. The condition 6 . A = 0 allowed us to eliminate from the
start the unphysical degrees of freedom ¢ = 0, the scalar component and 6 A= 0,
the longitudinal component. The price we paid for dealing with transverse physical
degrees of freedom alone was to give up manifest Lorentz invariance, what is transverse
depends on your frame of reference. We now desire to study a class of gauges that keeps
Lorentz invariance manifest. Unfortunately the price we pay for this is that the scalar
and longitudinal components must now also become quantized when all components
of A, are treated on equal footing. The separation of the physical states from all the
states in a Lorentz invariant way will be more difficult but, of course, possible. Also
at the same time we must use the gauge invariance of the theory to show that we get
the same values as in the Coulomb gauge for the physical state matrix elements of the
physical observables since now they will also include contributions from the unphysical
degrees of freedom.
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Now to the point, the gauge invariant Lagrangian is

L= —%FHVFW = —%@AV(?“A” + %@AV@”A“ (2.4.69)

and yields the canonical momentum conjugate to A4,

oL
= —- =F", (2.4.70)
0A,
As mentioned above, if we try to apply our canonical quantization rules directly we
have

3(2° — ") (2), Ay (y)] = —i6",0" (z — ). (2.4.71)

The gauge invariance of the Lagrangian implies II° = F% = ( which contradicts the
ETCR. This is because F? depends only on the equivlence class of A, not each A,.
Thus, to treat each component of A, quantum mechanically equivalently, we must
choose a gauge, that is, break the gauge invariance of £, now in a way consistent
with Lorentz invariance. We will choose the gauge fixing term proposed by Stueck-
elberg which generalized Fermi’s original treatment of QED. The Stueckelberg gauge
Lagrangian is . .

L= _ZF“VFW ~ %

where the real number « is called the gauge parameter (« = 1 was Fermi’s choice and

(0rAM)? (2.4.72)

is called the Feynman gauge). Now since

U_l(A)6>\A)‘U(A) = AN + %A (2.4.73)
we have
U_I(A)E(x)U(A) =L(z) — %(2(@\14)‘)62/\ + (82/\)2) #+ L. (2.4.74)

Thus the Stueckelberg gauge fixing term indeed picks out a representative from the
equivalence class (modulo 9?A and a specific value for o which we will choose later)
and we can now quantize A,,.

We can motivate the Stueckelberg gauge Lagrangian by considering the following.
As stated, in order to apply the canonical quantization procedure we must pick a unique
representative from each gauge equivalence class in a Lorentz invariant way. Since the
field strength tensor is the curl of the potential its specification leaves free the divergence
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of the potential, precisely the part of A* effected by a gauge transformation. Hence
we can pick a representative from the gauge orbit of A* by specifying 0, A" (z) = f(z)
with f(z) a given scalar function of z. This is called the gauge condition. That it
picks a unique representative A* means that using any other field in the orbit of A* |
At = AF + OMA, in the gauge condition specifies A = 0. Hence we have 9, A" (z) =
0, A" (x) + 0*A(z) = f(x) which implies 9*A(z) = 0 and for appropriately normalized
functions, that is since 9 is invertible, yields A = 0. We can then impose the constraint
OxA* = f in the Lagrangian by means of a Lagrange multiplier field D(x),

C= —%FHVF“” + D(2)[or AN @) — F()]. (2.4.75)

The Euler-Lagrange equations imply O A*(z) = f(x), as desired, as well as
O, F* = 0”D. We may proceed to canonically quantize this theory now, however
in order to obtain the Stueckelberg Lagrangian we choose the arbitrary function f(x)
to in fact be proportional to the Lagrange multiplier. Thus letting f(x) = —aD(z),
the gauge condition becomes d) A*(x) = —aD(x) so that the field equation is 9, F* =
—é@”@AAA. This last equation is derivable from the Stueckelberg Lagrangian as Euler-
Lagrange equations of motion.

Now the Lagrangian derivative is aaiay = —FM — ég“”@AAA so the Euler-
Lagrange equations are
oL oL 1
0= -0 =9, F" + —0"0,A". 2.4.76
6141, © 6/J,Al/ © + a © ( )
The field equation
1
O F" + =09, A" =0 (2.4.77)
Q@
or .
O F" + =0"9,A" = —J" (2.4.78)
Q@
in the interacting case, is just
1 —
a4+ L= gvg au v (2.4.79)
Q@

The utility of Fermi’s original choice is now clear, for & = 1 this becomes the simple
wave equation

0*AY = —J¥ (2.4.80)
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or

9*AY =0 (2.4.81)

with no interaction (as is the case here). So we have four fields obeying the massless
Klein-Gordon equation, i.e. the wave equation. The Lagrangian

L= —%@LAV@“A” - % L=y a,0” (2.4.82)
becomes in the Feynman gauge simply
1
L= —§6HA1,8“A” (2.4.83)

which was Fermi’s starting point. Notice 0,0, F'*" = 0 yields
D205 A* = 0, (2.4.84)

O\ A*, called the gauge fixing term, obeys the free wave equation. Note when there is
an interaction with current J#, described by Lagrangian

L= —%@LAV@“A” — % (1=a) 0, AL 0" A + JHA, (2.4.85)
the field equation becomes
O F"" + é@”@uA“ =—J". (2.4.86)
Taking 0, yields
262@14“ =—-0,J". (2.4.87)

If J# is conserved, as the gauge invariance principle will require,
Lo
—0°0,A" =0, (2.4.88)
e

0, A" still obeys the free wave equation. The momenta canonically conjugate to A,

are

m = 95 _ o _ lgHOaVA”, (2.4.89)
0A, el
that is
' = 9= 97 A% — A° (2.4.90)
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and . .
I’ =—--9,4" = —— (A" — 9" A" (2.4.91)
[0 [0

and as expected IIY # 0 any longer but is given by our gauge fixing term. Thus the
ETCR become
§(z° — y") [ (x), Ay (y)] = —id",6" (z — y)

o(a" — y°)[I" (2), I (y)] = 0
§(z¥ — yN)[A*(z), A” (y)] = 0. (2.4.92)
Now taking the spatial derivative of the last commutator, we obtain
§(z% — y)[0L A" (x), A” (y)] = 0. (2.4.93)
Hence the IT — A commutator simplifies to become

5(z° — yO)[Al(z), A, (y)] = +i6',6%(z — y)

. 2.4.94
5(1:0 - yO)[AO(:L,)’ Al/ (y)] = +7:a/501/54(x - y) ( )

or raising v, we obtain

5(z° — y)[A'(z), A" (y)] = +ig™*(z — y)

. 2.4.95
5(z° — y)[A°(z), A” (y)] = +iag® §* (x — y). ( )

Thus, we see that we will have four types of “particle” states since all A* are involved
in the ETCR. Furthermore, we note that A* has normal quantization rules

§(z¥ — yo)[Ai (z), A7 (y)] = —idij54(x — ) (2.4.96)

just like three different scalar boson ETCR, but A° obeys a commutation relation with
the wrong sign
32 — y")[A’(z), A°(y)] = +iad* (z — y). (2.4.97)

