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Compressional waves guided between parallel fractures

Changjiu Xiana, D.D. Nolteb, L.J. Pyrak-Noltea,b,*
aDepartment of Earth and Atmospheric Sciences, Purdue University, West Lafayette, IN, USA

bDepartment of Physics, Purdue University, West Lafayette, IN, USA

Accepted 17 July 2001

Abstract

We have performed experiments on the laboratory scale to image seismic wavefronts of compressional waves that are guided
between parallel fractures. The wavefronts are detected using water-coupled 1MHz piezoelectric transducers. The stiffness of the

fractures is controlled by applying radial stress in a hydraulic stress apparatus that leaves the observation face of the fractured
sample open to measurement. The two fractures form a waveguide in isotropic homogeneous aluminum and act as parallel
displacement-discontinuity boundary conditions separated by a distance dE2l: The compressional wave is a leaky guided mode that

sheds energy into the medium beyond the fractures. However, the fractures provide sufficiently strong energy confinement inside the
central waveguide for a sample length L of approximately LE15l to observe the guided wave. Fractures with low fracture specific
stifffness produce strong energy confinement in the guided compressional-mode wave. r 2001 Published by Elsevier Science Ltd.

1. Introduction

Successful sequestration of nuclear waste, contami-
nants or other fluids in active or depleted oil or gas
reservoirs, or man-made underground structures, re-
quires an accurate map of the hydraulic and mechanical
integrity of a site. Rock engineering in fractured rock
masses requires that geophysical site characterization
extract information on the location, number, and
properties of fractures. Fractures are the principle
source of hydraulic and mechanical anisotropy and
heterogeneity in a rock mass. These discontinuities are
planes of mechanical instability and often have effective
permeabilities that far exceed the permeability of the
rock matrix. Despite the importance of fractures, wave
propagation through fractured rock has traditionally
been modeled using effective medium theories [1–3] that
use a static approximation to develop analytic expres-
sions for the elastic moduli of a population of
microcracks or multiple fracture sets [4–6]. This
approach assumes that a fracture reduces the modulus
of the rock and thus reduces the seismic velocity. The
effect of the fracture is distributed throughout the bulk

and the discreteness of the fracture is lost. Hence a
reduction in velocity is observed, but the cause of the
reduction cannot be located. In addition, for a purely
elastic system, effective moduli theories predict fre-
quency-independent seismic velocities. Advances in
locating and characterizing fractures using seismic
methods can be achieved through a better understand-
ing of discrete effects of fractures that produce seismic
anisotropy and a frequency-dependent seismic response
of a fracture or sets of fractures.

The frequency-dependent seismic response of frac-
tured rock can be attributed to two distinctly different
mechanisms. First, fractures have an intrinsic frequency
dependence caused by a discontinuity in strain when a
seismic wave propagates along or across a fracture. This
intrinsic frequency-dependent seismic response is easily
simulated using the displacement discontinuity theory or
non-welded contact theory [7–10]. The displacement
discontinuity theory retains the discreteness of the
fracture and although it is a purely elastic case, it results
in frequency-dependent seismic velocities, as well as
frequency-dependent transmission and reflection coeffi-
cients.

The second source of frequency-dependent seismic
anisotropy in a fractured rock arises from sets of
multiple fractures. The spacing between multiple parallel
fractures introduces a characteristic length scale for the
rock mass. A seismic wave will be increasingly scattered
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as the wavelength of the seismic signal approaches the
characteristic length scale of the medium, in this case the
fracture spacing. This characteristic length scale results
in a frequency-dependent seismic response that man-
ifests itself as scattering, resonance [11], and waveguid-
ing [12]. For plane waves, this characteristic length scale
results in a frequency-dependent seismic response that
produces stop-band behavior when wave modes cease to
propagate perpendicular to periodic sets of fractures for
a band of frequencies that are related to the stiffness of
the fracture and fracture spacing [11].

Our primary experimental goal in this paper is to
image seismic waves propagating parallel to multiple
fractures using a spatially localized source, i.e., a source
that is localized within a single layer defined by two
parallel fractures. We image the spatial and temporal
distribution of energy in a sample containing multiple
parallel fractures with a fracture spacing comparable to
a wavelength. The resulting wavefronts show energy
confinement between fractures that is a function of
fracture specific stiffness.

