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ABSTRACT

The characterization of fractures using elastic waves requires
a parameter that captures the physical properties of a fracture.
Many theoretical and numerical approaches for wave propaga-
tion in fractured media use normal and shear fracture specific
stiffness to represent the complexity of fracture topology as it de-
forms under stress. Most effective medium approaches assume
that the normal and shear fracture specific stiffness are equal,
yielding a shear-to-normal specific stiffness ratio of one. Yet sev-
eral experimental studies show that this ratio can vary from zero to
three. We conducted a series of experiments to determine the stiff-
ness ratio for fractures with different surface roughness subjected
to mixed-mode loading conditions. Specimens containing a single
fracture were subjected to either normal loading or combined

normal and shear loading during ultrasonic measurements of
transmitted and reflected P- and S-waves. Theoretical analysis
based on the displacement discontinuity theory shows, for P- and
S-waves with the same wavelength, that the theoretical stiffness
ratio is not equal to one, but depends on the ratio of S- to P-wave
velocities. The conventional stiffness ratio limit of unity is deter-
mined to be appropriate for very smooth fracture surfaces even
under mixed-mode loading conditions. However, rough fracture
surfaces result in stiffness ratios that are greater than the theoretical
limit and the magnitude of the ratio depended on the relative ratio
of shear-to-normal stress. The results from the experiments suggest
that the conventional practice of assuming a constant stiffness ratio
equal to 1.0 may not be appropriate. Therefore, the ratio of shear-
to-normal fracture specific stiffness depends on the roughness of
the fracture surface and the loading conditions.

INTRODUCTION

Numerical and theoretical studies of seismic wave propagation in
fractured media require inclusion of a parameter that describes the
physical properties of fractures. The physical properties of a fracture
include geometric properties such as surface roughness and length, as
well as the size and spatial distribution of contact area and fracture
apertures.Formaterialswithmultiple fractures, additional information
on the number/density of fractures, fractures spacing, and orientation
would also be included. For a single macroscopic through going frac-
ture, the complexity of fracture geometry is captured by fracture spe-
cific stiffness κ. Fracture specific stiffness, also known as unit joint
stiffness, was introduced by Goodman et al. (1968) to describe the
behavior of a fracture because it could be measured in the laboratory
without detailed analysis of the fracture geometry. When a rock con-
taining a fracture is stressed, the measured deformation includes

deformation of the rock matrix and the fracture (Hopkins, 1990).
By measuring displacements across equal lengths of the rock matrix
and across the fracture for a range of stresses, the fracture displacement
can be obtained by subtraction of these two measurements. The slope
of the stress-fracture displacement curve is defined as the fracture spe-
cific stiffness, has units of a force per volume, and captures the effect of
theadditionaldeformation that arises fromthepresenceofa fracture. In
fact, fracture specific stiffness represents the relationship between an
increment in stress and the resultingadditional deformation of the frac-
ture.Many studies havemeasured normal fracture specific stiffness κz
using this approach and demonstrated that the fracture stiffness exhib-
its a nonlinear relationshipwith stress; i.e., fracture-specific stiffness is
a function of applied stress (Hopkins et al., 1987; Pyrak-Nolte et al.,
1987; Jaeger et al., 2007; Lubbe et al., 2008; Far, 2011).
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Of particular interest for theoretical and numerical approaches to
understanding seismic wave propagation through fractured media is
the ratio of shear-to-normal stiffness κx∕κz or the ratio of normal to
shear compliance BN∕BT . Although normal fracture specific stiff-
ness is easily measured using the experimental approach described
above, measurements of shear fracture specific stiffness κx are more
complicated because selecting a measurement length scale for the
rock matrix and fracture is not trivial. Another approach used to
determine normal and shear fracture specific stiffness is from the
measurements of seismic/ultrasonic waves propagated through
fractured rock. This approach has been used on a wide range of
scales to obtain normal and shear stiffness at the grain scale (micro-
cracks) in cored samples (Sayers, 1999; Sayers and Han, 2002;
MacBeth and Schuett, 2007; Verdon et al., 2008; Angus et al.,
2009; Pervukhina et al., 2011), for synthetic fractures at the labo-
ratory scale (Hsu and Schoenberg, 1993; Rathore et al., 1995; Far,
2011; Far et al., 2014), on single fractures at laboratory scale
(Pyrak-Nolte et al., 1990; Lubbe et al., 2008; Shao and Pyrak-Nolte,
2013), and field-scale fractures (Hobday and Worthington, 2012;
Verdon and Wüstefeld, 2013).
The expected value of the ratio of shear-to-normal stiffness is

often based on mechanical models that represent a fracture as either
a planar distribution of small isolated areas of slip (cracks) (Hudson,
1981; Hsu and Schoenberg, 1993; Sayers and Kachanov, 1995; Liu
et al., 2000; Gueguen and Schubnel, 2003; Levin and Markov,
2004; Grechka, 2007; Kachanov et al., 2010) or as a planar distri-
bution of imperfect interfacial contacts (Johnson, 1985; Hudson,
1997; Liu et al., 2000; Kachanov et al., 2010). For the case in which
a fracture is modeled as a planar distribution of small isolated areas
of slip, a fracture is represented as a collection of open penny-
shaped geometries with a radius a, in an isotropic material with
the Poisson’s ratio ν, and Young’s modulus E. The normal and shear
compliances (BN and BT ) are given by (Rice, 1979)

BN ¼ 16ð1 − ν2Þ a
3πE

; (1)

BT ¼ 32ð1 − ν2Þ a
3πEð2 − νÞ ¼

BN

1 − ν∕2
: (2)

The compliance ratio BN∕BT is

BN

BT
¼ 1 −

ν

2
¼ κx

κz
: (3)

Here, the compliance ratio BN∕BT is equivalent to the ratio of
shear (κx) to normal (κz) fracture specific stiffness κx∕κz (Schoen-
berg, 1980).
Sayers and Kachanov (1995) propose a fundamental formulation

to estimate fracture compliance when a fracture consisted of a planar
distribution of small isolated areas of slip (cracks). Assuming that the
interaction between cracks is small enough to be taken as negligible,
the average vector ui at a displacement discontinuity (fracture) can be
given in terms of the average traction ti, applied at the crack:

½ui� ¼ Bijtj ¼ Bijσjknk; (4)

where σjk is the applied stress and nk is the kth component of unit
vector that is normal to the surface of the crack. Here, the crack com-

pliance tensor Bij is represented as the sum of the normal and shear
compliances (BN and BT ):