If @« =1, the Feynman gauge of Fermi, the ETCR are
5(z° — y")[A* (), A" (y)] = +ig" 6" (x — y). (2.4.98)

We will see that this wrong sign will lead to states with norm of -1! Not only will
we have to eliminate the unphysical states from the physical quantities but the scalar
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“photon” states have “negative” probability and destroy the usual quantum mechanical
interpretation of the inner product in the state space. Further, from the II* — II7

commutator we have

(20 — y°)[A' (z), A (y)] = 0. (2.4.99)
From the 1Y — IT* commutator we find
(20 — y°)[A%(x), A (y)] = +i(1 — a)di 5% (x — y), (2.4.100)
and from the IIY — 1Y commutator we have
5(z® — y°)[A°(z), A°(y)] = 0. (2.4.101)
Thus, we can summarize the ETCR as
3(z" —y”)[A" (), A (y)] = 0
0(a” — y°)[A¥ (), A (y)] = +ig" [L + (@ = D)g"]o" (@ —y)  (En)
0(a” —y°)[A'(2), A7 (y)] = 0
3(a” —y”)[A%(x), A%(y)] = 0
5(x® — y°)[A%(z), A ()] = +i(1 — )64 (x — ). (2.4.102)

Before Fourier transforming to momentum space to begin our interpretation of the
above theory, let’s construct the various conserved space-time symmetry currents and
charges. The photon gauge field A* is a vector field, that is, under Lorentz transforma-
tions A,’s intrinsic variation is that of 2*. For space-time Poincaré transformations,
2" = A"z, +a,, the Poincaré transformation of the fields are implemented by U(a, A)

as usual
U~ Ya, A)A* (2 )U(a,A) = A" A, (z), (2.4.103)
or multiplying by U(a,A) and U~ !(a,A) from the left and the right, respectively, we
obtain
Ula, N)A*(2)U 1 (a, ) = A" A, (Az + a) = A" A, (Az + a) (2.4.104)

where recall A~ = ATHY — AYH Ag usual we have
Ua, A) = elnP" e=5@um (MM (2.4.105)
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which for infinitesimal transformations A#Y = gt + wH” wH’ = —w"? and a* = e
) )

yields the translation and rotation commutation relations
[P*, A"(z)] = —i0" A" (x)

M, AN@)] = —il(@"D” — 2”0 AN @) + ("7 — g Ap(x)]  (2.4.106)

where (D) = —(ghhg¥P — g¥*gHP), according to the notation of section 1.2, obeys
the Lorentz algebra (it is the defining representation or vector representation). Since

the Lagrangian is Poincaré invariant,
U Ha, N L(z"U(a,A) = L(x), (2.4.107)

Noether’s theorem implies the conservation of the energy-momentum tensor

T = 6(,?514 " Ay — g L
pEA . (2.4.108)
= —FFAG" Ay — —(O2AN)OVA* — g" L.
«

Using the field equations (2.4.77), we can check explicitly that this is conserved,

1
OuTM = —0,F 9" Ay — FI9,0" Ay — —(9,00A)9" A"

1
——(r AN A" — D, L

= é(a*auA“)a”AA - %Fﬂ*avm — é(a*aum)amA

—é(aAAA)aV(aHAH) _ o

1 1

= a"(—ZFMFHA -5 (O6A)?) = 0" L

1 1
-1—1 [0V FF ] + % (0" O\ A, 0, AM]

— 0. (2.4.109)

However, T is not symmetric

1
TH — TV = — A Ay + F 0 Ay + —(ONAMFM £ 0 (2.4.110)
[0
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and TH" is not traceless

TH, = —2L #0. (2.4.111)
According Belinfante’s prescription we must calculate HP*” and then GP*" to find
the symmetric energy-momentum tensor ©* = TH — 0,GP*”. Recall that, with
1> = oL
= 99,Ax°

HPP = TIPA (DM 5, A"

1 (2.4.112)
= FPRAY — FPYAF 4 — (03 AN)(gPHAY — gPY AR).
Q@
Next we need
GPHY — E(prw + HHP 4 HYHP)
2 . (2.4.113)
= FPRAY + —(O\AM)(gHv AP — gPY AW).
Q@
Note GP*¥ = —GHPY as required. Hence, using the field equation, we find after a little

algebra
v 1 A v A v 1 v A 1 v A
0,GPHY = —— (0N O\A™)AY —FHO\AY + —g"" 0, (0 A" AP) — —0" (0N A" AY). (2.4.114)
« « «
Thus we obtain a conserved, symmetric Belinfante energy-momentum tensor

1
O = FIUPE,Y — g L — —g" 0, (0 A A7)

+ L ra,aMav + Liovo, ar)an (2.4.115)
8 8%
and
on — @vi (2.4.116)
with
9,0M — 0. (2.4.117)

Furthermore we find that ©#" is not entirely traceless
2 A
OFu=——0,(0\A"A”). (2.4.118)
Q@

Of course we could make the energy-momentum tensor traceless but not symmetric,
one cannot make the energy-momentum tensor both traceless and symmetric due to
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the gauge fixing term. Notice also that ©#” and T*” are not gauge invariant, they
depend on the representative not the gauge equivalence class. However, we will see
that physical photon matrix elements of ©#” are gauge invariant. Hence, Noether’s
theorem tells us how to construct the energy-momentum operator in terms of the

PH = / d* O™ = / 4’z T

= / Br[—FP9" Ay — — (93 AM)* A° — g1 L]

1
o}

dynamical variables

1
_ / Pal(FX = ~g*°9, 429" Ay — L]

1
= / d3z[TINO" Ay — gﬂogn*PaAAp] (2.4.119)
where recall that IT1* = IT° with II* = aaiﬁAy and the Lagrangian can be written

as L = %H“”@LLAV while the Euler-Lagrange equations are 9,II"” = 0. Thus, the

Hamiltonian is 1
H=7"= / dPx[I*° Ay — 51’[)"’6)\14[,]

1 .
= / d*x[lI*° Ay — §H0p80AP - %HwaiAp]

3, Laq0 Lo 1 i

g 1,0 1
= [d 33[51'[ 0 Ax+ iauH“pAp]

3 1 >\<—>0
= [d 33[51'[ 0 Ayl (2.4.120)
Hence, we have the Heisenberg equations of motion

POA ) = [ PP, @) 5,4

£0=y0

5 [ @vl-io - 18,4 0)
= —i0" A* (). (2.4.121)
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Similarly, for the momentum operator
P = —/di”xHAﬁAM (2.4.122)

we find

= —iyA*(z). (2.4.123)

Hence, we checked that indeed P* so constructed obeys
[PH,AY (x)] = —i0" AY (x). (2.4.124)

Additionally, according to Belinfante’s procedure the angular momentum tensor is given

by MHP = z¥OHP — xPO*” where 0, M*"? = ( and the angular momentum operator
is

MH = /d333/\/10“”

(2.4.125)

= /d3x(az“®0” — z¥e"%).