2. Experimental set-up

To measure the seismic properties of the fracture
waveguide, we use an acoustic wavefront imaging
method [13–16]. This technique is capable of acquiring
the full arriving waveform in two spatial dimensions and
one temporal dimension. From this three-dimensional
dataset, we reconstruct the complete longitudinal
components of acoustic wavefronts that have propa-
gated through a sample, and thereby obtain a direct
visualization of discontinuous features in the arriving
wavefronts produced by the presence of discrete
fractures.

Two samples were used to study wave propagation
parallel to sets of multiple parallel fractures. The
samples were made from aluminum which is an
isotropic, homogeneous material that has low attenua-
tion. Any distortion to the propagating wavefront is
caused by the fractures and not by the bulk material.
The compressional wave velocity of aluminum is
6500m/s and the shear wave velocity is 3300m/s. Two
cylindrical samples were used in this study, one an intact
sample, FI, that contained no fractures, and sample F12
which contained seven ideal fractures with a fracture
spacing of 12mm. The fracture surfaces were polished.
Both samples were 92mm in diameter. Sample FI was
106mm in length and sample F12 was 102mm in length.
In addition to sample F12, Xian [34] also performed the
same experiments on samples containing fractures
spaced 3, 6, and 25mm apart.

Two sets of transducers were used in this study: (1)
spherically focused transducers (1MHz) were used for
imaging the propagating wavefront; and (2) plane-wave

transducers (1MHz) were used to study the dispersion
properties of compressional-mode guided waves be-
tween two parallel fractures. Wavelet analysis of a signal
propagated through sample FI using the spherically
focused transducers and the plane-wave transducers
showed that the dominant frequency (i.e., the frequency
at which most of the energy is propagating) is 0.5 and
1.0MHz, respectively. Thus, for experiments using the
spherically focused transducers, for sample F12, the
ratio of signal wavelength to fracture spacing was l=d ¼
1:08: For experiments using the plane-wave transducers,
for sample F12, the ratio of signal wavelength to
fracture spacing was l=d ¼ 0:542:

Prior to assembling a sample, the surfaces of the
fractures and the ends of the samples are cleaned with a
petroleum distillate to remove possible adhesives fol-
lowed by acetone and methanol. The fracture samples
are composed of a set of plates wrapped by cellophane
tape around the circumference of the sample. For
measurements made in the dry condition, a single layer
of cellophane tape is placed on the ends of the sample to
maintain dryness. Xian [34] also performed the same
measurements for the saturated condition which are not
presented in this paper.

The assembled sample is placed in a rubber-lined
confining cell. The rubber prevents the oil, which is used
to apply stress around the circumference of the sample,
from penetrating the sample. In the confining cell
(Fig. 1), the sample is oriented such that the fractures
are vertical. Measurements were made on each sample
for 0, 1.4, 4 and 7MPa confining pressures. An
electronic pressure transducer (Transmetric P27EG)
was used to monitor the confining pressure throughout
the duration of the experiment.

The acoustic wavefront imaging system (Fig. 2) is
equipped with spherically focused water-coupled source
and receiver transducers with central frequencies of
0.5MHz which roughly corresponds to a signal wave-
length of 13mm in aluminum. In wavefront imaging, the
source is maintained at a fixed location while the
receiver is moved to record the data over a two-
dimensional region to obtain the spatial distribution of
energy with time (approximately 3600 waveforms per
sample). Water-coupled transducers are used to provide
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Fig. 1. Sketch of sample positioned in confining cell (maximum

confining pressure=10.3MPa).
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uniform coupling between the transducers and the
sample for all locations on the sample. Spherically
focused transducers generate a finite spot size which
produces a pseudo-spherical wavefront for the source
and which for the receiver results in a finite-size probe.
The spot size (beam diameter) for the transducers used
for this investigation is 2mm (in water).

To perform a measurement, the confining cell is
placed between the source and receiving transducers.
The source and receiver are focused on the surface of the
end of a sample (a focal distance of approximately
31.75mm measured from the front edge of the
transducer). Alignment of the source and receiving
transducers relative to each other and the sample is
important to ensure that the acoustic response observed
for different samples is produced by variations in the
sample and not variations in the set-up. Before
placement of the confining cell into the wavefront
imaging tank (Fig. 2), the faces of the source and
receiving transducers are aligned parallel to each other.
Alignment of the sample relative to the transducers is
performed using the arrival time of the reflected wave
from the end of the sample to ensure that the source and
receiving transducers are parallel to the ends of the
sample. A rotary stage and a tilt stage (Fig. 2) are used
to align the sample relative to the transducers. The
reflected wave arrival time is maintained to within
+0.025 ms over the 60mm� 60mm sampling region.
Alignment of the sample is rechecked when pressure is
applied to the sample.

