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We study a model of pinned bilayer Wigner crystals 共WC兲 and focus on the effects of interlayer coherence
共IC兲 on pinning. We consider both a pseudospin ferromagnetic WC 共FMWC兲 with IC and a pseudospin
antiferromagnetic WC 共AFMWC兲 without IC. Our central finding is that a FMWC can be pinned more strongly
due to the presence of IC. One specific mechanism is through the disorder induced interlayer tunneling, which
effectively manifests as an extra pinning in a FMWC. We also construct a general “effective disorder” model
and effective pinning Hamiltonian for the case of FMWC and AFMWC respectively. Under this framework,
pinning in the presence of IC involves interlayer spatial correlation of disorder in addition to intralayer
correlation, leading to enhanced pinning in the FMWC. The pinning mode frequency 共pk兲 of a FMWC is
found to decrease with the effective layer separation, whereas for an AFMWC the opposite behavior is
expected. An abrupt drop of pk is predicted at a transition from a FMWC to AFMWC. Possible effects of
in-plane magnetic fields and finite temperatures are addressed. Finally we discuss some other possible ramifications of the FMWC as an electronic supersolid-like phase.
DOI: 10.1103/PhysRevB.73.115314

PACS number共s兲: 73.20.Qt, 73.21.Ac, 73.43.Cd

I. INTRODUCTION

Two dimensional systems 共2DS兲 of electrons 共or holes兲
subjected to a strong perpendicular magnetic field 共B兲 have
been among the most studied strongly-correlated systems in
the past two decades, with such many-body phenomena as
fractional quantum Hall effects and quantum Wigner crystals
共WC兲 共both reviewed in Ref. 1兲. Additional degrees of freedom introduced by bringing two parallel 2DS in close separation to form a bilayer system 共BLS兲 can lead to new phenomena 共see reviews in Refs. 1 and 2兲 with no counterpart in
the single layer case. The best known example is the bilayer
excitonic condensate state3,4 共BECS兲 at total Landau filling
tot = 1, which displays quantum Hall effect5 and counterflow
superfluidity.6,7 Carriers in such a state reside simultaneously
in both layers and possess interlayer 共phase兲 coherence 共IC兲.
The IC can even exist in the limit of vanishing interlayer
tunneling 共characterized by the symmetric-antisymmetric energy gap ⌬SAS ⬃ 0兲 and solely due to the interlayer Coulomb
interaction.2 Alternatively, the IC can be described using a
pseudospin8,9 language, where pseudospins represent layer
indices. The BECS is a pseudospin ferromagnet8,9 and the
associated Goldstone mode has indeed been observed.10
At sufficiently small tot, the ground state of the BLS is
expected to be a bilayer Wigner crystal 共BWC兲.11,12 It is
natural to ask whether IC can also exist in the crystal state.
Such a possibility has been theoretically considered,13,14 for
finite as well as vanishing interlayer tunneling. It was
found13,14 that when d / a 共the effective layer separation,
where d is the interlayer spacing and a is the mean intralayer
spacing between carriers兲 is small, the BWC can be an onecomponent Wigner crystal with IC. This corresponds to a
WC which is also a pseudospin easy-plane ferromagnet.14
For larger d / a, on the other hand, the BWC is expected to be
a two-component WC 共TCWC兲.14 The two components 共corresponding to the two layers兲 are “staggered” from each
other in order to minimize interlayer Coulomb interaction. If
1098-0121/2006/73共11兲/115314共7兲/$23.00

