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1. Introduction

In solid state physics, materials are divided into two distinct categories:
metals, such as gold, and insulators, such as SiO». This distinction is based on
whether the Fermi energy resides inside the conduction/valence bands (metals)
or inside the bandgap (insulators). However, discovery of the integer quantum
Hall (QH) eftect, which is insulating in bulk whilst conducting along the edges,
rattled this distinction. The study of the QH effect has led to a new classifica-
tion of materials: topological materials [1,2]. In the QH insulator, an external
magnetic field breaks the time reversal symmetry and creates Landau levels.
The QH states belong to different topological classes compared to the trivial
insulators. When insulators from two difterent topological classes are placed
next to each other, the insulating gap must close at their boundary giving
rise to edge modes (in two dimensions) and surface states (in three dimensions).
In a sense, comparing the topology of a nontrivial band structure and a trivial
one is analogous to comparing a rubber band and a Mobius strip; one cannot
be smoothly deformed into the other without breaking [2]. The closing of the
bandgap at the boundary of topological and trivial insulators is hence analogous
to the ‘breaking’ of the rubber band and converting it into the Mobius strip.
This ‘topological transition’ makes the edge/surface states independent of
the material details and insensitive to any smooth deformation of the system.
Over the past few years, several topological states of matter, including two-
dimensional (2D) [3] and three-dimensional (3D) topological insulators (TTs)
[1,2], topological crystalline insulators [4], topological Dirac semimetals and
Weyl semimetals [5,6], have been theoretically predicted and experimentally
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verified. In this chapter, we focus on 3D TIs, including TI nanoribbons
(TINRs), and discuss their electrical and superconducting transport properties.

TIs belong to a class of topological materials where time reversal symme-
try is preserved. A strong spin—orbit coupling (SOC) and band inversion in
the TT results in the appearance of a nontrivial insulating bulk bandgap and
topologically protected surface states. The topological protection refers to
the immunity of surface states against backscattering by nonmagnetic impur-
ities such as crystalline defects, and surface roughness [1,2,7]. These topolog-
ical surface states (TSSs) are spin-helical states with linear Dirac fermion-like
energy—momentum dispersion. Early examples of 3D TIs are BiySes,
BisTes, SboTes and their compounds [1,2]. These materials are amongst
the most commonly used thermoelectric materials and have been studied
extensively over the years [8]. However, only recently, topological origin
of thermoelectric and electronic properties became understood. Other
examples of 3D TTs include strained HgTe [9] and SmBg [10].

Fig. 7.1a and b depict schematics of the surface band dispersion in
momentum space and spin texture of the TSS in a real space, respectively.
Due to the strong SOC, spin of charge carriers in the TSS 1s locked perpen-
dicular to the momentum and tangential to the surface. Therefore, the
spin-helical TSS may give rise to the current/momentum-induced spin
polarisation and, hence, have many potential applications in spintronics
[11,12]. Moreover, ferromagnetic doping of the TIs can open an exchange
gap in TSS, leading to the quantum anomalous Hall effect [13,14] or topo-
logical magnetoelectric effect [15]. The TSS coupled to a conventional
superconductor may give rise to the topological superconductivity and
Majorana modes [1,16], top candidates to create a fault-tolerant qubit.

This chapter is organised as follows: we will first overview some of the
electrical transport signatures of TSS in 3D TIs. We will then introduce
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Figure 7.1 (a) Schematic of spin-helical surface energy dispersion of a typical 3D TI. (b)
Schematic of the spin texture in a 3D Tl surface state. Spin is always tangential to the
surface and perpendicular to the momentum. (c) Band structure of Bi,Ses measured by
ARPES. Credit: Adapted from Refs. [1,17,42].
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the TINR as an interesting candidate for the observation of topological
transport. Finally, we will present recent progress in combining 3D TINR
and superconductors in pursuit of topological superconductivity and Major-
ana modes.

2. Overview of electrical transport in TI

The band dispersion of a 3D TI has been measured by an angle
resolved photoemission spectroscopy (ARPES) on BixSes samples [1,17].
Fig. 7.1c shows the ARPES data, where linear spin-polarised Dirac disper-
sion of the TSS is demonstrated. In a perfect T1 bulk is insulating and elec-
trical current is carried by surface states. In reality, bulk carriers contribute to
the conduction due to unintentional impurity doping and thermal excita-
tions. There are several methods to separate the contributions of TSS and
bulk carriers. Doping a conventional BiyTes, which is highly electron
doped, with Sb shifts the chemical potential into the bandgap and compen-
sates for the unintended doping. It was found that ternary and quaternary
tetradymite TI materials, such as (B1,Sb),Tes and BiSbTeSe,, exhibit a
very low bulk contribution [18-21]. For instance, the sheet resistance Ry,
in BiSbTeSe, does not change with the thickness (see Fig. 7.2a) [22],
suggesting that Ry, is completely dominated by the TSS contribution at
T =2 K and the bulk is insulating. We note that in conventional metals
sheet resistance is inversely proportional to the thickness.
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Figure 7.2 (a) Sheet resistance R, and 3D resistivity p3p in BiSbTeSe, versus thickness
atT=2Kand T =295 K At T = 2 K, Ry, exhibits a 2D behaviour and does not
change with the thickness. The dashed blue (dark grey in print version) line and the
horizontal red (grey in print version) band represent the expected behaviours for Ry
and p3p of a 3D bulk conductor, respectively. (b) TSS contribution to the total conduc-
tance (G*" /G'™") versus thickness at three temperatures. Credit: Ref. [22].
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2.1 Temperature dependence of the electrical conductivity