For wavefront imaging, the source is held fixed and
the receiver is moved in 1mm increments over a

60mm� 60mm area. The translation of the receiving
transducer is performed using computer-controlled
linear actuators (Newport 850-B4 with Newport Motion
Master 2000). The input pulse to the transducers (for
both the intact and fractured samples) consists of a
150V square pulse (IRCOFM1k-20 pulse generator)
with a 0.3 ms duration and a repetition rate of 100Hz.
The received waveforms are amplified by 34 dB (Pana-
metrics PR500). At each receiving location, 2000 points
of the waveform are recorded, which represents a
20microsecond window containing the compressional-
wave and other arrivals. The received waveforms were
digitized (Lecroy 9314L) and stored on a computer for
analysis. The system delay for this experiment includes
the time the wave travels through the water and any
delays caused by the electronics of the system. The
system delay is 46.89 ms when using the spherically
focused transducers.

Fig. 3 shows the source location for each sample. The
source position was chosen to enable location of
the source between fractures, i.e., within a layer. Five
fractures were in the sample region for sample F12.
For the intact sample, FI, measurements were made
with the source shifted 5mm from the center
to be equivalent to the source location for the F12
sample.

The spherically focused transducers are appropriate
for wavefront imaging. However, the theory for wave-
guiding (see Section 4.2) is based on plane-
wave propagation. Therefore, measurements of energy
confinement by parallel fractures was also investigated
using immersion plane-wave compressional-mode
transducers. As described earlier in this section,
the plane-wave transducers result in a dominant
frequency of 1MHz resulting in a wavelength of
l ¼ 6:5mm. For sample F12, the fracture spacing is
d ¼ 12mm which results in dB2l: The source and
receiver plane wave transducers were placed 20mm from
the surface of the sample.
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Fig. 2. Sketch of the acoustic wavefront imaging system. The

confining cell (Fig. 1) is placed in the water tank. Water is the

couplant between the source and receiving transducers. Axis 1 and 2

consist of computer controlled translation stages used to collect data in

a two dimensional region (Fig. 3). Axis 3 and the tilt stage are used for

alignment of the sample.
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Sample FI 

Sample F12 
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Fig. 3. Diagram of source location and receiver sampling region for

sample FI and F12. For sample F12, only five fractures are probed in

the sampling region.
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3. Results

3.1. Individual waveforms

Thirty-six hundred received waveforms were collected
for each sample to study the effect of multiple parallel
fractures on a propagating acoustic wavefront. Figs. 4
and 5 show the received waveforms (collected using the
spherically focused transducers) for samples FI and F12,
respectively, for the case when the source and receiver
are each positioned at the center of the layer. In Fig. 4,
received waveforms for the solid sample, FI, are shown
for 0 and 7MPa confining pressures. Applying a
confining pressure to the sample FI had no effect on
the amplitude or arrival time of the waves. For sample
F12 (Fig. 5), the energy confined to the layer decreased
as the confining pressure was increased from 0 to 7MPa,
with a noticeably greater decrease in the energy of the
later arriving energy (for times >66 ms).

3.2. Wavefront as a function of time

Our wavefront imaging apparatus for data collection
enables us to visualize the arriving wavefront as a
function of time. Fig. 6 shows the arriving acoustic
wavefront as a function of position and time for
sample FI. The color in the images corresponds to the
amplitude (in volts) of the signal. For example,
the signal for sample FI subjected to 7MPa (Fig. 4)
corresponds to the signal in Fig. 6b at a position of
24mm. The first positive peak of the waveform in Fig. 4

is represented by red in Fig. 6b and the following
negative peak (or first trough) is represented by blue.
The wavefronts that have been reflected from the
circumference of the sample appear at a position of
43mm.