interlayer tunneling is small, such a TCWC has negligible IC
and is an easy-axis antiferromagnet15 in pseudospin space. A
rich array of crystal structures13,14,16,17 was shown to be possible with a TCWC other than the standard hexagonal
lattice.18 Dynamical properties of a BWC have been
calculated.16,17,19,20
So far theories13,14,16,17,19,20 on BWC have focused on the
clean case. However, in real samples a BWC is always
pinned by disorder and is therefore an insulating phase as
observed in experiments.21,22 Disorder can also introduce a
pinning gap in the magnetophonon excitation of a WC.23,24
Such a “pinning mode”25–27 has been taken as a well-defined
characteristic signature for a pinned WC measured in the
single layer case.28–31
In this paper we study pinned BWC and in particular, we
focus on the effect of interlayer coherence 共or pseudospin
magnetism兲 on the pinning mode and experimentally detectable signatures that can qualitatively distinguish a pseudospin ferromagnetic 共FM兲 WC from a pseudospin antiferromagnetic 共AFM兲 WC in real bilayer systems.
After a brief review of the pinning mode in a single layer
共SL兲 WC in Sec. II, we develop a simple model of pinned
BWC in Sec. III to calculate the pinning mode properties
both with and without IC. First we demonstrate that local
tunneling induced by disorder 共such as barrier fluctuations兲
manifests as an effective pinning in the presence of IC and
can lead to enhanced pinning in the FMWC. Then we
present a more general model, where the concept of effective
disorder, which depends on the electronic state, is emphasized. Under this framework, pinning in the presence of IC
involves interlayer as well as intralayer spatial correlation of
disorder, whereas only the latter is relevant for the pinning
for a SL WC or a BWC without IC. The effect of d / a on the
pinning mode frequency 共pk兲 is discussed in Sec. IV. Qualitatively opposite behaviors are found for a FMWC and an
AFMWC. We also predict an abrupt pk drop associated with
a FM-to-AFM transition. In Sec. V we discuss possible effects of in-plane magnetic fields 共B储兲 on a pinned FMWC. A
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proposal of performing “disorder tomography” using B储 is
presented. We also briefly discuss finite-temperature 共T兲 effects. In Sec. VI we discuss some other interesting properties
共and their connection with pinning兲 of FMWC as a phase
resembling a supersolid. We summarize the paper in Sec.
VII.
II. PINNING OF A SINGLE LAYER WC

In the presence of disorder,32 a WC cannot have true long
range positional order.27 Its long wavelength and low energy
excitation is the “pinning mode,”23–27 which represents the
collective oscillation of WC domains in the disorder potential. Such a pinning mode is manifested as a resonance in the
frequency-dependent
real
diagonal
conductivity
(Re关xx共兲兴), measurable from the power absorption spectrum of the WC subjected to an AC electric field.28,30 Major
results from the current understanding of the pinning mode
resonance are summarized below, where we consider WC
with density n subject to a 共weak兲 disorder potential V共rជ兲
关where rជ denotes the position vector in the two-dimensional
共2D兲 plane兴 and a strong perpendicular B:
共i兲 The frequency of the pinning mode resonance 共pk兲 is
only determined by the static deformation 共from the ideal
lattice in the clean case兲 of the WC through its Larkin domain size.25–27 An explicit formula for pk 共in the high B
limit兲 as given in Ref. 27 is33

pk = C

W11
.
6  B

共2兲

where D共r兲 is the correlation function with characteristic
decay length .
For an ideally 2D 共infinitely thin兲 WC in high B,  is
expected to be close to its classical value18

=␣

n3/2e2
,
⑀

共3兲

where ⑀ is the effective dielectric constant of the medium
and ␣ a constant set by the crystal structure 共⬃0.02 for the
hexagonal lattice兲. Thus the expected n dependence of pk is

pk ⬀ n−␥

III. PINNED BILAYER WIGNER CRYSTALS WITH
PSEUDOSPIN MAGNETISM

Now consider a BWC of equal densities 共n兲 of electrons
in each layer, with interlayer separation d and in a strong
perpendicular B. We assume the disorder in the “top” layer
关Vt共rជ兲兴 and that in the “bottom” layer 关Vb共rជ兲兴 to be similar35