Bij ¼ BNninj þ BTðδij − ninjÞ; (5)

where δij is the Kronecker delta. The compliance tensor ΔSijkl
caused by the existence of cracks is defined as

ΔSijkl ¼
1

4
ðδikαjl þ δilαjk þ δjkαil þ δjlαikÞ þ βijkl; (6)

αij ¼
1

V

X
r

Br
Tn

r
i n

r
jA

r; (7)

βijkl ¼
1

V

X
r

ðBr
N − Br

TÞnri nrjnrknrlAr: (8)

Here, r is the number of planar discontinuities with crack area Ar and
V is a volume element. Note that the values of αij and βijkl depend
only on the values of the indices, but not on their order, e.g., β1122 ¼
β1212 and β1133 ¼ β1313, etc. Equations 6–8 consider the distribution
of crack orientations by specifying αij and βijkl. Sayers and Kacha-
nov (1995) predicted that, if BN is equal to BT for all cracks, βijkl
goes to zero and ΔSijkl depends only on the second-rank tensor αij.
This case corresponds to a transversely isotropic material with the
axis of orthotropy coinciding with the principal axes of αij. Kachanov
(1980) and Sayers (1991) also showed that the compliance tensor Bij

has orthotropic symmetry, i.e., three orthogonal planes of mirror sym-
metry, if BN ¼ BT .
Alternatively, a fracture can be assumed as a collection of a planar

distribution of imperfect interfacial contacts (Johnson, 1985; Hud-
son et al., 1997; Liu et al., 2000; Kachanov et al., 2010). Johnson
(1985) derives equations 9 and 10 that calculate total pressures that
generate unit indentation in normal (BN) and tangential (BT ) direc-
tions on a circular region of radius b on the surface of an elastic half
space. The equations are

BN ¼ −4ðλþ μÞ
ðλþ 2μÞ (9)

and

BT ¼ −8ðλþ μÞ
ð3λþ 4μÞ ; (10)

where μ and λ are the Lamé’s constants.
Hudson et al. (1997) modeled a fracture as two rough surfaces

based on a random distribution of circular contacts and derived the
equations for normal and shear stiffness. Worthington and Hudson
(2000) modified the equations of Hudson et al. (1997) to include the
effect of material filling the void spaces of a fracture. Worthington
and Hudson (2000) defined the normal and shear stiffnesses as fol-
lows:

κz ¼ rw
4μ

πa

�
1 −

V2
S

V2
P

��
1þ 2ðrwÞ1∕2ffiffiffi

π
p

�
þ K 0 þ 4

3
μ 0

Δ
(11)

and
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κx ¼ rw
8μ

πa

�
1 −

V2
S

V2
P

��
1þ 2ðrwÞ1∕2ffiffiffi

π
p

�
∕
�
3 −

2V2
S

V2
P

�
þ μ 0

Δ
;

(12)

whereVP andVS are the P- and S-wavevelocities, respectively, and μ
is the Lamé’s constant. Here, rw is the proportion of the fracture sur-
face area that is in contact,a is themean radius of the contact areas, μ 0

andK 0 are the Lamé’s constant and bulk modulus of the fracture fill,
and Δ is the mean aperture of the fracture. If a fracture is dry (e.g., a
gas-filled fracture) the second term in equations 11 and 12, which are
related to the fracture filling material, are negligible.
In summary, for the case of a planar distribution of small isolated

areas of slip, the stiffness ratio κx∕κz is equal to (1 − ν∕2). If a
fracture is assumed to be a planar distribution of imperfect interfa-
cial contacts, the ratio κx∕κz is given by the expression ð1 − νÞ∕
ð1 − ν∕2Þ. Both cases give a value of ∼1.0 for κx∕κz because Pois-
son’s ratio for rock ranges typically from 0.1 ≤ ν ≤ 0.4 (Ger-
cek, 2007).
Although theoretically it has been shown that the value of

κx∕κz ≈ 1, laboratory and field scale experiments have measured
values that range from 0.05 to 3.0. At the grain scale, several studies
used ultrasonic measurements to determine fracture stiffness of the
microcracks in a rock matrix. Sayers (1999) and Sayers and Han
(2002) obtained ratios varying from 0.25 to 3.0 for sandstones
and shale samples when the samples were dry, while the ratio
dropped to 0.05 to 1.1 when the samples were saturated with water.
MacBeth and Schuett (2007) investigate the stiffness ratio when a
sample was thermally damaged. A stiffness ratio of the undamaged
sample was measured first and then after damage from heating.
They found that for the undamaged sample, the ratio ranged from
0 to 0.6 and after damage ranged from 0 to 1.2. They concluded that
heating the diagenetic infilling in the preexisting microcracks in the
rock induced an increase in the stiffness ratio.
Verdon et al. (2008) found a ratio of 0.68 < κx∕κz < 1.06 for a

sandstone sample from the Clair oil field tested under dry condi-
tions. Angus et al. (2009) estimated the ratio to be between 0.25
and 1.5 from ultrasonic-wave measurements for a sandstone sam-
ple. Pervukhina et al. (2011) obtained stiffness ratios of 0–2.0 on
various types of shale recovered from depths between 200 and
3604 m. In summary, the results of the experiments carried on
cracks at the grain scale do not agree with the conventional
assumption that κx∕κz ≈ 1.0.
Hsu and Schoenberg (1993) created a synthetic fracture made of

multiple Lucite plates and determine a ratio of 0.8–1.0 for dry con-
ditions, but found values less than 0.1 when the fracture was satu-
rated with honey. Far (2011) also made a block composed of
multiple Lucite plates and measured a ratio of 0.11–0.76 for dry
conditions. When filling the fracture with rubber pellets, the stiff-
ness ratio increased to 1.6. Rathore et al. (1995) created a synthetic
fracture with cementing sand. A known distribution of cracklike fea-
tures was created by including metal disks. The metal disks were
removed after the sample was solidified leaving behind crack like
voids. P- and S-wave velocities were measured across the synthetic
fracture from which Verdon and Wüstefeld (2013) computed a
BN∕BT ratio of 0.46.
Far et al. (2014) investigated the effect of frequency, stress, and

inclusions on fracture compliance. Ultrasonic measurements were
made on two Plexiglas samples composed of multiple plates with
and without inclusions of rubber disks. For the fractures without the

rubber inclusions, the stiffness ratios increased from 0.4 to 0.9
and from 0.1 to 0.53 at low (90∕120 kHz) and high frequencies
(431∕480 kHz), respectively, as the normal stress increased up to
14.59 MPa. However, when the rubber disks were inserted into
the fractures, the stiffness ratios at the low and high frequency were
reduced to 0.25–0.1 and <0.14, respectively.
Lab-scale data on single natural or synthetic fractures are limited.