Fig. 6. The seismic wavefront as a function of position and time from

the intact sample FI subjected to (a) 0MPa and (b) 7MPa. The color

scale on the right-hand side represents the amplitude of the signal in

volts. The received waveforms shown in Fig. 4 were taken at a position

of 24mm.
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Fig. 4. The received waveforms from the intact sample FI subjected to

0 and 7MPa when the source and receiver are positioned across from

each other.
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Fig. 5. The received waveforms from sample F12 subjected to 0, 1.4,

4.2 and 7MPa when the source and receiver are positioned across from

each other in a layer (Fig. 3).
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Fig. 7 contains the acoustic wavefront as a function of
time and position for sample F12. The position axis was
taken perpendicular to the fractures to examine the
effect of the fractures on the propagating acoustic

wavefront. For sample F12, pressure on the fractures
strongly affects the propagating acoustic wavefront. For
the condition at low pressure (Fig. 7a), strong energy
confinement of the propagating wavefront is observed
inside the central waveguide, with little energy outside
the first set of fractures. In addition, the first arrival is
delayed and strongly attenuated by the fractures, while
the late-arriving energy is strong.

As the pressure on the sample increases (Fig. 7d), the
acoustic wavefront is observed to propagate across all
five fractures in the data sampling region, which
indicates that the specific stiffness of the fractures has
increased under applied pressure. The arrival time of the
compressional mode (the first arrival) wavefront is
approximately equal to the arrival time of the compres-
sional wave in the intact sample, although the wave-
fronts outside the central waveguide are delayed and
attenuated by each fracture that the wavefront crosses.
The image of the acoustic wavefront in Fig. 7b also
indicates that the fracture specific stiffnesses for each
fracture in sample F12 are not the same. The amplitude
of the first arrival in the wavefront is more strongly
attenuated by the fractures located at positions greater
than 30mm.

3.3. Wavefront images

Acoustic wavefront imaging was performed on the
intact and fractured samples to observe the anisotropy
produced by the multiple parallel fractures. The data
from the wavefront imaging experiments represents the
intersection of the spherical wavefront with the plane
defining the receiving surface of the sample as a function
of time. In this section, we examine the spatial
distribution of acoustic energy that was measured for
each sample.

Fig. 8 contains the wavefronts for sample FI, the
intact sample, for an arrival time of 63.2 ms subjected to
0 and 7MPa. The images represent a 60mm� 60mm
region on the receiver side of the sample and the color
represents the amplitude (red–high; blue–low). The

Fig. 7. The seismic wavefront as a function of position and time from

sample F12 subjected to (a) 0MPa, (b) 1.4MPa, (c) 4.2MPa, and

(d) 7MPa. The color scale on the right-hand side represents the ampli-

tude of the signal in volts. The received waveforms shown in Fig. 5

were taken at a position of 24mm. The five fractures probed in the

sampling region are located at positions of 6, 18, 30, 42 and 54mm.

Fig. 8. The seismic wavefront as a function of space for an arrival time of 63.2ms for the intact sample FI subjected to (a) 0MPa and (b) 7MPa. The

color scale represents the amplitude of the signal in volts.
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isotropy of sample FI is evident in the images (Fig. 8) by
the circular shape of the wavefront, i.e., the wavefront
spreads out with the same velocity and amplitude in all
directions.

For sample F12, the spatial distribution of energy
in the acoustic wavefront for an arrival time of 63.2 ms
varied depending on the pressure. In Fig. 9, the fractures
are oriented parallel to the vertical axis and are located
at horizontal positions of approximately 6, 18, 30, 42
and 54mm. At 0MPa, the acoustic wavefront (Fig. 9a)
is strongly confined by the two fractures that bracket
the layer which contains the source (between horizontal
position of 18 and 30mm). The acoustic wavefront
is delayed by the fractures and spreads out faster
within the layer. The variation in fracture specific
stiffness among the fractures is also evident from
the wavefront. In Fig. 9a, the wavefront exhibits
less attenuation and is delayed less when propagating
across the fracture located at a horizontal position
of 30mm, than the portion of the wavefront that
propagates across the fracture at 18mm. When
the pressure on sample F12 was increased to 1.4MPa
(Fig. 9b), the increased fracture specific stiffnesses result
in higher transmission of energy across the fractures,
smaller delay of the wavefront, and weaker energy
confinement in the central layer between fractures. The
trend continues with stresses at 4.2 and 7.0MPa in

Figs. 9c and d respectively. The non-uniform stiffness
among the fractures in sample F12 is still evident at high
pressure by the lack of symmetry in the wavefront.