共1兲

In this formula C is a constant involving only the carrier
charge 共e兲,  is the shear modulus of the WC, W and  are
the strength and correlation length of the 共effective兲 disorder
关see 共v兲 below兴 potential 关V共rជ兲兴, respectively. They are defined from the two-point spatial correlator
具V共rជ兲V共rជ⬘兲典 = WD共兩rជ − rជ⬘兩兲,

creases with increasing Coulomb interaction strength.
共iii兲 The integrated intensity 共S兲 of the pinning mode resonance directly reflects the participating density of the WC. It
is shown23 that S = 共ne / 4B兲pk.
共iv兲 It has been suggested25 that the physical disorder responsible for the pinning comes mainly from the roughness
associated with the interface that vertically confines the WC.
Such disorder gives rise to a calculated25 pk comparable to
that observed experimentally.28,30
共v兲 Although the physical disorder is assumed not to depend on the electronic state, the effective disorder 关V共rជ兲兴
which determines the Wigner crystal pinning, is electronic
state dependent. More specifically, V共rជ兲 is the physical disorder appropriately convoluted with the electron form factor
共wave function兲.25–27 As a consequence, the disorder correlation length  appearing in 共1兲 above is that of the physical
disorder 共0兲 only when 0 ⬎ lB 共valid at sufficiently high B兲,
where the magnetic length lB = 冑ប / eB is the size of one electron wave function. Otherwise 共if 0 ⬍ lB兲,  should be set as
l B.

共4兲

with ␥ = 3 / 2. Experimentally measured34 ␥ varies from 1 / 2
to 3 / 2. Its precise value is not qualitatively important for this
work.
共ii兲 The determination of the linewidth 共⌬兲 of the pinning mode resonance is less straightforward. It is now
believed25,26 to be a truly dynamical quantity and determined
by the magnetophonon localization length. In general, 共at a
fixed B兲, ⌬ increases with increasing disorder, but de-

Vt共rជ兲 ⬃ Vb共rជ兲 ⬃ V共rជ兲,

共5兲

where V共rជ兲 obeys the disorder characteristics defined in Eq.
共2兲 and already incorporates the appropriate intralayer electron form factor. Therefore, in the absence of the other layer,
each would form a SL pinned WC with the same pinning
mode as described in Sec. II. In the following we will use the
superscripts “n0” to denote quantities associated with the
pinning mode of such a SL WC 共of density n兲, and “nn” for
those associated with the BWC 共of total densities 2n, with n
in each layer兲. We use N to denote the number of electrons in
each layer 共N = nA with A being the sample area兲 and pseudospin “↑” and “↓” for “top” and “bottom” layer indices,
respectively 关we also assume both layers to be infinitely thin,
located at z = + d / 2 and z = −d / 2, respectively, where
共x , y , z兲 = 共rជ , z兲 are three-dimensional 共3D兲 Cartesian coordinates for a 2D 共intralayer兲 vector rជ兴. We can ignore the real
spin degree of freedom for electrons in high B 共the lowest
Landau level兲.
Our model can be presented clearly in the first quantized
language. We start with the total Hamiltonian for the pinned
BWC
N

Ĥ = 兺 关Ĥs共rជi,↑兲 + Ĥs共rជi,↓兲兴 + Ûint + V̂dis .

共6兲

i=1

In the above Ĥs is the single-particle part of the Hamiltonian,
which also includes a neutralizing positive charge background 共to keep the total Coulomb energy finite兲 but does not
include disorder effects.
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highlighting the difference made by IC, and calculate quantities such as pk.
We also make the following additional assumptions,
which greatly simplify the analysis but still keep the essential
physics.

The Coulomb interaction among all electrons is
N

Ûint = 兺
i⬍j

e2
兩共rជi,↑兲 − 共rជ j,↑兲兩
N

+兺
i,j

N

+兺
i⬍j

e2
兩共rជi,↓兲 − 共rជ j,↓兲兩

e2
兩共rជi,↑兲 − 共rជ j,↓兲兩

共7兲

in which the first two terms represent intralayer interaction,
the third term represents interlayer interaction, with 兩共rជi , ↑ 兲
− 共rជ j , ↑ 兲 兩 = 兩共rជi , ↓ 兲 − 共rជ j , ↓ 兲 兩 = 兩rជi − rជ j兩 and 兩共rជi , ↑ 兲 − 共rជ j , ↓ 兲 兩

= 冑兩rជi − rជ j兩2 + d2.
The disorder part, V̂dis, has two parts V̂dis = V̂pin + T̂dis. One
is the pinning within each layer
N

V̂pin = 兺 关Vt共rជi,↑兲 + Vb共rជi,↓兲兴.