Its explicit form in terms of A" is left as an exercise. Also we can verify that this
operator MH*” obeys

M, AN@)] = —il(@"D” — 2" ") AN @) + ("7 — g Ap(x)]  (2.4.126)

as required.

We are now in a position to begin interpreting this quantum field theory in terms
of creation and annihilation operators for physical as well as unphysical degrees of
freedom. Towards this end we would like to expand A*(x) in terms of plane wave
solutions to the Euler-Lagrange equations

1 —
A (z) + ¢ - ) v 9, A (z) = 0 (2.4.127)
and its divergence,
éaQ(xA* (z) = 0. (2.4.128)
Expanding A*(x)
Al (x) = / (#—ke_ikxfl“(k) (2.4.129)
2n) 4.



we have that . ( )
. 1l—« ~
— —ikx (1.2 pv wni.v
0 /—(27r)4e (k“g"” + — EFEY)AL (k). (2.4.130)

Notice if & = 1, we immediately have that A* = (27)8(k?)a* (k, k°). However, for
o # 1, A*(k) cannot be simply proportional to 6(k?) due to the k*k" term in the field
equation. Viewing this as a four-by-four matrix equation, if there are to be nontrivial
solutions for A* the determinant of det (k2g"" + (I;—C)‘)k“k”) must vanish. But,

1— 1
det (k*g"" + %k“k”) = _E(k2)4 (2.4.131)

so we still have A% (k) with support on the light cone k2 = 0. This is possible by A* (k)
having a §(k?) as well as a §’(k?) term. Note that

/ d* k' (KR K2 f (k") = — / d* kS (k%) f (kM) (2.4.132)

where the 0/0k? must operate on the k2 to get a nontrivial answer. Thus, we try

A, (k) = 2m)6(k)ay (k, k°) 4+ (27) &' (k) k, b(k, k°). (2.4.133)

The field equation becomes

_ d4k—ikm 1(1.2\1.2 1.4 ( 1 1,0
0= e~k (2m)8" (K2 k2 k" b(k, k°)

(2m)*
+(2ﬁ)5(k2)¥k“k”ay(l_§, k°) + (27r)5’(k2)¥k2k“b(l_é, k)]
_ / (;i:;e‘ikx(27r)5(k2)[—k“b(E, k°) + u ;O‘) k'kY a,, (k, K°)
_a ;O‘) kb(k, k°)]. (2.4.134)
implying

éb(l_{, oy = U ;O‘)k”ay(l}, k0) (2.4.135)

where k% = 4wy, = +|k|. So we find
A, (k) = (2m)0(k?)a, (k, k%) + (2n) &' (k) (1 — )k, k,a” (k, k°) (2.4.136)
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and the Fourier transform becomes

4
A¥(z) = / (;Zﬁl; e *[(2m)6(k?)ak (k, k%) + (1 — a)(27) & (k*) k" K, af (K, k).
(2.4.137)
Note that the Minkowski longitudinal component is simply

4 —
i0, A (z) = / (;17:;4e_ikx[(27r)5(k2)kua“(k,ko)

+(1 — o) (2m)8 (K*) k2 k0t (k, k°))]

4 —
S~ / (gﬁl;e_ikx(27r)5(k2)kua“(k,ko)

dSk, N\ —ikx T\ Fikx
:Oz/m[kua“(k)e —kua“ (k)e ] (24138)
where a*(k) = a*(k, +wy,) and au(—E, —wg) = aL(E) from the hermiticity of A, (x).
Note that this is consistent with 829, A* = 0 and k° = wy, = |k|. Continuing we have

3 N . N .
Ab(z) = / 7(2733’;% [a" (F)e=™e 4 T (k)etite)

+(1-a) / %(2@5'@%%"%(%, kO)e ke (2.4.139)

The second integral is rather messy but note we can always exploit the residual gauge
invariance of £ to simplify it. Recall

1
U YA L(z)UA) = L(x) — %(2(@\14)‘)621\ + (0%A)?) (2.4.140)
so if 92A = 0 then U1 (A)L(z)U(A) = L(z). Now for 9*A = 0 we see that we can add
to A" a term of the form 0*A. Thus we find

Az) = / P ik ()5 (kAR KO)

(2m)*
5 - (2.4.141)
- / (27)32wy, e A (k) + e (k)
so that .
DA (x) = / e M) (kA ) (2.4.142)
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and we see that the Euler-Lagrange equation (i.e. the Lagrangian is invariant) are
satisfied by 0" A(x)

l1—«

[0%g" + ( ) Oro10, A = éaﬂa%\ =0. (2.4.143)

If we let —iA(E, k) = +%8g‘a>\(l_€’, k9), that is, we choose this gauge condition, we
find

A (z) = AP (z) + 0" A()

dSk winy, —ikx wt o\ +ikx
= m[a (k)e +a (k)e ]

(1—«) d*k P 0 2 7 —ikx
T /(27r)4[’€ 2k (27) 50 (k?)ay (k, k%)™

+ E*2m)0 (k)Y ay (k, k°)e )

dSk Wi, —ikx wt o\ +ikx
= m[a (k)e +a (k)e ]

(2.4.144)

— 4 y .
+E 2 )/ gwl; [k e~ "] (0F (2m6 (k?)ay (k, k°))]

which by using integration by parts in the last term becomes

3 N . N .
At(z) = / 7(2;;3];% [a" (k)e™"** + aT (k)e™"M"]

— 4 . -
e . ) / (;ZWI;(6Ze_’km)27r5(k2)al,(k,k0)

dSk, Wi, —ikx pt +kx
= m[a (k)e +a"'e ]

(2.4.145)

— 4 . -
el . ) / (gﬁl;4e_’k$(27r)5(k2)al,(k,ko)].

Thus in coordinate space-time we have

A (@) = {gw n ““2;%9:] e

a—1
2

= o (z) + { ] 0" (2" ay () (2.4.146)
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where
4 —
at(x) :/%e_ikx(Qﬁ)é(kz)a“(k,ko)

_ d*k —ikx _p(1. +ikx _ut/ 7
—/m[e a' (k) + e al " (k)].
Now let’s reverse the line of reasoning so that we may check our calculation. We start
with A#(z) = A’"(x) —0* A(x) and choose A" (x) so that it is a solution to the Maxwell
equations in the Stueckelberg gauge. Thus we let

(2.4.147)

AP (z) = a"(z) + =1 (22 ax(z)) — O*A(z)
— @au(gg) + Qaﬁauax(m) — 9" A(x) (2.4.148)
-(59) et o

where §%a*(x) = 0 = 9*A(x). Noting that (8%g** — 0*9”)0, = 0, we find indeed that
the field equations are obeyed

(09" + (
- (O‘_ 1) 0402 (z ay) + (1 _O‘) 94D ay + (1 _O‘) (O‘_ 1) 0402 (x> ay)
2 o o 2

Q)5 (5

— (O‘ - 1) " ax + (1 - O‘) "0 ay
(@8] (@]

=0. (2.4.149)

l1—«

JERETE

So we are adding two Minkowski longitudinal pieces to A*; 0" (za,) and O*A, with
A being completely arbitrary subject only to 92A = 0 and thus reflecting the residual
gauge invariance of L.