Pyrak-Nolte et al. (1990) measure the normal and shear fracture
stiffness of natural fractures on three cored samples of quartz mon-
zonite for normal stresses up to 85 MPa. Based on their published
data, the estimated ratio of shear-to-normal stiffness ranged from
0.2 to 0.7 when the rock was dry and from 0.04 to 0.5 when satu-
rated. Lubbe et al. (2008) created synthetic fractures in limestone
samples by placing two blocks of limestone in contact. Fracture
roughness was controlled by grinding and/or polishing the two sur-
faces. They determined the stiffness ratio from ultrasonic measure-
ments of P- and S-waves. The stiffness ratio ranged from 0.2 to 0.55
and dramatically decreased to 0.02–0.05 with honey saturation.
Hobday and Worthington (2012) and Verdon and Wüstefeld

(2013) carried out field scale experiments to estimate the stiffness
ratio. Hobday and Worthington (2012) obtained the ratio for a sa-
turated outcrop of upper Caithness flagstone using hammer seismic
techniques. The fracture spacing, in the field, was approximately
0.5 m. The estimated stiffness ratio was less than 0.1. Verdon and
Wüstefeld (2013) applied S-wave splitting to downhole microseis-
mic data and determined a stiffness ratio of 0.7–0.78 for dry con-
ditions and a ratio of 1–2 during proppant injection.
Figure 1 summarizes the ratios of shear-to-normal fracture stiff-

ness obtained from the aforementioned experimental studies. All
data except the field scale experiment were obtained under normal
compression only; i.e., no shear stress was applied to the fracture. It
is clear from the figure that many of the results deviate from the
theoretical estimate of κx∕κz ¼ 1.0, and it suggests that the common
convention of assuming that κx∕κz ¼ 1.0 may not be appropriate.
Based on the literature, there are several factors that may change or
affect the stiffness ratio such as presence of filling material in the
fracture (Pyrak-Nolte et al., 1990; Sayers, 1999; Sayers and Han,
2002; Grechka and Kachanov, 2006; Lubbe et al., 2008; Far, 2011),
orientation of microcracks (Sayers and Kachanov, 1995; Liu et al.,
2000; Pervukhina et al., 2011), partial contact of the surfaces
(Grechka and Kachanov, 2006), thermal damage to rock matrix
(MacBecth and Schuett, 2007), and mineralization of material
(Sayers et al., 2009).
In this paper, a combined experimental and theoretical approach

are taken to determined the effect of surface roughness and mixed-
mode loading conditions on the κx∕κz ratio. A theoretical approach
based on the displacement discontinuity theory is used to determine
the theoretical limit of the κx∕κz ratio, which depends on the
material properties of the matrix and the frequency of the signal.
The experimental approach included laser profilometry to character-
ize the roughness of the fracture surfaces and an ultrasonic tech-
nique to measure transmitted and reflected P- and S-waves. The
experimental value of the κx∕κz ratio is compared with the theoreti-
cal limit to determine if the loading condition and surface roughness
of the fractures affect this ratio.

THEORY

In this section, the theoretical approach used to determine the
κx∕κz ratio is described. In this approach, the fracture is represented
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as a displacement discontinuity or linear slip interface. Transmis-
sion and reflection coefficients for waves propagated at normal in-
cident to the fracture are used to determine the shear and normal
stiffnesses as well as the ratio of κx∕κz.

Ratio of shear-to-normal specific stiffness

We determine the theoretical value of the κx∕κz ratio based on the
seismic response of a single fracture to P- and S-waves. In this ap-
proach, the fracture is represented as a displacement discontinuity
or linear-slip interface (Schoenberg, 1980, 1983; Pyrak-Nolte,
1988, 1996; Pyrak-Nolte et al., 1990) between two elastic half
spaces. The boundary conditions that define the interface assume
that the stresses across the interface are continuous but the displace-
ments are not. The discontinuity in displacement is inversely
proportional to the fracture specific stiffness. The fracture is repre-
sented by normal and shear specific stiffnesses. We refer the reader
to Schoenberg (1980, 1983), Pyrak-Nolte (1988, 1996), or Pyrak-
Nolte et al. (1990) for the full solution to the theory for wave propa-
gation across a displacement discontinuity for various incident
angles and material properties.

Our experimental approach is based on measurements made at
normal incidence to the fracture plane. The reflection and transmis-
sion coefficients for normal incidence (Pyrak-Nolte et al., 1990)
from the displacement discontinuity theory are

R ¼ −iω
½−iωþ 2ðκ∕ZÞ� (13)

and

T ¼ 2ðκ∕ZÞ
½−iωþ 2ðκ∕ZÞ� ; (14)

where ω is the angular frequency and Z is the seismic impedance
(phase velocity of the half spaces times the density of the half
spaces). The estimation of κx, the shear fracture specific stiffness,
is based on the reflection and transmission coefficients for S-waves
propagated at normal incidence to the fracture (and hence S-wave
seismic impedance), whereas normal fracture specific stiffness κz is
based on the P-wave seismic impedance and the P-wave transmis-
sion and reflection coefficients. For a purely elastic medium, the
reflection and transmission coefficients are frequency dependent
and depend on the specific stiffness of the fracture. The frequency
dependent response arises from the discontinuity in displacement
across a fracture in an elastic medium.
Equation 14 can be rewritten to determine the fracture specific

stiffness, namely

κ ¼ ωZffiffiffiffiffiffiffiffiffiffiffiffi
1
T2 − 1

q . (15)

The S-wave impedance (ZS), transmission coefficient (TS), and
signal frequency (ωS) are used to determine κx, whereas the P-wave
impedance (ZP), transmission coefficient (TP), and signal frequency
(ωP) are used to determine κz. Based on equation 15 and the relevant
parameters, the ratio of shear-to-normal fracture specific stiffness is