3.4. Results from plane-wave transducers

3.4.1. Individual waveforms
Fig. 10 shows the transmitted waveforms for intact

sample FI and sample F12 when the source and receiver
were plane wave transducers that were co-axially
aligned. Because applying a confining pressure to sample
FI had no effect on the amplitude or arrival time of the
waves, the waveforms of sample FI at 0 and 7MPa
are the same (shown at the top of the graph in Fig. 10).
The waveform from the intact sample using the plane-
wave transducer has a cleaner pulse compared to
the waveform of the intact sample using the focused
transducers (Fig. 4), i.e., most of the energy in the source
is limited in a very narrow time window. The first arrival
time for sample FI is B0.60 ms later than that of sample
F12, which is caused by the difference in sample lengths
(sample FI is 4mm longer than sample F12, giving
the time delay due to the length difference as
DL=Vp=(0.004m)/(6500m/s)=0.615 ms). For sample
F12, the first arriving energy (B44 ms) exhibits
a change in shape for increasing pressures while the
second arriving energy group (B47 ms) exhibits a

Fig. 9. The seismic wavefront as a function of space for an arrival time of 63.2 ms for sample F12 subjected to (a) 0MPa, (b) 1.4MPa, (c) 4.2MPa,

and (d) 7MPa. The color scale represents the amplitude of the signal in volts. The five fractures probed in the sampling region are located at

horizontal positions of 6, 18, 30, 42 and 54mm.
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decrease in amplitude with increasing pressures. The
difference in arrival times between the waves obtained
with the focused transducers and the waves obtained
with the plane wave transducers is caused by the
difference in the water path length between the
transducers and the sample for the different set of
transducers.

4. Analysis of plane-wave data

In our analysis of the data collected with the
plane-wave transducers, we concentrate only on the
compressional wave in the central layer that arrives
around 44 ms (Fig. 10). We do not consider the modes
that arrive at 47 ms and later because these are super-
positions of reflected waves and confined plate waves.
Because of the difficulty in decomposing the super-
position, we will not discuss these later-arriving waves in
this paper.

We identify the first arriving mode as the compres-
sional (P) wave mode that is guided between the
fractures. To support our identifications of the first
wave arrival, we model the fractures with displacement

discontinuity boundary conditions, and consider the
self-consistency equations for P-waveguide modes.

4.1. Displacement discontinuity theory

The behavior of the fractures is represented by a non-
welded contact with displacement discontinuity bound-
ary conditions. Several investigators [7–11,17–23] have
modeled a fracture as a non-welded contact which is
assumed to have negligible thickness compared to the
seismic wavelength. The non-welded contact is repre-
sented by a set of boundary conditions between two
elastic halfspaces. The boundary conditions that de-
scribe the non-welded contact are: (1) The normal and
shear stresses across the non-welded contact are
assumed to be continuous (s1 ¼ s2); and (2) the
displacements are discontinuous by an amount inversely
proportional to the specific stiffness of the fracture
(u2 � u1 ¼ s=k), where s is stress, u is particle displace-
ment, and k is the specific stiffness of the fracture (Pa/
m), and subscripts 1 and 2 refer to the elastic media on
either side of the fracture. A fracture has both normal
and shear components of specific stiffness. These
boundary conditions for a non-welded contact have
been referred to by several different names, such as slip
interface model [7], the displacement discontinuity
model [9], or the imperfect interface model [24]. This
model reverts to the boundary conditions for a welded
interface when k-N; and a free-surface when k-0:
The mechanical stiffness of a fracture depends on the
spatial distribution and the amount of contact area
within a fracture, and on the aperture distribution of the
void space in a fracture [25–30].

The displacement discontinuity boundary conditions
have been used to derive plane wave transmission and
reflection coefficients [7–10,19], group time delays [31],
interface waves [21,23], guided love waves [32], and P-Sv
guided-waves [11,12]. For a single fracture, the displace-
ment discontinuity theory predicts transmission and
reflection coefficients, as well as a group time delay, that
are found to be frequency dependent and to depend on
the stiffness of the fracture, considered as a purely elastic
model. In our analysis of wave-guiding of compressional
waves between two fractures, we use the displace-
ment discontinuity theory to calculate the phase shift
upon reflection from a fracture to calculate the self-
consistency condition for the existence of guided modes.