For T1s with the Fermi energy residing within the gap, we expect that con-
tribution of bulk conduction will be suppressed at low temperatures. There-
fore, the temperature dependence of the electrical conductivity can provide
insight into the nature of electrical transport and, consequently, reveal the
contribution of the TSS. The surface contribution to the total conductance
can be extracted from the temperature-dependent electrical conductivity
using a simple model developed in Ref. [23]. In this model, the total
sheet conductance is a sum of a thermally activated bulk conductance and
a metallic surface conductance GP(T) = GM*(T)+ G, where

Ghik — g, exp <— kB—kT> , t 1s the thickness of the T1, g is the high tem-

perature conductivity of the bulk, E, is the bulk gap, kg is the Boltzmann
constant and T is the temperature. The metallic surface contribution can
be modelled as G*" = 1/(Ry + AT), where Ry accounts for the residual
resistance at T'= 0 K and A introduces electron—phonon coupling [23].
The model predicts that for temperatures kgT < E,, G is dominated by
G™ and increases with decreasing temperature. This model was employed
by Y. Xu et al. [22] to estimate the surface to bulk contribution in BiSb-
TeSe, films. Fig. 7.2b plots the extracted surface contribution to the total
conductance versus thickness. The authors observed that at low tempera-
tures or in thin flakes conductance is mostly dominated by the surface
contribution.

2.2 3D Tl in a perpendicular magnetic field

2.2.1 Low magnetic field range: weak anti-localisation

In a strong spin orbit-coupled system, such as a TT, magnetoconductance is
expected to exhibit weak anti-localisation (WAL). WAL originates from
destructive quantum interference of self-intersecting scattering paths due
to spin—momentum coupling. When a small magnetic field is applied,
time reversal symmetry is broken and WAL is suppressed. Therefore, at
low magnetic fields (B) conductance decreases with an increase of magnetic
field, and negative magnetoconductance Acd(B) = d(B) — d(0) with a
characteristic cusp at B= 0 T is observed. The WAL can be modelled using
the Hikami—Larkin—Nagaoka formula [24]:
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where W is the digamma function, I, is the phase coherence length and ais a
numeric prefactor. For a linear Dirac dispersion of the TSS, which has a
Berry phase of m, « = — 0.5. In a TI film, however, there are two parallel
surfaces (top and bottom), each contributing —0.5 to «. Therefore, for
transport which involves both TSS a« = — 1. The value of o was recently
extracted from magnetoconductance measurements in gate-tunable BiSb-
TeSe, flakes by Y. Xu et al. [22,25]. Fig. 7.3 depicts the gate dependence of
the longitudinal resistance R, in BiSbTeSe, flakes at zero magnetic field,
where a peak in the resistance is observed close to the back-gate voltage
Ve = — 60 V. This gate voltage highlights the position of the chemical
potential where the total charge in the system is neutral and, hence, is called
a charge neutrality point (CNP). Fig. 7.3b and c¢ depict magneto-
conductance and the extracted « and I, in the TI flakes. When both the top
and the bottom surfaces are electron doped, which is the case for 1,
> =30V, o = —1.2. Near the charge CNP or for the case when the top
surface is electron doped and the bottom surface is hole doped
(Ve < —30V), ais turther reduced. The reason behind this deviation is not
clear to us.