Now we may apply our Fourier analysis to these terms. Since 9%a*(z) = 0, we

have immediately

d*k a
a'(x) = | ——e *T2n)5(k?)a* (k, k°)
/ (2m)* (2.4.150)

dSk —ikx p(1. +ikx pt/
= m[e a (k) + e a (k)]
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Now we need the Fourier transform of 9*(z*ay)

4
O (xax(z)) = 6§‘x>‘/%6_1"”(2@5(1@2)@(& k%)
e ri5 . (2.4.151)
= aétfw (6—]@\6_ka) (2%)5(k2)a>\(k,k0).
Integrating by parts we obtain
JTSN0. " d4k —tkx . 0 2 7. 1.0
0*(xray(z)) = 0k (27r)4e (_2)6—1@\[(2W)5(k Yax(k, k7). (2.4.152)
Since 926 (k?) = 2k>‘a%25(k2) = 2k79'(k?), it follows that
4 —
o (x ax(z)) = / (;17:;4 e~ R 2kr kA (2m)8! (k) ax (k, k°)
—k*(27m)8 (k)0 ax (K, K0)]. (2.4.153)

Thus the Fourier transformation becomes

3 . - . -
AP (x) = / (2:)73];%[6_1“&“(@ + etthTari(k))

+ / a’k e * (1 — a)kH k> (2m)6 (k) ax (k, k) + (1;0‘) (2m)8(k2)k 0 ax(k, k°)]

(2m)*
—0"A(x). (2.4.154)
Now A may also be expanded
d'k —ik 2\ (2 1.0
A(x) = e " 2m) o (kX )\ (k, k) (2.4.155)
(2m)*
so that i
M A(z) = —i / (SW)ZLe‘ikm(27r)5(k2)k“)\(E, k0). (2.4.156)

Letting —i)\(E, k%) = -l—%@,i‘a)\(lg, k9), if we wish, the last two terms in (2.4.154)
cancel and A*(x) is equivalent to

A3k . - . .
Aw) = | m=go—[e " ak (k) + et at (k)]

/(27T)32w];4k (2.4'157)
+(1-0a) / W@‘“‘”k“k”(2w)5’(k2)aA(E, k°),

231



which was just equation (2.4.139).
Thus, the general expression for A*(x) in the Stueckelberg a-gauge is

A () = o () + 2 > Y 9 (hay) — 04A (). (2.4.158)

In order to specify the gauge completely we must choose A and «. Since the algebra for
a # 1 is messy and masks the interpretation, let’s for convenience choose the Feynman
gauge o = 1 and postpone fixing A for now (that is let A = 0 first). Consequently, in
this gauge A*(z) = a*(x) and hence

3 . . .
Al (x) = / @gfzw[e_ikxa“(k) + etikegnt(k)) (2.4.159)

and the Euler-Lagrange equations reduce to simply

O? At (x) = 0. (2.4.160)

-

Since a* (k) is a four-vector we can expand it in terms of our complete orthonormal
basis of polarization vectors associated with the k*-frame. Hence,

3
at (k) = e(k, \e” (k, N garap (k). (2.4.161)
A=0
We now define
an (k) = €'(k, N)ganau (k) (2.4.162)
and
a(A)T(E) = et (k, )\)gMauT(E) (2.4.163)

for A = 0,1, 2,3 with no summation over \. Note that we can invert this also

3
at (k) = e (k, Nag) (k) (2.4.164)
A=0
3
a'T(k) = e (k, Naly (). (2.4.165)
A=0

Thus we can write

3

3 = . = .
A¥(z) = / (2:)73];% )\Zo[e“(k, )\)a(A)(k)e_”” + e (k, )\)a(A)T(k)e“’”]. (2.4.166)
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The inverse of these Fourier transforms is as usual

at (k) = i/deeJrikxgoA“(a:) = /al?’aseJ”"m [we A" () + P A" (x))]

a* (k) = i/al?’asA“(33)306_“““‘7C = /al?’ase_“““‘7C [wp AH (z) — i AH ()] (2.4.167)
but we can invert the polarization sum using the above definition
aon (k) = € (k, N ganay (k) (2.4.168)

so we have -
ao‘)(lg) = i/d%e“(k,)\)gMerx@oAu(a:)
~ (2.4.169)
a(A)T(E) = i/d%A“(as)@oeu(k,)\)gMe_“”.

We can call
Up A (z) = e (k, A)e ke (2.4.170)

the positive energy plane wave solution of the wave equation with polarization e (k, \),
U} \(x) =0, (2.4.171)

and
V(@) = UL \(2)" = e (k, N)et™e (2.4.172)

the negative energy plane wave solution of the wave equation with polarization
e*(k,\)" = e (k, N,
Vi (x) = 0. (2.4.173)

Hence the field expansion in terms of plane wave solutions has the usual form

3

3 . .
At (z) = / (2:)73];% ;[Uﬁ,x(@ao\)(k) + kafx(x)a(A)T(k)] (2.4.174)

with inverses
ao‘)(k) = i/d3a:U,€">\(as)*g>\>\e+ikm80Au(a:)
- (2.4.175)
d”%mzi/ﬁ%AA@adﬁg@f
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We can use these expansions to find the commutation relations obeyed by a and
a' as in the scalar case,

(B 0 = [ dadtyet A @), 47 ()

i [A (), A7 (y)] + [0 (), ¥ (1)
+wrw[A¥(x), AY (y)]}. (2.4.176)
Recalling equations (2.4.102) the ETCR with o = 1 simply reduce to
5(z0 — y)[AP (), AY (x)] = ig"6* (z — y) (2.4.177)
with all others vanishing. Hence
[a“(E), a”T(B] = /0 i dBrd3ye™Wighv §3 (7 — i) [iw; + iwp]
x0=y
_ / BreiEF g () 4 o) (2.4.178)
= —(27)32wi g 8 (k — 1).
Thus the CCR for the Fourier transform operators are
[0 (), (1)) = —g™ (2m)* 2008 (F — 1
[a"T(k), " (D] = 0

[a"(k),a” (I)] = 0. (2.4.179)

We obtain the harmonic oscillator creation and annihilation operator CCR but with a
minus sign for a®! We could further expand a#' and a* in terms of the polarization
creation and annihilation operators to obtain

en(k, Nganla (), a” T (D]eu (1, p)gpp = lagay(k), apt (1))

= —gangppg™” (27)3 2w 0% (k — e, (k, Ney (, p)
= —(2W)32wk53(E - f)gApgAAgpp- (2.4.180)
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Since A must equal p, gxrgpp, = +1. Thus, the polarization creation and annihilation

operator CCR are

laon (B), a( (D)) = —gap(2m)320i 6% (K — 1)

laon (%), GIP)(B] =0

[a(x) (k), agp)(1)] = 0. (2.4.181)