κx
κz

¼

�
ωSZS∕

ffiffiffiffiffiffiffiffiffiffiffiffi
1
T2
S

− 1
q �

�
ωPZP∕

ffiffiffiffiffiffiffiffiffiffiffiffi
1
T2
P

− 1
q � ¼ ωSðρVSÞ

ωPðρVPÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1∕T2

PÞ − 1
p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1∕T2

SÞ − 1
p

¼ ωSVS

ωPVP

fðTP; TSÞ; (16)

where

fðTP; TSÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
1
T2
P

− 1
q

ffiffiffiffiffiffiffiffiffiffiffiffi
1
T2
S

− 1
q ; (17)

and where ρ is the density of the medium, V is the phase velocity,
and T is the transmission coefficient; subscripts S and P indicate
S- and P-waves, respectively. The relative transmission of P- and
S-waves is expressed as f (TP; TS) because it is not known a priori
if the transmission across a fracture is the same for both waves.
If the transmission of P- and S-waves across the fracture is the
same; i.e., TP ≈ TS, the function fðTP; TSÞ ≈ 1 and equation 16
simplifies to

Figure 1. Ratio of shear-to-normal fracture specific stiffness
(a) when a fracture is dry and (b) when it is saturated with fluid,
filled with rubber, or thermally damaged. White bars are used
for fractures at the grain scale, black for synthetic fractures at labo-
ratory scale, dark gray for a single fracture at laboratory scale, and
light gray for field-scale fractures (modified after Verdon and Wüs-
tefeld, 2013).
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κx
κz

¼ ωS

ωP

VS

VP

¼ ωS

ωP

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
0.5 − ν

1 − ν

r
; (18)

where ν is the Poisson’s ratio. If a fracture is in a viscoelastic
medium, equation 18 would have to also include the effects of
velocity dispersion. However, for a fracture in an elastic medium as
in this study, equation 18 implies that the specific stiffness ratio
depends on frequency and the ratio of the intact S- to P-wave veloc-
ity, which is a function of Poisson’s ratio. If the same frequencies
are selected for S- and P-waves, i.e., ωS ¼ ωP, the stiffness
ratio reduces to the ratio of the S- to P-wave velocity. In this study,
ωS ≠ ωP because the analysis is performed for values of ωS and ωP

that yield the same wavelength (see Table 1 for values). Restricting
the analysis to the same wavelength reduces the effect of any po-
tential wavelength-dependent mechanisms.
If the stiffness ratio estimated from the experimental measure-

ments deviates from the theoretical limit given by equation 18, then
the function f (TP; TS) is not equal to one. This means that a frac-
ture affects the transmission of P- and S-waves differently for the
same wavelength. When the ratio is less than the theoretical value,
S-waves are more strongly attenuated or scattered by the fracture
than P-waves. Conversely, when the stiffness ratio is greater than
the theoretical value, S-waves are transmitted with relatively less
attenuation than P-waves.

Ratio of reflection to transmission coefficient

Fracture specific stiffness can be determined from transmitted
and reflected waves by taking the ratio of the reflection coefficient
to the transmission coefficient R∕T, based on equations 13 and 14:

����RT
���� ¼ 1

2

����ωZκ
����. (19)

As shown in equation 19, the R∕T ratio is linear with normalized
frequency, ωZ∕κ. Hence, once R∕T is determined from the exper-
imental data, the fracture specific stiffness κ can be directly calcu-
lated from equation 19, if the seismic impedance Z, and angular
frequency ω are known.
The transmission and reflection coefficients are shown as a func-

tion of the normalized frequency ωZ∕κ in Figure 2 along with the
ratio of R∕T. Normalized frequency decreases with increasing
fracture specific stiffness. As ωZ∕κ decreases, the transmission co-
efficient increases while the reflection coefficient decreases. Inter-
estingly, when the normalized frequency decreases from 15 to 4,
the reflection coefficient only decreases by approximately 10%,

whereas the transmission coefficient increases by a factor of 3.4.
When the normalized frequency ωZ∕κ < 4, both the transmission
and reflection coefficients are sensitive to changes in fracture spe-
cific stiffness. Based on this analysis, the transmission coefficient is
more useful for detecting changes in fracture specific stiffness for
normalized frequencies within the range of 0–15.

LABORATORY EXPERIMENT

In this section, the experimental methods used to determine the
effect of loading and fracture surface roughness on the κx∕κz ratio
are given. First, a description of the sample fabrication process is
provided that details the method for generating surfaces with differ-
ent roughness. Next, the approach for characterizing surface rough-
ness is presented. Then the ultrasonic methods used to determine the
κx∕κz ratio are described along with the loading conditions applied
to the samples.

Sample preparation

Synthetic fractures with mated and nonmated rough surfaces
were created using either gypsum or acrylic (Lucite) to examine
the effect of surface roughness and loading conditions on the ratio
of shear-to-normal fracture specific stiffness. Gypsum was chosen
because it has been used extensively for experimental simulations of
rock with flaws or fractures (Reyes et al., 1991; Takeuchi, 1991;
Hsu and Schoenberg, 1993; Shen et al., 1995; Bobet and Einstein,
1998; Ko et al., 2006; Wong and Einstein, 2006; Lubbe et al., 2008;
Far, 2011) and was chosen for the ease of sample preparation.
A synthetic fracture in gypsum was created by placing sandpaper

with a known grit size at the bottom of a mold. Table 2 lists the types
of sandpaper used to control the size of the asperities and the names of
specimens. The average grit size of the sandpaper increased from 68 to
530 μm. A mixture of gypsum was made that was composed of mass
proportions ofwater∕gypsum ¼ 0.6 andwater∕diatomaceous earth ¼
35 (Bobet and Einstein, 1998). Diatomaceous earth prevents bleeding
of water to the top of the specimen during fabrication. The gypsum
was poured into the mold and the mold was then placed on a vibrating
table and vibrated for 5 min to remove any entrapped air. After
75 min of hardening, the sand paper was removed and a second block
was cast against the rough surface of the first block, creating a mated

Table 1. Frequency and wave velocity for Lucite and
gypsum.

Frequency
(MHz)

Wave velocity
(m∕s)

Wavelength
(mm)

P-wave S-wave P-wave S-wave P-wave S-wave

Lucite 1.00 0.50 2760� 2 1375� 2 2.8 2.8

Gypsum 0.67 0.40 3150� 2 1880� 2 4.7 4.7 Figure 2. Transmission and reflection coefficients and ratio R∕T as
a function of normalized frequency ωZ∕κ.
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fracture. Before casting the second block, a release agent was applied
to the contact surface to prevent the second block from sticking to the
first block. After casting the second block for 75 min, the specimen
was taken out of the mold and cured at room temperature for 24 h.
Afterward, additional curing was performed in an oven at 40°C for
four days. After fabrication and curing, the exterior surfaces of the
specimen were carefully polished to obtain flat, smooth, and perfectly
parallel surfaces. The smooth parallel surfaces enabled uniform com-
pression loading along the fracture surface, avoided any stress con-
centration, and enabled the application of shear stresses parallel to the
fracture. The final dimensions of the samples were 152.4-mm long,
127-mm wide, and 25.4-mm thick.
In addition to specimens fabricated with mated rough surfaces

using sandpaper (Table 2), two additional mated-specimens were
prepared. A flat fracture specimen and a replica specimen of a lab-
oratory induced fracture. The specimen with the flat fracture surface
was made using a plastic plate instead of sandpaper, and the replica
specimen (GS01R specimen) was fabricated by casting gypsum
against an induced fracture in granite.
Test specimens with nonmated fractures were fabricated using

Lucite (i.e., acrylic material). Lucite was selected because of its
well-known homogeneity and isotropy. Two prismatic Lucite blocks
were fabricated with the same external dimensions as the gypsum
blocks. The fracture surface roughness of each block was produced
either by polishing (Lucite PL) or sandblasting (Lucite SB) with 25-
μm grit.