2.2.2 High magnetic field range: half-integer QH effect

When a TT is exposed to a strong perpendicular magnetic field, Landau lev-
els are formed. In conventional semiconductors, because of the parabolic
nature of the band dispersion, the Landau quantisation produces equidistant
energy levels and gives rise to the integer QH effect, manifested by quantised
Hall conductivity and zero longitudinal conductivity [26—30]. For relativistic
carriers with linear Dirac dispersion, Landau levels are not equidistant and,
more importantly, the Hall conductivity is quantised at half integers

] () (c)

Aa (6%h)
«
(wu)®y

o % w0 w0 @ 0 asms o o5 o Q0T

Vig (V) B(M Vog (V)
Figure 7.3 Longitudinal resistance Ry as a function of the back-gate voltage Vj at
T =0.35 Kand B =0 T. (b) Magnetoconductance Ac versus magnetic field for vari-
ous back-gate voltages, marking the weak anti-localisation effect. (c) « and I, versus
Vpg- All measurements are done in BiSbTeSe, flakes obtained by the scotch tape exfo-

liation from a bulk crystal. Credit: Refs. [22,25].
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[15,22,31]. A half-integer QH effect was first observed in gate-tunable
BiSbTeSe; flakes by Y. Xu et al. [22] and was later reproduced by others
[32,33]. Fig. 7.4a presents a longitudinal resistance R, = V273/I174, where
subscripts correspond to different terminals as shown in the inset, and a Hall
resistance Ry, = V53 / I1 4 as functions of the back-gate voltage Vj, at T =
0.35 K in the same BiSbTeSe, flake as the one shown in Fig. 7.3. Fig. 7.4b
depicts the calculated longitudinal (o) and Hall conductivity (o) as func-
tions of V. At 1, = 0V, the sample is n-doped (both top and bottom sur-
faces) and due to the large thickness of the flake, the back-gate control over
the top surface is negligible. Therefore, the top surface most likely remains
n-doped throughout the 1, range used in this study. When both the top
and the bottom surfaces are electron doped (V}, > —60V), well-
developed quantised plateaus in ¢, accompanied by vanishing oy, are
observed. The quantised values of g, are integer values of ¢/ h, where e
is the electron charge and h is the Planck constant. This indicates that
each surface of the TT flake contributes half-integer quantised conductance
to the measured total conductivity. Moreover, the lack of gate control on
the top surface ensures that the contribution from the top surface is always
%CZ /h. The observed plateaus in this experiment can be understood as parallel
contributions from the top surface (v;¢?/h) and the bottom surface (v¢?/h).
In other words, o) = o\ + UZ"Y’"’"‘ = (v + w)/h = (N, + N, +
1)¢?/h, where vi(r) = Niw) —I—% is the Landau level filling factor and Ny

is an integer number. In electron-doped bottom-gated TIs, v; is always %2
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Figure 7.4 (a) Longitudinal (Ry) and Hall (Ryy) resistance as functions of the back-gate
voltage (Vpg) at B=31 Tand T = 0.35 K. Inset shows the optical image of the device
where different electrodes are marked. (b) Calculated 2D longitudinal oxx and Hall gy,
conductivities from (a). Credit: Ref. [22].
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and, hence, o) = (N, + 1)¢?/h is always quantised. The top and bottom
Landau level filling factors are marked for each plateau in Fig. 7.4b. In order
to control vy, one needs to fabricate dual gated structures where both the top
and bottom surfaces are controlled independently. This was accomplished

by Yang Xu et al. in Ref. [34].

S 3. Electrical transport in Tl nanoribbons

In this section, we introduce quantum interference eftects in TSSs.
Unlike bulk samples, in mesoscopic systems, e.g., TINR, the low temper-
ature phase coherence length is comparable to the length scale of the sample
and phase coherence transport can be observed. TINRs resemble a metallic
hollow cylinder and electron trajectories can self-interfere when electrons
move around the cross-sectional circumference. When a magnetic field
along the length of a TINR is applied, quantum interference is affected
by the magnetic flux [35]. As a result, the interference patterns will give
rise to quantum oscillations of magnetoresistance as a function of the
magnetic flux, with a characteristic period of the flux quantum, ®, = h/e
[36—39]. Such oscillations are known as Aharonov—Bohm (AB) effects and
have been observed in prototypical TINRs including BiyTes [40] and
BisSes [41]. Note that a nanoribbon in this notation refers to a nanowire
with a rectangular cross-section.

In the TINRs, the confinement of the surface states along the circumfer-
ence will result in discretisation of modes around the circumference (we
define this direction to be along the y axis as shown in Fig. 7.5a). Unlike
conventional metallic hollow cylinders, the spin-helical nature of TSS in
the TINRs ensures that the spin of carriers is always tangential to the surface
and perpendicular to the momentum. This spin-momentum locking enfor-
ces a particle moving around the perimeter of the TINR to pick up an
additional AB phase (Berry phase of m). In other words, we must use
anti-periodic boundary conditions for TINRs when we consider the quan-
tisation of the transversal modes. Therefore, the transversal modes in TINRs
are described as follows [36,37]:

2 1
by = (4= ), (7.2)
y3 C 2

where k), is the transverse momentum along the circumference corre-
sponding to n, C is the circumference of the TINR and # is an integer. For
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Figure 7.5 (a) Cross-section of a Tl nanoribbon. We define y direction along the circum-
ference and longitudinal x direction along the nanoribbon length. (b) Energy dispersion
of the Tl nanoribbon surface modes (E versus longitudinal momentum ky) for three
magnetic fluxes. (c) The predicted magnetoconductance AG versus B exhibiting
Aharonov-Bohm (AB) oscillations with phase of 0 (blue [dark grey in print version]
curve) and 7 (red [grey in print version] curve). 0-AB (m-AB) oscillations correspond
to the Fermi energy Er, as shown by the dashed blue (dark grey in print version)
(red [grey in print version]) horizontal line in (B). Credit: Reproduced from Ref. [42].

any given k, mode, the energy dispersion is also described using the linear
Dirac dispersion as follows:

Ey(ke) = £ hop\ [l + ko, (7.3)

where k, is the longitudinal momentum along the length of the TINR and
vp is the Fermi velocity of surface modes. When an axial magnetic field is
applied, the electron wavefunction will pick up an additional AB phase of
27® /P and quantised transverse modes will take the form of [36,37,42]

by = (12— (7.4)
)’7n_C n 2 @07 .

where @ = B/S is the magnetic flux and S is the cross-sectional area of the
TINR. Fig. 7.5b plots the energy dispersion of various k, modes as a
function of k, for three different magnetic fluxes. Unique to the TINR, the
energy dispersion is gapped at zero magnetic flux as well as at even multiples
of ®/2. This is a result of the quantum confinement effect along the cir-
cumference. As the flux deviates from even multiples of ®/2, the energy
gap decreases and closes at odd multiples of @ /2, restoring the linear Dirac
dispersion. Therefore, an axial magnetic flux drives a periodic topological
transition of the surface modes, from a system with all topologically trivial
doubly degenerate transversal modes at even multiples of @ /2 to a system
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with a single nondegenerate mode for k, = 0 and doubly degenerate modes
for k, > 0 at odd multiples of ®( /2. The one-dimensional mode at k, = 0 is
spin helical with linear energy—momentum dispersion and is topologically
protected against backscattering by nonmagnetic impurities. The energy gap
between the two adjacent modes at k, = 0 is also given by AE = hwpAk,,
where Ak, = ky 11 — ky,, =27/ C [42].

The unique magnetic flux dependence of the energy dispersion has an
interesting consequence in the gate tunable magnetoconductance of the
TINR. Let us take a look at the case where the chemical potential (con-
trolled by the gate voltage) is tuned to the red (grey in print version) dashed
line in Fig. 7.5b. At T = 0 K, the magnetoconductance of the TINR will
be larger at ® = (n + 1 /2)®( compared to ® = (2n)P(/2, because at
® = (n + 1/2)®, the topological mode at k, = 0 will contribute to the
conductance, whereas at ® = (2n)®(/2, the chemical potential is inside
the gap and there is no mode to contribute to the conductance. Therefore,
the magnetoconductance will have maxima at (n +1 /2)®j and minima at
(n)®g. A schematic representation of this type of AB oscillation (7-AB) is
shown in Fig. 7.5c. Unlike the conventional AB eftects, where magneto-
conductance maxima are at zero and even multiples of ®,/2 (Fig. 7.5¢
blue [grey in print version] curve), for the TINR at this specific gate voltage,
the 1D topological mode gives rise to a 7 phase shift in the AB oscillations.
This phenomenon is called the m-AB eftect and is a result of the additional 7
phase shift introduced by the spin rotation of the 1D topological mode
around the perimeter of the TINR. If we change the position of the chem-
ical potential, for instance, to the dashed blue (dark grey in print version) line
in Fig. 7.5b, at ® = (2n)®(/2, there are two modes contributing to the
transport, whereas at ® = (2n + 1)@, /2, there is only one mode. We
note here that all the modes in Fig. 7.5b are doubly degenerate except for
the topological mode with the linear energy dispersion. Therefore, the mag-
netoconductance for this chemical potential will have maxima at even mul-
tiples of ®(/2 and minima at odd multiples of ®y/2. This type of
magnetoconductance oscillations resembles the conventional AB effect
(0-AB) without any phase shift, as shown with the blue (dark grey in print
version) curve in Fig. 7.5¢c. Therefore, in the TINR, we can alternate the
phase of the AB oscillations by changing the chemical potential of the
TINRs. This O to 7 transition is periodic with respect to kr with a period
of Ak, = 2m/C, which determines the energy separation (AE) of the modes
at k, = 0. We note that, experimentally, the temperature broadening and
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Fermi energy fluctuations along the length of the nanoribbon should be
smaller than the energy gap AE between the adjacent modes in Fig. 7.5b.
The m-AB oscillations of the magnetoconductance were experimentally
measured in BirSes nanoribbons in Ref. [43]. Jauregui et al. [42] reproduced
the m-AB oscillations in BiyTe; nanoribbons and further demonstrated a
clear periodic O to 7 alternation with respect to kg, driven by the gate volt-
age. Fig. 7.6a and b summarises the experimental results corresponding to
Ref. [42]. The gate-tunable AB oscillations are analysed by labelling each
peak (dip) in the magnetoconductance at ® = ®y/2 (® =0) with an
integer (IN). This procedure is done for back-gate voltages above 1/, where
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Figure 7.6 (a) Magnetoconductance (AG, with a smooth background subtracted) as a
function of the magnetic flux (®) at three back-gate voltage V,'s for Bi;Te; nanoribbons.
The nanoribbon exhibits a 0-AB effectat V; = —5 Vand a 7-AB effectforVy = — 2.5 V.
(b) Colour plot of AG as functions of ® and Vj;, exhibiting 0 to 7 transition of the AB oscil-
lations with Vg, which controls the chemical potential. The transition from 0 to 7 is peri-
odic with respect to Ak. (c) AG versus V, for ® = ®¢/2 and & = 0. The corresponding N
and N + 1/2 indexes are marked in the figure. (d) Each back-gate voltage corresponding
toeach N or N + 1/2 from (c) is plotted as a function of the N. Inset: kg versus N exhibiting
a linear behavior. This linear behaviour reveals that the oscillations (N) are periodic with
respect to kr with a periodicity given by Ak,. Credit: Ref. [42].
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Iy is the smallest gate voltage where a transition from 0- to m-AB oscilla-
tions is observed. Similarly, each dip (peak) in the magnetoconductance at
D =d)/2 (& = 0) is labelled with N+ 1/2. Fig. 7.6¢ plots the back-
gate voltage (I/;) as a function of the extracted oscillation index (N). For
a back-gated TINR, the sheet carrier density n; is given by