共8兲

i=1

Note we have explicitly written out the configuration
space coordinates above 关共6兲–共8兲兴 to reflect its layer 共pseudospin兲 dependent actions. For example,
V共rជ,↑兲兩共rជ兲 丢 ↓典 = V共rជ,↓兲兩共rជ兲 丢 ↑典 = 0

共9兲

for a single-particle state , where the notation 兩共rជ兲 丢 典 共
being a pseudospin state兲 is a shorthand for the state 兩典
丢 兩典.
The other part in V̂dis reflects effect of disorder induced
共local兲 tunneling and is given by
T̂dis = T共rជ兲F̂

共10兲

where F̂ is simply the pseudospin flip operator
F̂兩共rជ兲 丢 ↓典 = 兩共rជ兲 丢 ↑典,

共1兲 Assume small or vanishing interlayer tunneling 共⌬SAS兲
in absence of disorder. We also assume the neutralizing positive charges are far away from the BWC. Together with the
high B condition 共which allows us to neglect the cyclotron
kinetic energy of the electrons兲, the Ĥs part in Ĥ is nearly
constant and can be neglected all together. Physically, this
means that pinning is only determined by the electronelectron interaction 共Ûint兲 and electron-disorder interaction
共V̂dis兲: the static deformation 共which determines pinning pk,
as we have pointed out in Sec. II兲 is given by the configuration that minimizes the energy expectation of Ûint + V̂dis. Although V̂dis contains both disorder pinning and disorder tunneling parts, we will see later on in the paper, that 共in either
case of an AFMWC or a FMWC兲 V̂dis can be replaced by
some effective pinning potential in a simpler effective Hamiltonian 共which does not contain a disorder tunneling term兲
that gives the same pk as the original problem.
共2兲 Assume d Ⰶ a. This in particular allows us to effectively set d ⬃ 0 in the Coulomb interaction term 共Ûint兲 in 共7兲
and treat the inter and intralayer interactions on an equal
footing. In this limit we can also assume the underlying lattice structure 共in absence of disorder兲 to be the same 共hexagonal兲 for the AFMWC and FMWC.14
共3兲 Assume the following simple form for the disorder
induced tunneling amplitude
T共rជ兲 = g̃V共rជ兲,

F̂兩共rជ兲 丢 ↑典 = 兩共rជ兲 丢 ↓典
共11兲

and the amplitude T共rជ兲 is generally related to Vt共rជ兲 and Vb共rជ兲.
We first notice that if there were no interlayer coupling
共for example d Ⰷ a ⬃ 1 / 冑n兲, both the interlayer interaction
term in 共7兲 and disorder induced tunneling 共10兲 can be neglected and Ĥ decouples into two identical 共only shifted
in z兲 SL Hamiltonians. In this case the system reduces
to two independent layers and its pinning mode resonance
共Re关xx共兲兴 spectrum兲 is simply the superposition of those of
two identical SL WC, i.e., Re关xx共兲兴nn = 2Re关xx共兲兴n0 with
n0
nn
pk
= pk
, ⌬nn = ⌬n0, and Snn = 2Sn0 in this independent
layer limit.
In this paper we are mainly interested in interacting bilayers and we focus on the effect of IC on the pinning mode
of a BWC, in particular on pk, which is the quantity that can
be most accurately measured in experiments.28,30 To this end,
we will consider and compare two idealized cases of a BWC
with no IC 共referred to as an “AFMWC”兲 and a BWC with
IC 共“FMWC”兲, to be specified by the many-body ansatz 共13兲
and 共19兲 in the following, respectively. Our approach is to
construct an effective Hamiltonian that maps the problem
into a single layer one, with an effective disorder that captures the pinning physics in each case 共AFMWC vs FMWC兲,