Surface roughness measurements

Before a specimen was mounted in a biaxial loading frame, the
fracture surface roughness was measured in 250 μm increments in
two orthogonal directions using a laser profilometer. The asperity
height distributions for the samples are shown in Figure 3. The
roughness distributions for the Lucite SB, gypsum flat, #220,
#60, #36, and GS01R specimens are similar to a Gaussian distri-
bution. The mean asperity and standard deviation of each specimen
are summarized in Table . As listed in the table, fracture roughness
(or asperity height) ranged roughly from 60 to 2870 μm. The rough-
ness measurements of the Lucite PL (polished Lucite sample) were
not made because the material was transparent and the laser was
unable to focus on the surface of the specimen.
The fracture surface of the flat gypsum specimen had a mean

asperity of 59–70 μmwith 28 μm standard deviation, which is com-
parable to that for the gypsum #220. It was noted that the fracture
plane of the flat gypsum specimen exhibited long-range waviness
that resulted in a wider distribution for the asperity height, whereas

the asperity height distribution was narrower for the gypsum #220
specimen which had a more planar surface and randomly distributed
asperities.

Ultrasonic measurements

An ultrasonic array was used to acquire P- and S-wave signals
transmitted across and reflected from the fractures (Figure 4). Thir-
teen broadband piezoelectric transducers with a central frequency of
1 MHz were housed in specially designed load platens that were
placed on each side of the specimen. The transducer layout is shown
in Figure 4 along with the polarization direction of S-wave trans-
ducers. The capital letters P and S represent P- and S-wave trans-
ducers, respectively. Using two different polarizations for the
S-wave transducers enabled us to determine if the test specimen
exhibited S-wave anisotropy. The intact Lucite and gypsum samples
were determined to be isotropic.
The data acquisition system enabled the measurements of multi-

ple transmitted and reflected full waveforms for postprocessing
analysis. The system consisted of a chassis (PXI-1042) that con-
tained a real-time onboard computer controller (PXI-8106) with
two multiplexer matrix switches, a two channel 14-bit 100-MHz
digitizer (PXI-5122) for acquiring full waveforms, two 10 channel
power multiplexer (PXI-2585), and one multiplexer terminal block
(TB-2630) for switching among multiple seismic sources and
receivers.

Table 2. Type of sandpaper and average grit size of the
sandpaper used to create fracture roughness.

# of sandpaper
Average grit size
of sandpaper (μm) Sample name

#36 530 Gypsum #36

#60 265 Gypsum #60

#220 68 Gypsum #220

Flat plastic plate — Gypsum flat

Figure 3. Surface roughness distribution of the fracture surfaces for
Lucite SB, gypsum flat, #220, #60, #36, and GS01R specimens.

Table 3. Measured mean asperity height and standard
deviation in height for each specimen.

Fracture type
Sample
name

Mean
asperity (μm)

Standard
deviation (μm)

Well-mated

GS01R 2680–2870 878–887
Gypsum #36 335–537 65–67
Gypsum #60 265–267 64–67
Gypsum #220 62–70 22–23
Gypsum flat 59–70 28

Nonmated
Lucite SB 62.5–106 10–18
Lucite PL N/A N/A
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A pulse generator was used to excite the transducers by 100-V
square waves with a repetition rate of 5 kHz. Thirteen source-
receiver pairs of transducers were used: three S-wave transducers
(Panametrics V153) polarized parallel to the direction of shear, four
S-wave transducers (Panametrics V153) perpendicular to the direc-
tion of shear, and six P-wave transducers (Panametrics V103) (Fig-
ure 4). The transducers were coupled to the surface using honey.
The honey was baked in an oven at 90°C for 75 min to remove
8% of water. A thin plastic film was placed on the specimen to pre-
vent the penetration of the honey into the pores of the specimen. A
repeatability study on the effect of the thin plastic film and honey
coupling was performed on an aluminum sample. The arrival times
were repeatable to within 0.01 microsecond.
The sample and the platens containing the transducers were

placed in a load frame under 1-MPa normal stress for 3 h to allow
the couplant to equilibrate. This process resulted in stable, repeat-
able transmitted P- and S-wave signals. After 3 h, the load was
removed and the experiments were performed for the five loading
conditions shown in Figure 5a. A biaxial compression apparatus
was used that consisted of two independent loading frames. A
horizontal loading frame was used to apply a normal stress
perpendicular to the fracture plane. A single axis Instron 444kN
load frame, with an Instron model 59-R8100BTE controller running
Bluehill 3 software was used to apply a shear stress parallel to the
fracture plane. Mixed-mode biaxial loading conditions were chosen
such that τ ¼ σ · tan θ. The ratio of shear τ to normal stress σ was
given by tan θ, where θ ¼ 5°, 15°, 30°, and 40°. Uniaxial stress con-
ditions are represented by θ ¼ 0° when no shear load was applied
(Choi, 2013; Hedayat, 2013).

RESULTS AND ANALYSIS

In this section, the results from an experimental study are pre-
sented that show that the κx∕κz ratio depends on the geometric prop-
erties of the surfaces that compose the fracture and on the loading
condition. First, the transmitted and reflected waves from an intact
and fracture sample are shown for comparison. Followed by the
spectral analysis technique used to determine changes in signal am-
plitude at a selected frequency. The κx∕κz ratio from the experimen-
tal data is then compared with the expected theoretical value from
the displacement discontinuity model.