ng — Cox(l/g - VCNP)/ea (75)

where C,, is the parallel plate capacitance of the oxide layer per unit area.
Moreover, for a 2D band, the carrier density is also given by the following:

"= (le%; — Ie%’o) /4, (7.6)

where k. is the Fermi wavevector of the surface modes and k. is the Fermi
wavevector in the bulk valence band. We note that in our description, the
TSS of the TINR is treated as a 2D plane with anti-periodic boundary
conditions, and hence a 2D carrier density can properly describe the system.
Assuming kg = kpo + NAk, with Ak, = 27/ C, kro and C,, can be
extracted by fitting Egs. (7.5) and (7.6) to V, versus N data plotted
in Fig. 7.6d. From this fit, krg ~ 0.05A™" and C,y ~ 100 nF/cm’
(for SrTiOj substrate) are obtained. To see the periodic nature of
the oscillation index N with respect to kg, the calculated

kp = \/47TC0x/e( Vy— Vo) + k%y(, 1s plotted as a function of N in Fig. 7.6d.

For kp < kro (V, < 1), the magnetoconductance is dominated by the
bulk valence band conduction, carriers are not localised to the TSS, and no
AB oscillations are observed.

As we discussed earlier, at T'= 0 K and for the dashed red (grey in print
version) line in Fig. 7.5b, the conductance oscillations are due to the ballistic
spin-helical TSS. Considering the ballistic nature of the k, = 0 mode, one
would expect the amplitude of the AB oscillations to be ¢?/h, i.e., ideally
the amplitude of AG in Fig. 7.6a should be quantised (¢*/h). However,
all the experimentally measured AB oscillations in the TINRs [40-43]
reported AG ~0.1¢%/h, which is significantly smaller than the theoretically
expected value. The exact mechanism giving rise to the reduction of the AB
amplitude is not clear, even though disorder and temperature broadening as
well as invasive contacts, whose reflection and transmission coefficients can
influence the four-terminal magnetoconductance measurements, have been
considered as the underlying reasons.
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3.1 Ballistic transport from the temperature dependence of
AB oscillations

The other interesting property of AB oscillations is their temperature
dependence. The AB effect will have a different characteristic temperature
dependence depending on whether transport is ballistic or diffusive [44].
Previous studies have shown that the amplitude of the AB oscillations in
the diffusive regime exhibits a T-1/2 dependence [40,41], whereas temper-
ature dependence is exponential for ballistic nanoribbons [45]. In the
TINRs, the amplitude of AB oscillations of the magnetoconductance is
determined by the 1D topological mode with k, = 0. Since this mode is
topologically protected against backscattering, we expect to observe an

