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We can introduce a time ordering operator T such that for arbitrary operators
Ai(t1) -+ An(tn) it orders the operators chronologically with later times to the
left, and earlier times to the right. Specifically we have first the trivial case

TA(t) = A(t). (01)
Then for products of two operators we have

Al(tl)Az(tz), if t; > to;
T Ay (t1) Ag(tz) = | (02)

A2(t2)A1(t1), if tog > t;.
These are the 2! ways to order (¢1,t2). With the help of the step function 6(¢; —t2)
1, if t; > tg;

0ty —t5) = { .
0, ifts > t,
we write these cases as

T Ay (t1)Ag(ts) = 8(t1 — ta) AL (t1) Ag(ta) + O(ts — t1) Aa(t2) Ar(ty).  (03)

We can more compactly write the time ordered product as a sum over these two
permutations of the times

T Ay (t1)Az(tz) = Z o(ti, — tiz)Ail(til)Aiz (tiz)' (04)
(1’2)£(i11i2)

Next for products of three operators we define

Ay (ty)Az(t2)As(ts), ifty >ty > ts;
Ay (tl)A3(t3)A2(t2), if t1 > t3 > ty;
T A (t2) Aa () As (t3) = Ag(tg) Ay (t1)As(ts), ?f to >t > t3; (05)
Ay (ta)As(ts)As(ty), if ta > t3 > ty;
Az(t3)Ap(t1)As(ts), iftz >t1 > ty;
As(ts)Az(te) A1(t1), ifts >ty > ¢,
These are the 3! ways to order (¢;,t2,t3), again we can use the step function to

write this as

TA, (tl)Az(tg)A3(t3)
= 0(t1 - tz)o(tz — t3)A1(t1)Az(t2)A3(t3)
+0(t1 - t3)0(t3 - tz)Al (tl)Ag(t;),)Az(tz) + .- (06)

We can more compactly write this by summing over the six permutations of the
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times

TA;(t1)Az(t2)As(t3)

= Y 0t~ t)0(t, — ti) Ay (8,) Ay (i) As, (). (07)
(1,2,3) © (41,12,3)

And in general we define the time ordering operator to yield

T A (t1). An(tn)

= Y. O(ti, —t:,)0(ts, — tig) - O0(ti,—1 — ti,) Ai,(8i,)ee A (22,), (08)
(1yeeesn) T (i1 yonsin)
where the sum is over all n! ways to order ty,.....,t,. That is )_p is the sum over

all permutations P of the n integers (1,---,n) into the order (¢1,:--,%,), each i;
being one of the n integers from 1 through n.

Hence, we can apply the time ordering operator to our product of Hamilto-
nians

THip(th) - Hip(ta) = Y 0(ti, — ti,) - 8(ti,—1 — ti,)Hyp(ts,) -+~ Hyp(ti,)
P

= Hip(ta,) -  Hip(ta,), forts >tg, >ta, > >tg,. (09)

Thus, we can use the T operator to extend our region of integration on each
integral in U, from tg < t; < t;_; to the whole time interval to < t; < t since T
automatically chronologically orders the Hamiltonian factors

t tn—l
Un(t) = (_i)n/dtl“‘ / dth}P(tl)"‘H}P(tn)
to to
t th—1
= (—i)”/dtl--- / dtnTH}P(tl)---H}P(tn)

tl) t(l

t t ¢
_‘ n
= -—( r:') /dt1/dt2 "’/dtn TH}P(tl)"'H}P(tn)' (010)

to to to

The # arises from the fact that by integrating from ¢y < ¢; < t we are just doing
the original integral n! times, just relabeling the dummy integration variables
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each time we have one of the n! permutations of the times from the definition of
T. To make this perfectly clear let’s do the U, case in detail

N
I
0
e
—.

t
dtl/dtzTH}P(tl)H}P(tg)
to ta

= (_2—1,)2 /dtl/dtzlﬂ(tl—tz)H}p(tl)H}p(tz)w(tz—tl)H}P(tZ)H;P(tI)]. (011)

Now in the second term let ¢t; = uy and ¢ = u; and interchange the order of
integration so that

S
1
T
—

t
dtl/dtgﬁ(tl —t3)Hyp(t1)Hip(t2)
t(l t()

ot t
(_21')2 /dul/du20(u1 —uz)H}P(ul)H}P(uz). (012)

t" t"

+

Relabel u; — t; and uy — ¢5 to obtain

Ny L t
Us(t) = (_2’!) /dtI/dtZG(tl — to)Hyp(t1)H) p(ts)

to to

t t
_. 2
+( 2") /dtlfdtgfi(tl — t2)Hyp(t1) Hyp(t2)

to to
t t
= (=? [ty [ dea0(es ~ ) Hpp () B (). (013)
to to
Since
1, ift; > tg;
0t —t) = { .
0, ifty > t1,
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we obtain

t t ,
Ualt) = (~i)" [ dis [ dtabip(t) Hip(t) (014)
to to
as desired. Similar arguments apply to Uy(t).