共12兲

where g̃ 艌 0 is a small 共we only consider the effect of disorder being weak perturbation兲 parameter. This is plausible because we expect the main source of relevant disorder in realistic, epitaxially-grown samples to come from the defects
or fluctuations in the thin barrier separating the two layers.
This kind of barrier defects or fluctuations not only constitute
disorder in each layer, they can also facilitate local
tunneling7,36 between the layers, with a tunneling amplitude
being locally proportional to the strength of such disorder 共in
the weak disorder limit兲 as expressed in 共12兲. The positive
sign of g̃ comes from the fact that such a tunnelingfacilitating defect draws an electron closer into the barrier
and farther away from the corresponding positive charged
background 共dopants兲, therefore constituting a positive disorder. We also expect g̃ to decrease with increasing effective
layer separation d / a and go to zero at large d / a 共the decrease
of g̃ with decreasing a reflects the Coulomb-blocking effect
on the tunneling兲.
Later on we will briefly discuss the implication when the
above assumptions are relaxed, which nonetheless will not
change our qualitative conclusions.
Case 1. AFMWC 共no IC兲. A schematic picture 关onedimensional 共1D兲 cross section兴 is shown in Fig. 1共a兲. This
ជ 其2N 共deformed
corresponds to a “bipartite”14 lattice 兵R
i i=1
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FIG. 1. 共Color online兲 Schematic 共1D cross section, not to scale,
d assumed to be Ⰶa兲 for an AFMWC 共a兲 and a FMWC 共b兲. Both
have total densities 2n and the same underlying lattice structure
共when not deformed by disorder兲. In 共a兲 half the lattice electrons
belong to the top layer 共labeled as ↑兲 and the other half to the
bottom layer 共labeled as ↓兲. Electrons are only pinned by disorder
from the individual layer. In 共b兲 all electrons simultaneously belong
to both layers 共being in pseudospin state 兩 → 典 = 1 / 冑2兩 ↑ 典 + 1 / 冑2兩 ↓ 典兲,
and are effectively pinned by the joint disorder 共see the text for
details兲 from both layers.

ជ 0其2N 兲. We have relabeled the
slightly from the ideal lattice 兵R
i i=1
indices such that i = 1 , . . . , N correspond to the “↑” electrons
and i = N + 1 , . . . , 2N correspond to “↓” electrons. The manybody state of the AFMWC can be well approximated by the
following ansatz14,37 共after appropriate antisymmetrization兲
2N

⌿AFMWC = 兿 兩Rជ i共rជi兲 丢 i典

共13兲

i=1

crystallizing in the effective disorder potential V共rជ兲. The
static deformation of such a crystal can be obtained in prinជ 其2N , using
ciple by minimizing the energy with respect to 兵R
i i=1
the many-body ansatz ⌿AFMWC 共13兲 with this effective
Hamiltonian 共17兲. For its pinning mode we simply have
共from Sec. II兲
n0 ␥
nn
pk
= pk
/2 ,

and the single-particle Gaussian 共up to a phase兲

Rជ 共rជ兲 =

1

冑2lB

冋

exp −

ជ 兩2
兩rជ − R
4lB2

册 冋

exp − i

ជ兲
ẑ · 共rជ ⫻ R
2lB2

册

共where lB = 冑ប / eB is the magnetic length and ẑ the unit z
vector兲.
With our index relabeling 共and assumption d Ⰶ a兲 we can
rewrite
2N

Ûint = 兺
i⬍j

e2
兩rជi − rជ j兩

.