Again the scalar photon created by azo)(lg) has the wrong sign CCR.
We are next ready to expand the energy-momentum (and angular momentum)
operators in terms of the momentum space creation and annihilation operators. Recall

the expressions for the Hamiltonian and momentum

—0
H=7"= /d%[%ma Ay]

P = /d%H*%AA. (2.4.182)
For o« = 1 the momenta are

1
I = F0 — —g"00, A”

(2.4.183)
=M AD — 90 A — gH09, AN,
hence
0 = -9y A = —A° + 9° A°
' = — A + 9° A°, (2.4.184)
So the Hamiltonian becomes
1 . P ~0 .. . -0 X
H= /d3x§[(—A0 FOIAND A — (—AT 4+ 9TAND Al
) 0 0 (2.4.185)
= /d3x§[AOAO —APA° £ 9TAT) AD 4 ATAT — ATAT — 9P A%) AT,
where by parts the two terms indicated cancel yielding
1. ..<0 . =0
H = /d%i[Ala A" — A9 A" (2.4.186)
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Plugging in the momentum expansion for A* and performing the algebra (or using the

scalar case as a guide) we find

k1 o . )
1= ] a2 Zlmomle ((F)a (k) + a* (F)a (%)
Bk S o
- / (2m)3 2wy, > wl=gna® (k)a* (k)] + Eo (2.4.187)

with
Ey = / (ﬂ > cwil(2m)? 2w (k — E)). (2.4.188)
A

As usual Ej is the infinite zero point energy for the four harmonic oscillator modes
which is eliminated by normal ordering the Lagrangian and the energy-momentum

tensor. In a similar manner we obtain the momentum operator
P=— / Bl Ay
= —/d3x[(—A0 + O ANGAY — (—AT + 07 A%y AT
' (2.4.189)
= — / BPa[— AV A + AN AT + 9P ATAC — 5 AV AT
= / B[+ A0 AY — Al A

where integration by parts was used. Fourier expanding the fields and applying the

commutation relations we obtain

— 3 - -
P [ e gMZ T (@) ()]

(27r)32w 2

3 R o
B / (27373];% Z Fl—gana® (F)a* ()] (2.4.190)

/ 2r 32wk Z k aA
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Thus

(2.4.191)

where we have normal ordered £ and T*" to eliminate Fj as usual for bosonic operators,
that is,

L=N (L]

T = N[T"

O" = N[OH]

MHve — N[MHP]

(2.4.192)

with P# and M" now given by

PH = / d*x N[O

MM = / d>zN[M). (2.4.193)

The Euler-Lagrange equations, canonical momenta, and the ETCR remain unchanged.
Thus, we have the Hamiltonian

3 5 = oo o
H= / (2:)73’;%%[—@0*(@@0(@+a”(k)al(k)]. (2.4.194)

We would like to interpret a* as annihilation operators and a*' as creation operators.
(Note that associating a’! as an annihilation operator and a” as a creation operator
leads to further interpretive difficulty. In particular, the energy becomes unbounded
below, i.e.,|E,0 >= aO(E)|0 > and H|E,0 >= —wk|E,0 >, hence there is no stable
ground state in such an interpretation.) At first it might appear that H is not positive
and thus there is no ground state, but consider an eigenstate of H denoted by |E >,
H|E >= E|E >, then

Ha(B)'|E > = [H,a"(F) || E > +a"(F) H|E >
— (B+w)a"(R) B> .

(2.4.195)

237



Because of the presence of (—g*”) in the CCR, the minus sign for the a0t particle
cancels to give a positive energy. As usual, we have a state of lowest energy which we

define to have zero energy and no particles. Hence the ground state, |0 >, is defined
by
a*(K)|0 >=0 for all k and p. (2.4.196)

Thus |0 > has zero energy, momentum and angular momentum
PHI0O >=0

MH|0 >= 0. (2.4.197)

As usual we find that a“(l_c’)T creates states (particles) with momentum &k while a* (k)
annihilates the same. To clarify this and the angular momentum of the states further
let’s find the commutator of P* and M*" with a* and a*'. Starting with

[PH, AN2)] = —id" AN (@)
M, AN (2)] = —il(@ 0 — 2" ") AN@) + (99" — g g")Ay(@)]  (2.4.198)
in coordinate space we obtain for the creation and annihilation operators
[P*, 0 (k)] = —k*a* (k)
Pr, oM (B)] = +ha (B)
M o k)] =i / Bt §o[—i(zh " — 27 0") A ()]
—i(g"g"" — g"*g"")a, (k)
MP M ()] = / B[ i@ — 2O AN () D get v
—i(g"*g"" — 9" g"")a, ! (K). (2.4.199)

We must further consider which operators among P* and M*” commute and
hence, have eigenvalues which label the states. As in the fermi case, we begin by
choosing our states to be translationally invariant states, that is, the eigenvalues of P#
and P? will label the states. For photons the P? eigenvalue of 0 labels the single particle
states; so we can label the one particle states by the P eigenvalue |E >, 73|k >= E|E >

238



POk >= |k||k > since P2|k >= 0. In addition, we will use the Pauli-Lubanski vector
WH to further label the single photon states. Since W*# and P* are both vectors we can
consider going to a frame in which k* = (k,0,0, k) for the one particle states. Since
WHP, = 0, we have W3 = WO, Using the [W#, W] = —ie"*?°W,P, commutator
applied to a one photon state in this frame we find

[le WQ] =0
W3, W = —ikW?
(W3 W?] = +ikW1. (2.4.200)

These are the commutation relations for rotations in a plane with generator W3 and
translations in the plane generated by (W1, W?); this is the Euclidean group of motion
in a plane called F5. Thus, W' and W? can take on any value, they have continuous
eigenvalues. It then follows that W2 = W#W, is not quantized and its eigenvalues are
zero and W2 < 0. W?2 < 0 corresponds to states with continuous spin not photons (such
single particle states are not observed in nature) the photon states have W2 = 0, that is,
W' = W? =0 eigenvalues. So since we already have W° = W3 in this frame, k° = k3;
that is k* = (k,0,0,k), we have that W“|E > 73“|l_5 > for the single photon states.
Since W# and P* transform the same way under Lorentz transformations, they are four-
vectors, proportionality in one frame is the same proportionality in all frames, hence,
WH = —\P* for massless single photon states (note that W?2 = \2P? = 0 as required)
where A is the constant of proportionality and is Lorentz invariant. Furthermore,

A== (2.4.201)

or on the |k > state
Tk
||

the projection of the angular momentum along the direction of motion, the helicity.