exponential T-dependence of the AB amplitude. Fig. 7.7a depicts a colour
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Figure 7.7 (a) Magnetoconductance (AG) versus temperature and magnetic flux in
Bi,Tes nanoribbons. (b) A few cuts of AG versus ® of (a) for different temperatures.
(c) temperature dependence of FFT amplitude A for the first (h/e), second (h/ 2e)
and third (h/3e) harmonics. Inset is the FFT of the data of (b) at T = 0.25 K. The peak
amplitude (A) is defined as the integrated area over the corresponding interval repre-
sented by the red (light grey in print version) horizontal line. (d) Temperature depend-
ence of the phase coherence length (L,) obtained from L, = jC/2Tb;, where j is the jt
harmonic in (c) and b; is obtained from fitting A to e%7. I, exhibits T~' dependence.
An average between the three data sets is shown as a solid green (grey in print version)
line. Credit: Ref. [42].
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map plot of magnetoconductance in BiyTes; nanoribbon as functions of an
axial magnetic field and temperature [42]. The amplitude of AB oscillations,
corresponding to the first, second and third harmonics obtained from a fast
Fourier transfer (FFT) of the data in (a), are also plotted in Fig. 7.7b. The
amplitude of all three harmonics shows an exponential decay with the
increasing temperature, revealing the ballistic nature of transport along the
TINR length. Theoretically, the amplitude of FFT (A4)), where j is the Y
harmonic, is proportional to ¢~%7, where the decay factor (b)) is found to
be b; = jC/(2Tl,) [45,46] and [, is the phase coherence length. Experimen-
tally, it is found that b; is a nonlinear function of j. Although the underlying
origin of this deviation from a linear behaviour is not well established, similar
deviations were attributed to thermal averaging. An extracted
lp = jC/(2Tb;) displays a T~ dependence [42]. This —1 exponent differs
from 0.4 to 0.5 observed in Refs. [41,47—49] and, most likely, indicates
weaker coupling of the TINRSs to the environment [44].

S 4. Superconducting transport in Tl nanoribbons

The TSSs are topologically nontrivial at zero magnetic field and, thus,
T1/superconductor (TI/S) heterostructures are ideal to form a topological
superconducting phase. Many theoretical works have studied the existence
of Majorana modes in 3D TIs [16,38,39,50-55]. Additionally, T1/S interfa-
ces, including S/T1/S Josephson junctions, have been experimentally dem-
onstrated by many groups [56—64]. Superconducting transport in TIs is
usually studied in a Josephson geometry, where two closely spaced super-
conductors are placed on top of a TI flake to form a Josephson junction.
Fu and Kane [16] first pointed out that the induced superconductivity in
the TSSs can give rise to zero-energy Majorana excitations. These excita-
tions are named Majorana modes because their mathematical formulation
is identical to Majorana fermions. The energy dispersion of the surface states
in TIs is

E(kp) = + hog|kg]. (7.7)

This band structure is ideal to form a topological superconducting phase
(which gives rise to the Majorana modes), because for any chemical potential
inside the bulk gap, the spin-helical ‘spinless’ regime is automatically
accessed, and the T1/S interface is topologically nontrivial at zero magnetic
field [16,39]. In contrast, in semiconductor nanowires the spin-helical states
emerge at large magnetic fields [65—70].
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Fu and Kane [16] derived the following energy-phase relation for the
Andreev bound states in a zero length Josephson junction (JJ):

E(¢)= £ Ay cos%, (7.8)

where A is the superconducting gap at zero temperature, and ¢ is the phase
difference across the JJ. Olund et al. [54] studied the effect of the channel
length and of the out-of-gap states on the supercurrent; they derived

oL 9)

hVF 2

E(¢)= £ Ay cos( (7.9)
where L is the channel length, for a J] with an arbitrary channel length.
Expression (7.9) becomes (7.8) in a short-channel limit L— 0. Ghaemi et al.
[71] studied the effect of impurities; they found that the presence of
impurities will act as an effective increase of the channel length, replacing L
with Lyg in (7.9). Current phase relation (CPR) can be calculated by taking
derivative of the energy with respect to the phase:

GE”
Iey, ¢ - (7.10)
23 T

Eq. (7.10) is derived assuming that the temporal changes of ¢ are slow.
Hence, the Fermi distribution function (the tanh term) is included to account
for this slow varying phase. Fig. 7.8a and b plot the energy spectrum of
Andreev bound states and the corresponding CPR for topological and trivial
junctions (transmission coefticient D = 0.2 is assumed for the trivial junc-
tion). Backscattering from nonmagnetic impurities is prohibited for TSS,
which leads to the energy levels crossing at ¢ = m, and, consequently, a
4m-periodic CPR [16]. In conventional JJs, the CPR is 2m-periodic [72].
The two energy branches have different fermion parity, and in order to
measure 47 periodicity, the measurements have to be performed faster
than the quasi-particle poisoning time [73]. In the presence of quasi-
particle poisoning, the CPR of a topological JJ is expected to be skewed
(due to the ballistic transport) but 27 periodic. In a short trivial junction,
the energy-phase relation is given by [72]:

E(¢)= £ Apy/1 =D sinzg, (7.11)
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where D is the junction transparency. In Fig. 7.8cand d E — ¢ and I— ¢ are
plotted for three trivial junctions with different transparencies D. For a
perfectly ballistic junction, E — ¢ and I — ¢ curves resemble those of the
topological junction with quasi-particle poisoning (slow varying phase).
Therefore, observation of highly skewed CPR, even though a necessary
step, is not sufficient evidence for the existence of topological super-
conductivity. In fact, to reveal the 4m-periodic nature of the CPR high
frequency measurements, with frequencies above the quasi-particle poi-
soning rate, are required.