共15兲

Following Eqs. 共5兲, 共8兲, 共9兲, 共13兲, and 共14兲 we easily see

Case 2. FMWC 共with IC兲. A schematic 共1D cross section兲
is shown in Fig. 1共b兲. In contrast to Case. 1, whose
lattice is bipartite with the AFM order, here the lattice is
one-component with all electrons in the pseudospin state
兩 → 典共=1 / 冑2兩 ↑ 典 + 1 / 冑2兩 ↓ 典兲. Such FM order breaks the U共1兲
symmetry39 of pseudospins 关either explicitly by finite ⌬SAS or
spontaneously 共only due to interlayer Coulomb interaction兲
for ⌬SAS ⬃ 0兴. The many-body ansatz for such a FMWC is
2N

⌿FMWC = 兿 兩Rជ i共rជi兲 丢 → 典

关where Rជ 共rជ兲 is the same kind of Gaussian wavepacket used
earlier兴.
Compared to Case 1, now T̂dis has a very different effect:
it is easy to see that
T̂dis共rជ兲兩共rជ兲 丢 → 典 = g̃V共rជ兲兩共rជ兲 丢 → 典

VJ共rជ兲 =

i=1

2N

pin
=兺
ĤAFMWC
i⬍j

e2
兩rជi − rជ j兩

2N

+ 兺 V共rជi兲,

共20兲

for a single particle state 共rជ兲. This means that, in contrast to
the case of AFMWC 共without IC兲, where T̂dis does not affect
pinning as seen earlier, the disorder induced tunneling T̂dis in
the presence of IC effectively acts as a pinning term 关this in
fact holds even for a general tunneling disorder 共10兲兴. In our
case, this pinning is in addition to the original “intralayer”
pinning from V共rជ兲, thus leads to enhanced pinning of a
FMWC 共19兲.
Now we construct an alternative, effective disorder model
in which the system is mapped into 2N electrons crystallizing in a single “→” layer, and pinning effects such as that
due to T̂dis above are absorbed in an effective 共single layer兲
pinning disorder, given by the following “joint” disorder40
ansatz 共the reason for the choice will be soon apparent兲:

共16兲

We also notice that, for the pseudospin flip operator F̂,
具共rជ兲 丢 兩F̂兩共rជ兲 丢 典 = 0 for a single particle state 共rជ兲 and
 = either ↑ or ↓. Therefore in the case of an AFMWC, the
disorder induced tunneling T̂dis does not affect the pinning
共static deformation兲 of the crystal.38
The effective Hamiltonian for the pinned AFMWC is

共19兲

i=1

2N

V̂pin兩⌿AFMWC典 ⬃ 兺 V共rជi兲兩⌿AFMWC典.

and Snn = Sn0/2␥−1 .
共18兲

in which

i = ↑ for i = 1, . . . ,N and ↓ for i = N + 1, . . . ,2N, 共14兲

⌬nn ⬍ ⌬n0,

1

ជ

ជ

冑2 关V 共r兲 + V 共r兲兴
t

b

共21兲

with the effective pinning Hamiltonian being
2N

pin
=
ĤFMWC

e2

2N

+ 兺 VJ共rជi兲.
兺
ជi − rជ j兩 i=1
i⬍j 兩r

共22兲

The spatial correlator for such a “joint” disorder VJ now
contains 共in terms of the original bilayers兲 both intralayer
关Eq. 共2兲兴 and interlayer disorder correlation

共17兲

i=1

where the pseudospins have dropped out. Thus as far as pinning is concerned, the system maps to a SL of 2N electrons
115314-4
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共23兲
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in which we have introduced a phenomenological “coupling”
parameter g between the disorder from the two layers
具Vt共rជ兲Vb共rជ⬘兲典 = 具Vb共rជ兲Vt共rជ⬘兲典 = gWD共兩rជ − rជ⬘兩兲.