4.2. Waveguide self-consistency condition

Because a fracture behaves as a non-welded contact,
wave-guiding between two parallel fractures results in a
leaky wave-guide, i.e., for every reflection some portion
of the energy will be transmitted across the fracture. The
amount of energy loss from the wave-guide into the
surrounding medium is a function of the frequency of

Fig. 10. The received waveforms from the intact sample FI subjected

to 0 and 7MPa, and from the fractured sample F12 subjected to 0, 1.4,

4.2 and 7MPa when plane-wave source and receiver transducers are

positioned across from each other.
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the signal and the specific stiffness of the fracture.
Nonetheless, sufficient energy is reflected to allow
waveguiding of a nonstationary guided mode that
decays only weakly along the direction of propagation.
We base our analysis of guiding of compressional waves
between two fractures on a simple approach that
includes the displacement discontinuity representation
of fractures to calculate the phase shift for reflected
compressional (P) waves.

We assume a monochromatic plane wave of wave-
length, l; wave number, k; and phase velocity, v: The
wave is polarized in the direction of propagation
(Fig. 11) and its wave vector lies in the y–z plane at an
angle y relative to the z-axis. The wave reflects from the
upper fracture, travels at an angle of �y; and then
reflects from the lower fracture and travels at an angle y;
and so on until it reaches the receiving face of the
sample. A self-consistency condition is imposed that
requires that after the wave reflects twice it exactly
reproduces itself. Waves which satisfy this condition are
called wave-guide modes which maintain the same
transverse distribution and polarization at all distances
along the wave-guide axis. This condition is mathema-
tically expressed as

2pAC=l� 2pAB=lþ 2frp ¼ 2pm

where m ¼ 0; 1; 2;y: ð1Þ

Because AC2AB ¼ 2d sin y;

4pd sin y=lþ 2frp ¼ 2pm where m ¼ 0; 1; 2;y:

ð2Þ

The self-consistency condition is therefore only satisfied
for discrete angles of ymðlÞ with mode number, m: The
phase shift frp is calculated from the compressional
wave reflection coefficient, Rp; from the displacement
discontinuity theory by

frp ¼ tan�1ðimagðRpÞ=realðRpÞÞ: ð3Þ

A zero-solving program was used to find the angles
between 01 and 901 for a given mode number, m; which
satisfied Eq. (2). For the analysis, a range of fracture
specific stiffnesses and signal frequencies where used.

4.3. Waveguide modes and dispersion

The number of guided modes that satisfy the self-
consistency Eq. (2) for sample F12 are shown in Fig. 12
as a function of frequency for selected stiffnesses
between 1.0� 1011 and 1.0� 1015 Pa/m. Below a fre-
quency of about 0.2MHz, no guided modes exist for this
range of stiffness, fracture spacing and sample length
[34]. The first P-guided mode is supported for a
frequency between 0.3 and 0.7MHz, depending on the
fracture stiffness. At the central frequency of 1.0MHz of
our experiment, only the three lowest-order guided P-
wave modes satisfy the self-consistency criterion. The
compressional-wave wavelength at 1.0MHz is approxi-
mately 6.5mm, compared with the width of the layer
between the fractures of 12mm. We therefore have the
condition dE2l for the P-mode waveguide in our
experiment. For low frequencies and high stiffnesses, the
P-wave experiences a p=2 phase shift shown in Fig. 13,
compared to the phase shift of p for a seismic wave
reflecting from a welded interface between media with
unequal impedances. The shift in phase caused by
modeling the fracture as a displacement discontinuity
depends on the frequency of the signal and the fracture
specific stiffness.

One of the most important features of guided waves is
group velocity dispersion. This arises from two sources:
one that is geometrical and the other that is dynamical.
When solving the self-consistency equation, the para-
meter that determines self-consistency for a specific
frequency is the bounce angle, ym; of the wave. Waves at
higher frequency have shorter wavelength and must be

X 
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A 

B 

C 

θ

θ

Fig. 11. Geometry used for waveguide analysis.