Measurements of transmitted and reflected waveforms

Full-waveform measurements of transmitted and reflected P- and
S-waves were made on the samples for the loading conditions given
in Figure 5. The amplitude of the transmitted wave was greater than
that from reflected wave as shown in Figure 6 for P-waves measured
with P-wave transducer pair 2P-2P for gypsum #60 specimen. The
peak-to-peak amplitude of the transmitted wave increased from 0.15
to 1.04 V (a factor of seven) over the range of applied normal stress
(0.5–4.0 MPa), whereas the amplitude of the reflected wave only
decreased by 13% over the same range of normal stresses. The in-
crease in transmitted wave amplitude and the decrease in reflected-
wave amplitude resulted from the increase in fracture specific stiff-
ness with increasing load. The increase in fracture specific stiffness
occurs from the increase in contact area between the two surfaces
and decrease in fracture aperture (Pyrak-Nolte et al., 1987; Hopkins,
1990; Cook, 1992) that occurs as the sample is loaded. The increase
in transmission occurs solely from changes in the fractures because
the signal from the intact sample did not change with increasing
normal load for either P- or S-waves on the Lucite samples or
the gypsum samples (Choi, 2013; Hedayat, 2013).
The measured P- and S-wave velocities for the intact and fracture

gypsum samples are shown in Figure 7 as a function of stress. For

Figure 4. Transducer layouts. The elongated black box indicates
the polarization direction of the S-wave transducers.

Figure 5. (a) Loading path of combined normal (σ) and shear (τ)
load (τ ¼ σ · tan θ, θ ¼ 0°, 5°, 15°, 30°, and 40°) and (b) a photo of
the biaxial apparatus.
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the intact gypsum sample, the P-wave velocity ranged from 3138 to
3140� 2 m∕s for a normal load that ranged from 0.5 to 4 MPa. The
intact S-wave velocity was also constant (1903–1905� 2 m∕s)
for the same load range. The VP and VS for the intact sample were
insensitive to stress indicating that the intact gypsum does not con-
tain any significant microcracks. For the fractured samples, the
P-wave velocity was sensitive to the applied normal stress (Fig-
ure 7). The increase in P-wave velocity for the fracture gypsum sam-
ples ranged from 25 to 100 m∕s as the load increased from 0.5 to
4 MPa except for fracture sample gypsum #220, in which the veloc-
ity increased only 5 to 7� 2 m∕s over the same range of stresses.
The S-wave velocities from the fractured gypsum samples increased
by only 5 to 7� 2 m∕s with increasing load (Figure 7).

Spectral analysis

The P- and S-waves were first tapered to extract the first arrival
from subsequent reflections. A comparison of the shape of the taper
with the signal is shown in Figure 8 for P- and S-waves from the
intact Lucite. The shape of taper was chosen to give the best rep-
resentation of the spectral energy of the first arrival. The taper com-
bined an open step function of 0.85-μs duration with one-half
closing cosine of 1.71 μs. The selected taper was applied to the

P- and S-waves. This taper isolated the initial signal from sub-
sequent reflections and preserved the frequency content of the origi-
nal signal without significant distortion of the high-frequency
components. After applying the taper to the recorded signal, a fast
Fourier transformation (FFT) was performed on the transmitted and
reflected waves to obtain spectral amplitudes. An example of the
spectra obtained from the tapered signals is shown in Figure 9
for the signals from intact Lucite given in Figure 8.
Given the spectral amplitudes obtained from the FFT, equation 18

was used to determine the fracture specific stiffness. The shear frac-
ture specific stiffness is based on the measurements from the five
S-wave transducers (1S, 3S, 7S, 8S, and 9S), and the normal frac-
ture specific stiffness is based on data from the four P-wave trans-
ducers (2P, 4P, 5P, and 6P). The fracture specific stiffnesses were
averaged to estimate the ratio of shear-to-normal fracture specific
stiffness. The dominant frequency and wave velocity are listed
in Table 1 for P- and S-waves for Lucite and gypsum.

Stiffness ratio: Nonmated and well-mated fractures

Nonmated fractures

The stiffness ratios κx∕κz of the nonmated fractures as a function
of stress are shown in Figure 10 for the Lucite PL and SB speci-
mens. For normal stresses greater than 1 MPa, κx∕κz was the same
for both nonmated samples for all loading conditions (θ ¼ 0°, 5°,

Figure 6. Recorded signals. (a) Transmitted and (b) reflected P-
waves measured with transducer pair 2P-2P, for gypsum #60 speci-
men for normal stresses 0.5–4.0 MPa, for the 0° loading path.

Figure 7. (a) The P- and (b) S-wave velocity as a function of normal
stress for intact and fracture gypsum samples. Sample properties are
listed in Tables 1–3.
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15°, and 30°). The ratio approached asymptotically the theoretical
ratio of 0.25 estimated from equation 17. The result indicates that,
as the normal stress increased, the magnitude of the transmission
coefficient of the P- and S-waves was equal.
However, the two nonmated samples exhibited different trends in

κx∕κz at low-normal stresses (0–1.0 MPa) but was the same for all
loading conditions (θ ¼ 0°, 5°, 15°, and 30°). The Lucite PL speci-
men approached the theoretical ratio by decreasing from an initial
ratio of 1.2 at zero stress to 0.4 at a normal stress of 0.5 MPa. In
contrast, for the Lucite SB specimen, the stiffness ratio gradually
increased from a value of 0.2 at a normal stress of 0.5 MPa to
the theoretical value. The difference in the κx∕κz at low stresses
for samples Lucite PL and Lucite SB is attributed to the difference
in surface preparation. Lucite PL was polished, whereas Lucite SB
fracture surfaces were sandblasted. Above a normal load of 1 MPa,
the κx∕κz ratio for both Lucite samples were close to the theoretical
value, indicating that TP was approximately equal to TS. Relatively
smooth unmated surfaces with randomly distributed small asperity
heights can be represented by the theoretical ratio for κx∕κz given by
equation 18 in theoretical or numerical analyses for uniaxial and
biaxial loading conditions.

Figure 8. Recorded (a) P- and (b) S-wave signals on the intact Lu-
cite sample using transducer pairs 2P-2P and 8S-8S, respectively.
The taper used in the spectral analysis is also shown.

Figure 9. Spectra of the (a) P- and (b) S-wave signals shown in
Figure 8 for the intact Lucite sample (for a range of normal stress
0.5–4 MPa) using transducer pairs 2P-2P and 8S-8S, respectively.