A (2.4.202)

In the special frame A = J3 the third component of the angular momentum, hence in
general, A has eigenvalues A = 0, i—%, +1,---. For the single photon states we see that
A = =£1 for circularly polarized right-handed and left-handed photons and because we
have two unphysical states, A = 0 has a multiplicity of two, one for the longitudinal
photon, partner of the A = 4+1 photons, and the scalar photon. Thus as we discussed in
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the introduction the states are labeled by the complete set of commuting observables
(P2 =0,W? =0,P,\ = %) as well in our case the fact that they are longitudinal,
scalar, or transverse photons, that is, the other observable in our non-interacting case

is the number operator for each type of photon

d3k - o
Noy = _/WQMG(A)(@&(A)(/G)- (2.4.203)

So we are as usual interested in not all of the components of M* but in J°¢ =
€M thus we find

(M, a* (k)] = —i(k70}, — K'0])a* (k) —i(g"*g' — g'*g7P)a, (k)

M 0N (B)] = ikl — KoD)aM (F) —ilg™ g — g e, (R).  (24.204)
This yields
[j CLA( )] — zglk 6l A(k)_ - 15l ]A l( )
174, M (B)] = —iedkialar (&) — et gral' (R). (2.4.205)
So the helicity operator A = ITIE yields
Tk oy RPTTRN -
L AR = —ie g ol ()
|| ||
[‘7| é|k LaM (B)] = —ield! gﬂ%a”(%’). (2.4.206)

[ 7 ,a’ (k)] =0
[‘7| E‘"“,a(”u%n 0
LR i) = i B
k| k|
[‘7| élk Lal'(B)] = —ieilj%ajT(E). (2.4.207)



. . T . . .
Now we see the meaning of expanding a* and a*' in terms of polarization vectors

T E i ()] = et (k Naan [ 22 F 0, (B)

. (2.4.208)
= —j— ¢! Z e (k, N)grreé' (k, P)a(p)(E)

|k| p=0
=Y g (@h A) x k. ) g (B)

But recall for A = 0 that &k, 0) = 0 and for A = 3 that &k, 3) = k/|k/, thus

0 for A =0,
- (€k, \) x €(k,p)) = {e*f’?’ for A\=1, 2, (2.4.209)
0 for A = 3.

Hence we find

(2.4.210)

and similarly

(2.4.211)




As usual we go over to circularly polarized photons, the helicity eigenstates,

- 1 .
ay(k) = j:ﬁ[a(l)(k) F ia2) (k)]
1 . .
all = i—Q[azl)(k) +ialy (k). (2.4.212)
It then follows that o o
J-E - JE
[ 7 saq) (k)] =0= 7 ;a3 (k)]
J -k - Tk .
[ 7 sy (k)] =0=] 7 saly (k)]
s E .
[‘7|;z| ax(R)] = Fas (F)
Tk i oo .
[ 7 Lal, (K)]) = +al, (k). (2.4.213)

So finally we have the commutators of the creation and annihilation operators with the

commuting observables;

T o) = 0= 17E )
[‘T E’f sl (k)] = 0 = [‘T E‘f s ()
E )= 50
[%,a;(/‘é)] = +al, (k). (2.4.214)

As we have seen earlier, the lowest energy state is normalized to zero energy by defini-
tion; a(A)(E)|0 >=0 for all k and A, so that P*|0 >= 0 and M*|0 >= 0. The single
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particle states are given by their momentum k and helicity 0,0, +1 and whether it is a
longitudinal, scalar, or transverse photon. For the transverse photons

Ik, + >=al (F)|0 > (2.4.215)
while for the scalar photon

[k,0 >= aly, (K)[0 > (2.4.216)
and the longitudinal photon

[,3 >= aly) (k)]0 > . (2.4.217)

In general we have

Pl A >=klk,A>, A=0,3+

j. I — —

A >=Ek >, A==+

k| | | (2.4.218)
ﬁéﬂﬁA>:Q A=0,3

Thus, aMT(k) creates photons with momentum k and helicity 1 for A = =+ and 0 for
A =0,3. Likewise, a A)(E) annihilates the same photons.
The inner product of the one photon states is given by the commutator of a and
T
a

lagn (8), al ) (D] = —gxp(27)* 2wy, 6% (k — ). (2.4.219)
Thus
< E Al p >=< 0lagy (K)af , (1)]0 >= —gxp(2m)*2wi6° (k — 1) (2.4.220)
We now see our problem of negative norm appearing for the scalar photon
< k0|10 >= —(2m)32w;,63(k — 1), (2.4.221)

we cannot apply the usual quantum mechanical probabilistic interpretation to these
states. The state space is no longer a Hilbert space (only a Fock space) since the “inner
product” does not have the correct inner product properties. However, this does not
overly disturb us since we already know that the scalar and longitudinal photons are
unphysical degrees of freedom, only the transverse photons are physical and only these
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states need to form a Hilbert space. More generally speaking, the multi-particle states
can be made by repeat application of the creation operators

(R An), o (s An) >=aly (F1) -+ aly (ka0 > (2.4.222)

These states have the energy-momentum

PH k1, M), (Fny An) Zk“ (k1. A1) (Bny An) > (2.4.223)

With the number density operator for photons with momentum k and helicity A given
by

Noy(k) = M(—gxx) o Flay () (2.4.224)
we have
N(A)(E”(Elv)‘l)v 253 E 5>\>\ ) (Ela)‘l)v"'v(En:)\n) >
(2.4.225)

The n-particle state has norm

< (Elv)‘l)v R (EnvAn)|(f17p1)v R (l_;upn) >

-

= Sn s, (27) (2w, )03 (Ko — 15,)]. (2.4.226)
2 H p

Hence, we see that states with an odd number of scalar photons have negative norm.
As usual our full Fock space V is made as a direct sum of these n-particle spaces

= |0 > @|E,)\ > @ <|(E1,)\1) > ®|E2,)\2 >) D---. (2.4.227)

JFrom this space we would like to pick out in a Lorentz covariant way a physical
subspace Hpnys C V which has positive norm and whose states describe the physical
photon states. We also must have the observable operators when projected on the
physical subspace yield the same matrix elements as we found in the Coulomb gauge.
Clearly the physical space is spanned by the states that involve only the transverse
photons. The means to define the states in this space in a Lorentz covariant way was
found by Gupta and Bleuler in 1950. Since the matrix elements of the vector potential
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go over for states with a large number of photons to the classical Maxwell value of the
field, they should be solutions to the Maxwell equations. But since we added a gauge
fixing term to the Lagrangian this is spoiled unless

< ¥|0,A"(z)|® >=0 (2.4.228)

for |[U > and |® > physical states. Since 9, A*(x) always obeys a free wave equation
even in the presence of a conserved current, we can always expand 0, A*(z) in terms of
positive and negative frequency fields in a Lorentz invariant way. Gupta and Bleuler
were able to define the physical subspace by those states for which

9, A" (2)|® >=0. (2.4.229)

If 9, AT (x)|® >= 0, then < ®|0, A"~ (x) = 0, so that < ¥|d, A*(z)|® >= 0 and the
Maxwell equations are recovered for the matrix elements.