Fig. 12. The number of compressional-wave guided modes as a

function of frequency for fracture specific stiffnesses ranging from

1.0� 1011 to 1.0� 1015 Pa/m.
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incident on the fracture planes at shallower angles to
satisfy self-consistency, which is shown in Fig. 14 for
selected fracture stiffnesses for the m ¼ 0 guided
compressional-wave mode. Using a ray-approximation,
the contribution of the bounce angle to the delay of the
pulse arrival is

tgeom ¼ L=ðVp cos ymÞ ð4Þ

At shallow angles obtained at high frequencies, the
guided P-wave mode approaches the arrival time of the
bulk P-wave.

The second contribution to the guided mode group
delay is the group delay that is experienced upon
reflection at the fracture. The group delay per reflection
is determined through the expression

tg ¼ dfrp=do ð5Þ

where frp is the phase experienced upon reflection of the
P-wave. The dynamical group delay experienced by the
guided wave is

tdynam ¼ tgN ð6Þ

where N is the number of bounces. The total group
delay is

Tdelay ¼ tgeom þ tdynam ð7Þ

The contributions to the total group delay from the
dynamical contribution compared with the total group
delay are shown in Figs. 15(a) and (b). The dynamical

Fig. 13. Phase shift of the compressional wave upon reflection as a

function of frequency for fracture specific stiffnesses ranging from

1.0� 1011 to 1.0� 1015 Pa/m.

Fig. 14. ym for m ¼ 0 as a function of frequency for fracture specific

stiffnesses ranging from 1.0� 1011 to 1.0� 1015 Pa/m.

Fig. 15. (a) The accumulated dynamic group time delay from all of the

reflections of a compressional wave as a function of frequency for

fracture specific stiffnesses ranging from 1.0� 1011 to 1.0� 1015 Pa/m.

The arrow labeled A indicates the curve generated by using fracture

specific stiffnesses that ranged from 1� 1011 to 1� 1013 Pa/m. The

arrow labeled B indicates the curve generated by using fracture specific

stiffnesses that ranged from 5� 1013 to 1� 1015 Pa/m. (b) The total

group time delay as a function of frequency for fracture specific

stiffnesses ranging from 1.0� 1011 to 1.0� 1015 Pa/m.
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contribution at 1.0MHz (for a fracture specific stiffness
of 1.0� 1014 Pa/m) is B0.24 ms compared to the
geometric contribution of B0.33 ms. Thus the compres-
sional guided-mode is delayed relative to the direct
compressional mode by B0.57 ms.

The final theoretical aspect of a leaky guided mode
that we need to consider before analyzing the experi-
mental data in the context of the theoretical results is the
amplitude of the evanescent guided wave. The P-guided-
wave sheds energy into two modes as it propagates:
converted S-waves that propagate inside the guide layer,
and transmitted modes that propagate in the outer
layers. An estimate of the energy remaining in the
guided P-wave can be made based on the bounce angle
ym and the P–P reflection coefficient that depends on ym:
The fraction of remaining P-mode energy is given by

F ¼ R2
p

�
�
�

�
�
�

N

; ð8Þ

Fig. 17. The wavelet transforms of the received waveforms shown in Fig. 10 for sample FI and sample F12. Wavelet transformation for (a) FI under

0MPa, (b) FI under 7MPa, (c) F12 under 0MPa, (d) F12 under 1.4MPa, (e) F12 under 4.2MPa, and (f) F12 under 7MPa. Color represents the

strength of the transform with red representing high values and purple representing low values. The amplitude for each wavelet transform is given by

the color bar to the right of the wavelet transformation.

Fig. 16. The energy remaining (Eq. (8)) in the guided compressional-

wave mode as a function of fracture specific stiffness for a frequency of

1.0MHz for m ¼ 0:
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where N is the number of bounces. The fraction of
remaining compressional guided-mode energy is
graphed in Fig. 16 as a function of stiffness for a
frequency of 1.0MHz. The remaining energy is not a
monotonic function in stiffness because the mode angle
depends on the frequency and on fracture specific
stiffness.

4.4. Wavelet frequency analysis

To analyze the frequency dispersion in the experi-
mental data, a wavelet analysis was used to determine
the time-frequency relationship. For this analysis, a
Hilbert wavelet method [33] was used that provides
equal accuracy in time and frequency. The wavelet
group transforms are shown in Fig. 17 for the intact
sample, FI, and for sample F12 at 0, 1.4, 4.2 and 7MPa.