The CPR of the TI ]JJ can be measured in an asymmetric quantum inter-
ference device (SQUID), shown in Fig. 7.8e. The asymmetric SQUID con-
sists of a reference (REF) junction with a known sinusoidal CPR in parallel
with a TI-based junction. If the critical current of the REF junction is much
larger than that of the TI junction, the magnetic flux modulation of the
SQUID critical current will directly probe the CPR of the TI JJ. We
have measured the CPR of BiSbTeSe, flakes using this technique; the results
are plotted in Fig. 7.8f. We observe that the CPR is highly skewed, which
1s consistent with our understanding of ballistic TSS with a slow varying
¢ (controlled by the magnetic flux threading the SQUID) [64]. In contrast,

in a TINR the k, = 0 1D surface mode only appears at @ = <n + %) P

and, hence, CPR in zero magnetic field is not expected to be 4 periodic.

4.1 Temperature dependence of the critical current in Ti
nanoribbons

Temperature dependence of the critical current I, which is the maximum
value of I(¢) in Eq. (7.10) at any given temperature, is a versatile probe
to study the induced superconductivity. I.(T) dependence has been inves-
tigated in S/T1/S JJs based on BiSbTeSe, nanoribbons with Nb as supercon-
ducting leads [61,63]. The I.(T) reveals an anomalous enhancement of the
critical current at temperatures below 0.2T,, where T, is the critical temper-
ature of the JJ. We will refer to this transition temperature as T". Fig. 7.9a
displays I versus T in a TINR at three different back-gate voltages. Starting
from T,, I increases smoothly with reducing temperature down to 1",
below which I, exponentially increases as T approaches zero. In general,
any model which considers two characteristic energy gaps in the system
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five different BiSbTeSe, nanoribbons. Solid line is an exponential fit. Credit: Ref. [63].

can reproduce our observed temperature dependence. In the original paper
[68], T" was associated with superconductivity being induced into the bot-
tom surface of the nanoribbon (the side which is not in contact with Nb),
consistent with the observation that for T' < T~ Little—Park oscillations (dis-
cussed below) are observed [66]. The observed I, versus T is radically difter-
ent from that of the short JJs, where I, saturates at low temperatures without
exhibiting any exponential behaviour [72,74]. In contrast, for long [Js, I
increases exponentially with decreasing temperature [72,75-78]. We
note that short refers to a junction with L < &, where & is the superconduct-
ing phase coherence length, whilst L > & is considered a long junction. The
model assumes that the increase in I. versus decreasing T for T" < T< T,
followed by an exponential enhancement of I, for T < T" as observed in
Fig. 7.9 accounts for a transition from a short to long junction limit at
T, where superconductivity extends to the bottom TSS. The total current
I =1 + I is carried by the top TSS (I in the inset of Fig. 7.9b) and by the
bottom TSS (I>). The supercurrent corresponding to I involves modes with
large k, that extend around the circumference and go from the top left
superconductor to the top right one. The circumference of the nanoribbon
C > & and these modes are in the long junction regime. I; is governed by
modes with small k,, which are in a ballistic regime, and is well described by
Eq. (7.10). I, has an exponential T-dependence [72,78]:

kT
b exp (— BT) (7.12)
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where 0 is the characteristic energy gap of the modes in the long junction
and is given by

0= iz ) (7.13)

2md

where d is the effective length. I becomes appreciable for small T' < §/ kg.
From the fit to experimental data, we extract 0 ~ 0.08A, corresponding to
the effective length of d = 1.2 pm, twice larger than C ~ 0.7 pm. This
anomalous temperature enhancement has been observed in multiple
BiSbTeSe; nanoribbon JJs (see Fig. 7.9¢). Yet another theoretical explan-
ation to the observed temperature dependence was put forward by Talantsev
[79], who argues that the sharp transition in I. — T" curves might be related
to the linear Dirac energy dispersion of the TINR rather than the winding of
the TSS. Future theoretical and experimental investigations might be nee-
ded to clarify the origin of anomalous critical current enhancement at low
temperatures.