Figure 10. Variation of the ratio of shear-to-normal fracture specific
stiffness κx∕κz, as a function of normal stress s, for Lucite PL (solid
lines) and Lucite SB (dashed lines) samples for different shear load-
ing paths (τ ¼ σ · tan θ, θ ¼ 0°, 5°, 15°, and 30°). The loading paths
are shown in Figure 5a.
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Mated fractures

The stiffness ratio κx∕κz of the well-mated gypsum specimens is
shown in Figure 11 as a function of normal stress. For gypsum flat
and #220 specimens, the stiffness ratio behaved in a manner similar
to the nonmated fracture specimens Lucite PL and SB. For the gyp-
sum flat specimen, the stiffness ratio decreased from 0.7–0.9 to
0.51–0.60 (with uncertainties of �0.03 to �0.04, respectively),
whereas for the gypsum #220 specimen the stiffness ratio gradually
increased with normal stress from approximately 0.2 to 0.39–0.61
(with uncertainties of �0.06 to �0.01, respectively). The major dif-
ference between the gypsum flat and gypsum #220 as well as the
Lucite specimens is that the stiffness ratios from gypsum depended
on shear stress. For example, the stiffness ratio of the gypsum #220
specimen increased from 0.39� 0.06 to 0.61� 0.04 over the nor-
mal stress range 3–4 MPa as the shear stress increased for loading
paths 0°–30°.
The κx∕κz for the gypsum #60, #36, and GS01R specimens are

shown in Figure 11b–11d, respectively. Under uniaxial loading con-
ditions (θ ¼ θ°), the stiffness ratio depended on stress. When sub-
jected to mix-mode loading conditions (θ ¼ 15°–40°) and for
normal stresses larger than 1.5 MPa, the κx∕κz for gypsum #60
and #36 specimens was independent of stress and the stiffness ratio
was greater than the theoretical limit. As the proportion of shear
load relative to the normal load increased, the κx∕κz ratio increased.

For the replica sample GS01R, the κx∕κz ratio was almost stress
independent under uniaxial loading conditions (0°).
The gypsum #60 specimen had stiffness ratios of 0.66� 0.01 for

the 15° loading path, 0.86� 0.01 for the 30°, and 0.94� 0.03 for
the 40° loading path, for normal stresses larger than 1.5 MPa. Sim-
ilar observations were found for the gypsum #36 and GS01R spec-
imens for the same range of normal stresses. The stiffness ratios
obtained from the gypsum #36 specimen were 0.44� 0.11 for
the 0° loading path, 0.70� 0.08 for the 15°, 0.93� 0.02 for the
30°, and 1.10� 0.02 for the 40° loading path. The GS01R specimen
had stiffness ratios of 0.94� 0.05, 1.18� 0.10, and 1.47� 0.05 for
the 15°, 30°, and 40° loading paths.

DISCUSSION

The κx∕κz ratio for single fractures was examined for fractures
with different surface roughness under uniaxial and mixed-mode
loading condition. First, we discuss the stiffness ratio κx∕κz of the
nonmated fracture in Lucite SB and the mated fracture in gypsum
#220. These two specimens had comparable mean asperity sizes
and standard deviations (Figure 3 and Table 3). The overall varia-
tion of the stiffness ratio of the nonmated and mated fractures with
normal stress was approximately the same for these two samples.
However, κx∕κz for gypsum #220 depended on the mixed-mode
stress conditions (Figure 11a) but the ratio for Lucite SB did not

(Figure 10). For stresses greater than 1.5 MPa,
κx∕κz, from the Lucite SB sample, equaled the
theoretical limit and was the same for all mixed-
mode loading conditions. The difference be-
tween the ratios for the two samples arises from
the geometry of the two fractures and how this
geometry deforms when subjected to normal
and shear stresses.
Sandblasting tends to pit the surface of a

material. When two sandblasted surfaces are
brought into contact, voids are formed between
flat contacts. The contact area is dominated by
contacts that are parallel to the fracture plane
while the voids are closer to the idealized penny-
shaped crack geometry than a casted surface. As
stress is applied to a sandblasted fracture, the in-
crease in shear contact occurs mostly through the
Poisson ratio effect along the flat asperities. The
κx and κz for sandblasted surfaces are related
through the Poisson ratio of the solid material,
and the κx∕κz ratio is given by the theoretical
limit and independent of mixed-mode loading
conditions.
Casted surfaces, such as the gypsum #220

sample, have both normal and shear components
of contact area. Numerical simulations have
shown that the geometry of a fracture changes
with increasing stress because deformation of
the bulk material surrounding a fracture leads
to mechanical interaction among contacting
asperities (Hopkins, 1990, 2000). The resulting
stiffness of a fracture depends on the 3D topog-
raphy of the fracture void geometry that results
from the roughness of the fracture surfaces
and the spatial geometry of the contact area.

Figure 11. Ratio of shear-to-normal fracture specific stiffness κx∕κz from: (a) gypsum
flat (solid lines) and #220 specimens (dashed lines), (b) #60 specimen, (c) #36 specimen,
and (d) GS01R specimen as a function of normal stress σ for different shear loading
paths (τ ¼ σ · tan θ, θ ¼ 0°, 5°, 15°, 30°, and 40°). The loading paths are shown in
Figure 5a.
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These effects are not captured by the idealized penny-shaped crack
approach. Well-mated surfaces, like gypsum #220, produced more
shear contacts between the two fracture surfaces with increasing
stress than surfaces with random distributions of asperities like
those in the sandblasted Lucite sample (SB). As the shear contact
increases with increasing normal and shear stresses, the shear frac-
ture stiffness also increases leading to a value of κx∕κz that is greater
than the theoretical limit.
The comparison of the data from the fractures in Lucite SB and

gypsum #220 indicates that the type of surface has an important
effect on the stiffness ratio, even if the asperity size and distribution
are comparable for both fracture surfaces. Random distributions of
asperities produced by grinding, polishing, or sandblasting will ap-
proach the theoretical limit predicted by equation 18 under uniaxial
and mixed-mode loading conditions. This is observed in the data of
Lubbe et al. (2008) who measured normal and shear stiffnesses for
synthetic fractures as a function of normal stress (uniaxial stress
conditions) in Portland port freestone and carboniferous limestone.
The Portland port freestone specimen was coarsely ground to a
roughness of �5 μm. The carboniferous limestone specimens
had asperities of �5 μm for coarsely ground, 2.72� 0.2 μm for
ground, and 0.62� 0.1 μm for polished surfaces. The theoretical
stiffness ratios for their samples ranged from 0.44 to 0.48 based
on equation 18. The κx∕κz ratio based on Lubbe et al.’s (2008) data
is shown in Figure 12 as a function of the applied normal stress
along with the theoretical ratios. The trend in the κx∕κz values
as a function of normal stress is similar to that observed for the
Lucite SB sample under uniaxial stress conditions; i.e., κx∕κz ap-
proaches the theoretical limit with increasing stress.
As surface roughness increases for the well-mated fracture sur-