Let’s study the structure of this Hppys more carefully. Recall the creation and
annihilation operators involved in 0, A" (x)

3 - . - .
0,40 () = [ —LE e Ry g i (B)etihe
% ( % %

27r)32wk
P - - (2.4.230)
= / EIS D ke (k, Mlagy (B)e™™ — al, ) (k)e ™).
A=0
Now for our €”(k, \) polarization vectors

KO for A =0,
kue(k,A) =40 forA=1, 2, (2.4.231)

—|k| for A=3

hence we have

3 . ~ ‘ . . ‘
0, A" (z) = / @gf’;wkwk[(a(o)(k) — (ags) (k)e ™™ — (afy (k) — aly (k))et ™).

Thus, we see that

guar(@fe == [ SEh ““Zwk wo®) —ap@Elle > (24239
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and that 9, A" (z)|® >= 0 implies

a0y (k) — a(z)()]|® >= 0. (2.4.234)
Hence, if |® > is an element of H ppys then

aq) (k)| ® >= ag) (k)@ > . (2.4.235)

Clearly, |® > consisting of only transverse modes is a solution to this, but it is not the
most general solution. Note in general

1D >= [Py > |D > (2.4.236)

where |®4, > is made from transverse photons only and |(i> > is such that

A

a0y (k) — az)(K)]|® >= 0 (2.4.237)

and contains no transverse photons. Note that because of the vanishing commutator

— —

[(ag0) (k) — ag) (), (afy, (1) — al3, (1)]

= [a(o)(E), azo)(f)] + [a(S)( ): (3)(_3]
—(27)3 2w, 03 (k — ) + (27)32wp,63 (k — I
=0 (2.4.238)

or, calling (a(o)(E) — a(g)(E)) = G(k), equation (2.4.238) becomes
G(k), G (1)] =0, (2.4.239)

we have

G(k)G (k1) --- Gt (k)]0 >=0. (2.4.240)
The most general state |(i> > has definite numbers of scalar and longitudinal photons
and is given by
- d3k PR
|& >=[1+ (700@)(] (k)
d3k1 d3kn g g T g T g
+ -+ (7 (70(161,---,7%)(] (k1) -G (kn)+---]|0 > (2.4.241)

27)3 2wy, 2m)3 2wy,



where |0 > is the au(E)|0 >= 0 state. Note that these |® > states have a unit norm

since

<0|G(K1) -~ G(ka)IGT (1) - GT ()]0 >= 0. (2.4.242)

These are zero norm states except for |0 >, so < (i)|<i> >=< 0|0 >= 1. Hence, any
physical state |® >= |®. > |® > and |¥ >= |¥,, > |¥ > has an inner product

< QU >=< Oy, | Wy, > . (2.4.243)

So allowed admixtures of scalar and longitudinal states do not affect the norm of the
transverse state vectors. Since these are positive this is a positive norm or scalar
product.

Furthermore, when we calculate the physical state matrix elements of products of
vector potential operators these will only depend on the transverse parts of these fields.
In particular, consider the matrix elements of the energy- momentum operator

Br S n
P | Gz 2o 1 Baa )

27r)32wk e

Sk B
:/@gm(_k)zz kpzﬂk’f al, (K)age (k)
/ 2 32wk ZZ —k") gpﬁa( ) E)a(ﬁ)(E)

=0k=0

(2.4.244)

Bk (T
_/WZ’“ =00 (K)a(p) (k).

Thus, P* = P! + P* with
LR T A
p=1

R A3k % 7 I L
7;#2/73%[@}3)(@@(3)(@—azo)(k)am)(k)]
(2m)7 2wy, (2.4.245)

_/ Ck it (DGR + GHBare (B
_ (7(— als, (F)G (k) + G (k)ao) (k).

27r)32wk
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Now the physical state matrix elements of P* are

< UIPH® > =< U|PL|D > + < U|PH|D >

17 . (2.4.246)
=< U [Pl Ds >< WD > + < Uy [Py >< U|PH|D >

but

A

< Ul(aly (R)ag) (k) — aly, (K)o (F))|® >

A

/\

=< Ul(a (3)(1_5) (0)(E))a(3)(E)|

=0 (2.4.247)

A

by means of the subsidiary condition 8HA“+(33)|@> >= 0. Consequently, since <
\Il|( (3)( ) azo)(k)) =0,
< U|PH|d >=0. (2.4.248)

The scalar and longitudinal photon contribution to P* cancels for the physical states.
Since < U|d >=1,
< YPHI@ >=< Wy [PL [ Per > (2.4.249)

Thus the energy-momentum vector has the same matrix elements as we found in the
Coulomb gauge and they are positive for P° = H. That is the physical states, by the
subsidiary condition, contain the same number of longitudinal as scalar photons for
cach momentum k. The number operator for each momentum being azo)(lg)a(o)(lg) for

scalar photons and az3)(E)a(3)(E) for longitudinal photons. Between physical states

< Wlaf, (Fagy (k)| @ >=< Wlal, (F)ag) (k)@ > . (2.4.250)

In general we can show that for | > and |® > elements of Hppys

<Ay (1) Ay, (20)| @ >=< Uy [AL] (1) -+ AL (20) Dy > (2.4.251)
where
t A’k : s ik N ik
Al (z) = / m;eu(k,mam(k) +a(>\)(k)e ]. (2.4.252)
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Notice that
r 7 k 7 7 —ikx
Ay(x) = Alr( / % m (o) (R) + g () — myags (R)e

+ (nuafy) (F) + = (3)02) — npaly (k))e™ ]

d3k

o o (2.4.253)
= A7 @) + [ a0+ Gl e

dSk, k N —ikx 7 ikx
+/(7 [ ()(k) ok +a(3)(k)e+k ]

27r)32wk Wi

Hence for physical states we find

< UIAL(2)|® >=< Uy |[AlT ()| Dy >

k N\ —ikx N\ Aikx| &
But defining the function
Alz) =< \i/|/d?’7’“i[ (k)e= " — ol (E)et™)|d > (2.4.255)
= (27r)32wk Wi 4(3) (3) o
we note that 9>A = 0 and we have
< UJAL(2)|® >=< Uy, |Al (2)| Py > +0,A(x). (2.4.256)

Said differently we can always choose a gauge so that
< UIA (2)|® >=< Uy |[ALT ()| Dy > (2.4.257)

with A, = A, + 9,A and A an operator now. From this, and the fact that A’LT and G
commute, we can show that with such a gauge choice

<Ay, (@1) - Ay, (#0)|® >=< U |[AT (1) -+ Al (20)| Doy >, (2.4.258)

as stated above.