Hence, the time evolution operator in the interaction representation can be
written as

t i t

U(t,to) = 1+§: (=1)" /dtl/dtz-.-/dtnTH}P(tl)---H}P(tn). (015)

n!
n=1 to to to

Formally, we write the sum as an exponential

Ut to) = Te L 4 Hir(®) (016)

where again the exponential is understood to stand for the above series expansion
equation (15).

The utility of the interaction representation is realized when we consider
scattering experiments. Given any state |¢(to) >;p, we can now calculate to any
order in the interaction its time evolution

[¥(t) >ip= U(t,to)|¥(to) >ip - (017)

In scattering experiments the initial states are prepared in the remote past (as
to—> —o0). For instance, two beams of particles of specified momenta and spins
can be prepared spatially separate (opposite ends of the lab) so that initially they
are not interacting. We imagine, according to the formal theory of scattering, that
the interaction Hamiltonian H|p(t) is adiabatically, that is very slowly compared
to the characteristic interaction times to avoid any energy absorption or emission
during the process, switched off in the remote past. A complete set of initial
states are then the eigenstates of the free Hamiltonian Hy since [ >1p is time
independent if H}P = 0 and the interaction picture states coincide with the
Heisenberg picture states for a system described by Hy, . As time proceeds the
interaction is slowly turned on and eventually the particles collide. As time runs
foward the collision products start to separate and after a sufficiently long time
the interaction adiabatically turns off so that in the remote future (¢ — +o0)
the final states are again eigenstates of the free Hamiltonian Hy . This slow
switching on and off of the interaction without disturbing the results of the

1247



particle collisions is called the adiabatic hypothesis. Initially the particles are
well separated and noninteracting (eigenstates of Hp). They approach each other
and interact, producing new particles , scattering(and annihilating) The reaction
products then separate again into noninteracting final states (also eigenstates
of Hp). We shall denote these special non-interacting initial and final states in
the interaction representation, which are described by the eigenstates of Hy, by
rounded brackets with no subscripts, |1 D and |f D, respectively. The transition
probabilty amplitude for the system to go from the initial state |¢ D at time
t = —oo to the final state |f D at time t = 400 is given by the scalar product

Sfi =C f|U(+o0, —oo)[i D. (018)

That is, U(t, —o00) takes the initial state |[¢ D= |i(—o00) >;p from time t = —o0
to the time t

(t) 5= U(t, —o0) i(~00) >ip - (019)

Hence the probability amplitude for the initial state |[¢ D to evolve from t = —o0

into the final state |/ D at t = 400 is just
Spi = t_lé_rgioo C fli(t) >=C fli(+o00) D
=C flU(+00,—00)]z D . (020)
Sy, is called the scattering matrix element or simply the S-matrix element.
S = U(+00,—0) (021)

is known as the scattering or S-operator. From the perturbation expansion for
the time evolution operator U(t,to,) we have that

S = Te " _Jr: dtHp(t)
oo ( .)n +oco +00
— [—1
- 1+L—’ / dty--- / dtnTHip(t1) -+ Hip(tn). (022)
n=1 " —00 —00
Hence the S-matrix element is given by
. f too '
Sfi =C flTe_t\{"“’ dtHlp(t)li D. (023)

Recall that the operators in the interaction picture have time dependence
determined by the free Hamiltonian Hy . Hence, we can calculate the transition

1248



probability amplitude for the process ¢ — f by using states and operators de-
termined in terms of the free dynamical variables appearing in Hy . The price
we pay for using noninteracting or free quantities is the insertion of the term

Te—iS dtHir in the transition amplitude. Further, |.S'f,|2 is a measurable quan-
tity for any reaction. However, it depends upon the details of the initial state
preparation, for example it depends on the flux of incoming particles, and on the
target particle density. A more intrinsic quantity derived from |S filz is the cross
section for a process oy; o |Sp]?.
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