faces, the κx∕κz ratio was observed to be sensitive to the loading
conditions. The shear fracture specific stiffness obtained from
the gypsum #60 specimen is shown in Figure 13. The shear stiffness
for uniaxial loading (0° loading path) was stress dependent and in-
creased with increasing normal stress. Compared with the 0° load-
ing path, the shear stiffness increased with increasing shear stress
(from 15° to 40° loading). The dependency of shear stiffness on
shear stress was observed for all of the well-mated fractures. The
results for the well-mated fractures are consistent with the study of
Pyrak-Nolte et al. (1996) that showed that shear stiffness increased
when normal and shear stresses were applied to a fracture. They use
fracture interface waves to determine the shear specific stiffness of
three dolomite samples each containing a single fracture for uniaxial
loading conditions, 0°, and mixed-mode loading conditions of 7.5°,
30°, and 52.5°. The fractures were induced using a technique similar
to Brazil testing and resulted in well-mated fractures. They found
that the shear stiffness increased faster with increasing normal load
for mixed-mode loading conditions of 30° and 52.5° (τ ∼ 0.58σ and
τ ∼ 1.3σ) than under uniaxial conditions, 0°, and when small shear
loads were applied (7.5° or τ ∼ 0.13σ). For example, they observe
that the rate of change of shear specific stiffness with normal stress
was three times higher under the 30° loading condition than for the
uniaxial conditions. Pyrak-Nolte et al. (1996) hypothesize that the
application of shear stress results in an increase in contact area along
surfaces of the asperities that are orthogonal to the normal of the
fracture plane, i.e., an increase in the shear contact in the fracture.
The experiments performed in this study and Pyrak-Nolte et al.

(1996) suggest that increasing shear stress increases the shear con-
tact area between the two fracture surfaces more than through the

application of normal stress alone. For well-mated fractures, the
measured κx∕κz ratio was only comparable or close to the theoreti-
cal limit for uniaxial loading conditions. For well-mated rough frac-
tures, the κx∕κz ratio depends on the loading condition (e.g.,
uniaxial, biaxial, or mixed mode) and tends to asymptote to a con-
stant κx∕κz ratio that is 2–4 times greater than the theoretical
value.
The sensitivity of well-mated fractures to the applied shear stress

is shown in Figure 14. The averaged stiffness ratios obtained from
gypsum flat, #220, #60, #36, and GS01R are shown for loading
paths 0°, 15°, 30°, and 40°. The average was obtained from the data
for normal stresses greater than 1.5 MPa. As observed in Figure 14,
the stiffness ratio depends on the relative magnitude of shear-to-nor-
mal stress (loading paths 0°, 15°, 30°, and 40°) and the roughness of
the fracture surfaces. For example, for gypsum #36 specimen, the

Figure 12. Ratio of shear-to-normal fracture specific stiffness ob-
tained from the data in Lubbe et al. (2008). The ratios are compared
with theoretical limit based on equation 18 (dotted lines).

Figure 13. Shear fracture specific stiffness for the gypsum #60
specimen as a function of normal stress σ for different shear loading
paths (τ ¼ σ · tan θ for θ ¼ 0°, 5°, 15°, 30°, and 40°). The loading
paths are shown in Figure 5a.
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stiffness ratio increased from 0.44� 0.11 to 1.10� 0.02 with in-
creasing shear stress (from 0° to 40° loading path). As the mean
asperity size of the fracture increased from 62–70 μm (gypsum flat)
to 2680–2870 μm (GS01R), the stiffness ratio obtained from the data
for the 30° loading path increased from 0.60� 0.04 to 1.18� 0.10.
The sensitivity of the stiffness ratio to the shear stress for well-

mated surfaces is a function of the fracture geometry. As noted,
as the roughness of the fracture increases, the mean asperity sizes
increases (Table 3) and thewidth of the asperity distribution increases
(Figure 3). A microslope angle analysis was performed on the pro-
filometry data from each surface and is shown in Figure 15. Park and
Song (2013) define the microslope angle as the dip of the slope be-
tween neighboring asperities. A positive or negative angle represents
an upward or downward slope, respectively. The width of the micro-
slope distribution increased with increasing surface roughness. The
smooth surfaces (gypsum flat and #220) contained slopes that ranged
between �5°, whereas the rough surfaces (gypsum #60 and #36)

contained slope angles between�20° and�30°, respectively. In this
study, surfaces with microslope angles >5° resulted in κx∕κz ratios
that were greater than the theoretical limit. Surfaceswith largemicro-
slope angles yield more shear contact than smooth surfaces. The as-
perity distribution and microslope analysis show that the details of
the fracture geometry affect the κx∕κz ratio under mixed-mode load-
ing conditions. The sensitivity of the κx∕κz ratio to shear stress de-
pends on the number and orientation of shear contacts in the fracture.

CONCLUSION

Whether or not the κx∕κz ratio is sensitive to loading conditions
(e.g., uniaxial and biaxial) depends on the roughness of the fracture
surfaces. For smooth fractures, the theoretical limit for κx∕κz de-
rived from the displacement discontinuity theory held for mated/
unmated surfaces and for all mixed mode and uniaxial loading con-
ditions. However, this was not the case for rough fractures. The
κx∕κz ratio for fractures composed of rough surfaces deviated from
the theoretical limit, once the shear stress reached and/or exceeded
∼25% of the normal stress. For high-shear loads (∼80% of the ap-
plied normal stress), the κx∕κz for rough surfaces approached and
exceeded κx∕κz ∼ 1.
Conventional mechanics approaches used to estimate fracture

specific stiffness rely on elasticity and on the assumption that de-
formations depend on the stiffness of the rock. These assumptions
result in a weak dependency of the κx∕κz on the Poisson’s ratio,
with values close to one and independent of the stress applied. Our
experiments, together with laboratory and field observations from
other researchers, indicate that these assumptions may not be cor-
rect and that normal and shear specific stiffnesses depend not only
on the stiffness of the material that forms the fracture surfaces, but
also on the surface type and roughness, i.e., the fracture void geom-
etry. Hence, the conventional practice of assuming a constant stiff-
ness ratio κx∕κz ¼ 1.0 may not be appropriate. Selecting a κx∕κz
ratio for simulation of field conditions requires knowledge of the
roughness of fracture surface and local stress conditions.
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