4.2 Aharonov-Bohm effect in Tl nanoribbon Josephson
junctions

In the presence of an axial magnetic field, the critical current in the junction
is expected to exhibit AB oscillations, similar to the conductance oscillations
in the normal state discussed earlier. Because of the unique quantisation of
the transverse momentum k, (Eq. 7.4) and the band dispersion in the
TINR, a transition between 0- and m-AB eftect is also predicted to occur
in the superconducting state [38,39,51,80,81]. In the superconducting state,
oscillations are due to the interference of Cooper pairs with charge 2e and
flux is quantised in units of @y = h/2e, half the flux in the normal state
(this phenomenon is also known as the Little—Park effect). In the presence
of ballistic Andreev bound states, including Majorana bound states, oscilla-
tions with /e period are predicted [51,82].

Fig. 7.10 shows a nanoribbon device with four normal (N, Ti/Au) and
four superconducting (S, Nb) contacts [83]. For N contacts, the AB oscilla-
tions with a period AB,, = 0.48 T are observed. The phase of the AB oscil-
lations changes from m for 1/, = 14.5 V to 0 for I/, = 16 V and back to 7
for 1, = 17.5 V, similar to the AB oscillations discussed earlier (Fig. 7.7).
This gate-induced periodic m — 0 — 7 transition unambiguously confirms
TSS transport in this TI nanoribbon. Now we compare AB oscillations in
the normal regime with oscillations of the critical current in a JJ formed
between two S contacts in the same nanoribbon. In Fig. 7.10c, differential
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Figure 7.10 (a) An optical microscope image of the Tl nanoribbon with Ti/Au normal
(N) contacts and Nb superconducting (SC) contacts. (b) Magnetoconductance AG ver-
sus the axial magnetic field measured using the normal contacts for various back-gate
voltages (V's) at T = 20 mK. Curves are shifted vertically for clarity. (c) Colour map of
the two-terminal differential resistance dV//dl as functions of I;. and B measured at
Vg =28 Vand T = 20 mK. (d) The critical current /. versus B measured for different
Vy's at T = 20 mK. Quantum interference patterns in /. with period of AB; ~ 0.18 T
are observed. Credit: Ref [83].

resistance is plotted as a function of dc current I and the magnetic field B at
T =20mK and I/, = 28 V for a JJ. The blue (light grey in print version)
region corresponds to the R = 0 state, and its boundary (I;) oscillates with
magnetic field. In Fig. 7.10d, oscillations of I, versus the axial magnetic field
are plotted for several gate voltages. Three features stand out in the super-
conducting transport: first, the interference patterns are AB-like (or
SQUID-like) and, hence, are different from the Fraunhofer patterns meas-
ured in the perpendicular magnetic fields. Second, the period of the oscilla-
tions is AB; ~ 0.18 T, which is > 2 times smaller than the period of 0.48 T
in the normal state. The fact that AB;<AB,,/2 may suggest that oscillations
are due to Cooper pair interference. There are however several other pos-
sible factors that can contribute to the period reduction in the S state,
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including magnetic flux focusing and supercurrent extending to the outer
surface of Nb contacts, thus effectively increasing the enclosed area. Third,
the phase of the supercurrent oscillations remains zero regardless of the
applied gate voltage. It is not clear why the m-AB oscillations do not
show up in the superconducting state. However, we speculate that super-
conducting condensate is very effective in screening the gate field and,
thus, the gate is not as efficient in tuning the Fermi level in superconducting
state. Overall, the AB-like quantum interference patterns observed in the
TINR provide yet another signature of the surface superconductivity. We
note here that further experimental investigation, e.g., direct measurement
of the 4m-periodic CPR, is necessary to conclude whether topological
superconductivity and Majorana modes can indeed exist in the
TINR-based Josephson junctions.

5. Summary and outlook

In this chapter we summarised recent progress in electrical and super-
conducting transport of TINRs. In particular, we analysed signatures of
topological transport in temperature and magnetic field dependence of
the electrical conductivity and the supercurrent. Furthermore, AB interfer-
ences of TSSs were discussed in both normal and superconducting states.
These signatures provide strong evidence for the existence of TSS and
importance of TSS transport in TINRs. The TSSs have already found appli-
cations in spintronics, and TI/S hybrid structures are one of the prime can-
didates for the observation of the Majorana modes, which are predicted to
exhibit non-Abelian statistics. Despite significant efforts over the past dec-
ade, Majorana modes have not been conclusively observed. Further progress
may require higher quality TIs (fewer bulk states, lower disorder and
reduced amount of impurities) and cleaner, more transparent TI/S interfa-
ces. YPC and LPR acknowledge partial support by Quantum Science Cen-
ter (QSC), a US Department of Energy (DOE) National Quantum
Information Science Research Center, during the writing of this chapter.
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