To summarize: The indefinite metric space, V, is constructed from its vacuum state
|0 >, a(A)(E)|0 >=0 for all k and A by the action of creation operators aIA)(E). This
space has negative norm states in it corresponding to odd numbers of scalar photons.
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As well it contains unphysical longitudinal photon states. The physical subspace of
states in V, Hppys, is obtained by considering states that obey the Gupta-Bleuler
subsidiary condition 9, A** (z)|® >= 0. The set of all such states forms a pre-Hilbert
space. By separating out the zero norm subspace of states {(GT(k1)--- GT(kn)|® >)},
that is by considering equivalence classes of states, we find the states in a positive norm
Hilbert space |® >= |®y,. > |(i> > where |®;. > is made from transverse photons only

and B
b >=11 k)G (k
b=+ [ i elbg (R +
d3ky A3k, - R Lo
- 2 ok ) o (2.4.2
+ [ g [ i F)G )G+ 0> . (24250)
Then we have
<A, (@1) - Ay, (#0)|® >=< U4 |[AT (1) -+ AL} (20)|Pir > (2.4.260)

and in particular < WU|PH|® >=< Wy,.|PL|Py > as in the Coulomb gauge. The sub-
sidiary condition guarantees that the scalar and longitudinal photons are unobservable.
The states |® > and |®;,. > are physically indistinguishable. Mathematically they cor-
respond to different choices of gauge A with 92A = 0. Thus, we see the price we must
pay for keeping Lorentz invariance manifest. The vector field A* creates states which
are unphysical as well as physical. The Gupta- Bleuler subsidiary condition defines
in a covariant manner the physical subspace of states. As we have seen it is more
convenient in intermediate steps to calculate in a Lorentz invariant manner. Hence, we
will only work in such gauges from now on, the physical quantities, i.e. the physical
state matrix elements of observables, will be independent of gauge as guaranteed by
the Gupta-Bleuler procedure.

We are now in a position to calculate the covariant commutators, Wightman func-
tions and time ordered products. In the Feynman gauge

(A% (), A" (y)] = [A"T (2), A7 (y)] + [A* 7 (2), A" (y)]. (2.4.261)

As usual we find AEF (), AP L gMiAT
[ +(x), _(y)] S _(x ~) (2.4.262)
(A" (2), A" (y)] = —g"™"iA™ (z —y)

so that
[A*(2), A" (y)] = —g"iA(z —y), (2.4.263)
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which is clearly covariant. Similarly we find the Wightman two point function

< 0]A*(z)A” (y)|0 > =< 0]A*T(z) A" (y)|0 >

2.4.264
= —g"iAT(z —y) ( )
and we have the general result
< 0|A¥(z)AH* (z1) - - - AP (25,)]0 >
=) " —igh At (z — ;) < O|AR (1) - (2s) - - AP ()]0 > (2.4.265)

i=1
Hence we have that
< 0|A*(zq) -+ - AP (2,,)|0 >
= 0n, cven Y < O[A#0 (i, ) AR (25,)[0 > - < O|A™# (i, ) A™ % (2,)]0 >,
P
(2.4.266)

2 ordered sets

2
(41,41), -+, (iz,jz) with the ordering such that ia < jo and 4 < iz < --+ < iz.

where the sum is over all permutations P of (1,---,n) into

Also we have defined
0 ifn=odd

1 if n = even.

671, even — {

Finally, we may evaluate the time ordered functions. Immediately we have that
< O|TA*(z)A" (y)|0 >= —g""Ap(z — ) (2.4.267)
and in general that
< 0|T AP (z1) - - - AP (2,)]0 >
= 0n, even Y < O|TA™1 (z5,) A¥91 (25,)[0 > -+ < O|TA*n/2 (x5, , ) A2 (25, )]0 >
P

(2.4.268)
where the sum is over the same permutations P of (1,---,n) as above. Quite generally
we can find the time ordered functions in other than the Feynman gauge, a = 1. Recall
that A* obeys the general Euler-Lagrange equation

(829”” + (1 ;a) 6“8”) A, (z) = 0. (2.4.269)
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So applying this to the time ordered functions, the time derivatives of 8(2° — 3°) and
0(y° — V) give the equal time commutation relations

l—«

@+ (220 ) ot TA 04

= 5(a? — A ), )]+ (1S ) 908 A, AN

1 —
= g1+ (o~ D )+ (22 ) a0t )

= igh ot (z — y). (2.4.270)
Thus we secure

(02 gH + (1?70‘) OLIY) < 0|T A, (2) A (y)|0 >=igh*6*(z — ). (2.4.271)

Now Fourier transforming with the definition

d*k
— €

) —kE=y AL AN (k), (2.4.272)

< 0|TA, (z)A*()|0 >= /

since < 0|T'A, (z)A*(y)|0 >=< 0|T A, (x — y)A*(0)|0 > by translation invariance. So
the differential equation implies

1— -
(—k2gm — ( O‘) KHEY)A p N (k) = igh. (2.4.273)
e
The four-by-four matrix on the left hand side can be easily inverted since we can write
it as projectors. We define the (Minkowski) transverse projector as

kHEY
-z

PR = g

and the (Minkowski) longitudinal projector as

kHEY
k2 -

P = (2.4.274)

These are projectors since
PEY 4 PV = ghv
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PR Pryy = PRy
P! Pr, = Pl
P Proy = 0. (2.4.275)

The propagator equation is then
(—k*PLRY — kQéPf”)AFV*(k) = igh. (2.4.276)
The beauty of projectors is that any matrix written as a sum over them
M" = aPp” + bP1” (2.4.277)

has an inverse, M~ M * = gh*, given by

1 1
M™M= SPRY 4 PL (2.4.278)

Hence, we see that the propagator in momentum space becomes

1% /Z: 1% /Z:a 1%
We see the difficulty of not adding the gauge fixing Stueckelberg term a — oco. We
cannot invert the field equations to find the propagator. Thus we have

~ i i kFEY

AR (k) = ——59"" (o — 1)?-

29"~ 3 (2.4.280)

Of course we must have the correct boundary conditions for the propagator, that is,
we must go around the poles at k = 4w, in the usual way. Consequently,

< O[T A*(2)A¥ (y)[0 >= AR (z — )

A ik i kh kv
:/(27r)4e e R Ve (2.4.281)

Notice at a = 1 we recover the familiar Feynman gauge results
< O0|TA* () A” ()]0 > |a=1 = —g"" A (x —y) = —¢g""Dp(z — y). (2.4.282)
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(The fact that the (a—1) term has 1/(k* + ie)2 is not a trivial matter to check.) Again
the general results are obtained for the n-point time ordered functions

< 0|TA*(z)A* (z1) - - - AP (z,)|0 >

= Xn: < 0|T A" (z) AP (2:)]0 >< O|T A (z1) - - X‘ (z) - AP (z0)|0 > . (2.4.283)

i=1
Hence, Wick’s theorem has the usual form

< O|TA* (1) - - AFn(zn)|0 >

= . cven 3 < O|T AP (23, ) A% (25,)|0 > -+ < O[T A" /2 (7, ) AP r2 (25, )10 >
P

(2.4.284)
where again the sum is over the permutations P of (1,---,n) defined above. The field
equations become the time ordered functions equations of motion

l—«
@+ (152) 0482) < OITADA (21)-- A7 (2,)[0 >
n
= S gttt (@ — a) < O|TAM (1) - ){* () AP (z)|0>.  (2.4.285)

i=1

We are now in a position to introduce interactions amongst our particles.
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