The transducers used in this experiment have a
positive chirp (Fig. 17) in which higher frequencies
arrive later, as observed in the data for the intact
sample. The chirp is unaffected by pressure for the intact
sample. The compressional-guided mode can be seen in
the F12 wavelet transforms (B45 ms). The time disper-
sion is now negative, with higher frequencies arriving
earlier (Fig. 17). A negative time dispersion is consistent
with the behavior of a guided mode (Fig. 15b). The
waveguide dispersion of the P-mode has therefore more
than compensated the original positive chirp of the
transducers.

A quantitative study of the group delay is performed
by tracing the gradient of the group wavelet transforms
of Fig. 17. The results as a function of frequency are
shown in Fig. 18 for F12 after subtraction of the system
chirp. The time-dispersion for the guided compres-
sional-mode obtained from the wavelet transforms in
Fig. 17 as a function of frequency for sample F12 for (a)
0MPa, (b) 1.4MPa, (c) 4.2MPa, and (d) 7MPa are
shown in Fig. 18. The total time delay, as calculated
from the theory, is given by the dashed and solid line
curves. The lower left dashed curve represents the
predicted total time delay as a function of frequency
for a fracture specific stiffness of 1� 1014.5 Pa/m. The
upper right dashed curve represents the predicted total
time delay as a function of frequency for a fracture
specific stiffness of 1� 1014.15 Pa/m. The solid curve
represents the best-fit predicted total time delay as a
function of frequency for a fracture specific stiffness of
1� 1014.3 Pa/m. The time dispersion of the guided
compressional-wave is negative which is consistent with
the theory for compressional-mode wave guiding.

5. Conclusions

Images of the propagating wavefront in a medium
containing multiple parallel fractures clearly shows that

seismic energy is confined between fractures in an
otherwise homogeneous and isotropic medium. The
only anisotropy in the samples was produced by the
presence of parallel fractures. The amount of energy
confined between parallel fractures was observed to be a
function of pressure. As pressure was increased on the
sample, the fracture specific stiffness increased and more
energy leaked out of the waveguide formed by the
parallel fractures. Application of a wave-guiding theory
for a waveguide formed by two parallel fractures,
showed that a guided compressional wave can exist
and the existence of this ‘‘leaky’’ guided mode is a
function of fracture specific stiffness, fracture spacing
and signal frequency. The ‘‘leaky’’ compressional-mode
guided wave exhibits a negative time dispersion, i.e.,
high frequencies arrive first.

The results presented in this laboratory study using
MHz frequencies can be translated to field-scale
frequencies of kHz because two frequency scales are
present simultaneously in the parallel-fracture sample.
First, the fracture response to seismic waves has an
intrinsic frequency set by the ratio of the fracture
stiffness divided by the seismic impedance of the

Fig. 18. The time-dispersion for the guided compressional-mode

obtained from the wavelet transforms in Fig. 17 as a function of

frequency for sample F12 for (a) 0MPa, (b) 1.4MPa, (c) 4.2MPa, and

(d) 7MPa. Total time delay, as calculated from the theory, is given by

the dashed and solid line curves. The lower left dashed curve represents

the predicted total time delay as a function of frequency for a fracture

specific stiffness of 1� 1014.5 Pa/m. The upper right dashed curve

represents the predicted total time delay as a function of frequency for

a fracture specific stiffness of 1� 1014.15 Pa/m. The solid curve

represents the best-fit predicted total time delay as a function of

frequency for a fracture specific stiffness of 1� 1014.3 Pa/m.
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medium. Fractures in rock with stiffnesses of
1� 1010 Pa/m have characteristic frequencies of 1 kHz
that are compatible with field-scale sources. Similarly,
the spacing between the fractures sets a frequency scale.
For a seismic wave with a frequency of 1 kHz, a fracture
spacing of d ¼ 6m corresponds to the physical situation
dE2l studied in this paper. Also, we observed the
evanescent guided modes at an observation distance of
L ¼ 15l; which would correspond to an observation
distance of 90m in the field using 1 kHz sources.
This distance is compatible with cross-hole seismic
tomography.

Finally, by understanding the energy conversion from
bulk waves to guided-modes, information about the
mechanical properties of a fracture, namely fracture
specific stiffness, can be predicted from laboratory as
well as field data. By examining the change in energy
among different guided-modes, it may be possible to
monitor changes in fracture specific stiffness caused by
stress, fluid-saturation or chemical alteration.
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