共24兲

Again we expect g to depend on the effective layer separation 共d / a兲: g decreases for increasing d / a and drops to 0 at
sufficiently large d / a. Now we see that VJ has disorder
strength WJ = 共1 + g兲W and the same correlation length 共兲 as
V共rជ兲. Thus we obtain for the bilayer pinning mode properties
共expressed in terms of corresponding SL “n0” quantities兲
nn
pk
=

1 + g n0
 ,
2␥ pk

Snn =

1 + g n0
S .
2␥−1

共25兲

In contrast, the interlayer disorder-correlation 共24兲 has no
relevance for pinning of the AFMWC 共17兲 or the SL 共“n0”兲
WC 共Sec. II兲. Therefore, although the doubled n 共and
strengthened Coulomb interaction兲 in the BWC 共“nn”兲 from
the SL 共“n0”兲 case will decrease pk and ⌬; in a FMWC,
the presence of IC effectively enhances the pinning disorder
and tends to increase both pk and ⌬ from the respective
SL 共“n0”兲 values. Due to the two competing effects, pk 共25兲
and ⌬ for the FMWC can be either higher or lower than the
n0
pk
and ⌬n0. In contrast, pk and ⌬ for the AFMWC are
always lower than the SL values. Detailed calculations41 共foln0
nn
= pk
,
lowing Ref. 27兲 show that for the FMWC, if pk
nn
n0
⌬ ⬍ ⌬ .
The “effective disorder” 共in the effective Hamiltonian兲
model we give above does not directly specify the source of
the interlayer correlated disorder 共such as barrier fluctuations兲 with the enhanced pinning mechanism. However it
correctly captures 关now in the disorder correlator, which
mathematically determines pk as shown in Eqs. 共1兲 and 共2兲兴
the effects such interlayer disorder may have on pinning;
furthermore, through the choice of the “joint” disorder 共21兲,
it carries a simple physical picture that, in the state of
FMWC, since electrons have lost their original layer identity
and move in both layers simultaneously and coherently, they
are pinned by disorder from both layers. Such a general
framework turns out to be convenient to analyze the BWC
pinning properties in Secs. IV and V below.
IV. EFFECTS OF d / a AND FMWC-AFMWC TRANSITIONS

As seen from the above, for the FMWC, pk will decrease
when the effective layer separation ␦共=d / a兲 increases, due to
the decrease of g 关Eq. 共25兲兴. It has been shown13,14 that at
some small critical ␦c, a transition from a FMWC 共favored at
␦ ⬍ ␦c兲 to an AFMWC 共favored at ␦ ⬎ ␦c兲 occurs. Since pinning in the AFMWC 共without IC兲 does not involve g, such a
transition would result in a sudden reduction of pinning and
would give rise to an abrupt drop of pk 关see Fig. 2, in which
we plot the schematic dependence of pk 共normalized by the
n0
兲 on d / a兴.
SL pk
If ␦ is further increased 共in an AFMWC兲 such that d becomes comparable to or even larger than a, the interlayer
Coulomb interaction will be reduced. This reduces the total
Coulomb interaction 共7兲 and effectively reduces the shear
modulus 共兲 of the BWC. From 共1兲, this will give rise to an

FIG. 2. 共Color online兲 Schematic 共d / a兲 dependence of  共BWC
n0
nn
pk normalized by SL pk 兲, showing an abrupt FMWC to AFMWC
transition 共characterized by a sudden drop in nn
pk 兲 and a continuous
AFMWC to independent-layer crossover. The asymptotic values of
 for d / a → 0 in AFMWC and d / a → ⬁ 共independent layer limit兲
are 1 / 2␥ and 1, respectively 共see Sec. III兲.

increase of pk. In the limit of d Ⰷ a, the system reduces to
n0
nn
/ pk
→ 1.
two independent SL WC and pk
Thus we have shown 共Fig. 2兲 that pk can have opposite
behavior in the FMWC 共pk decreasing with increasing d / a兲
from that in the AFMWC 共pk increasing with increasing
d / a兲, and pk drops abruptly at a FMWC-AFMWC transition. Such behavior can qualitatively differentiate a FMWC
from an AFMWC and signal the transition between the two.
It was found earlier13,14 that if tunneling 共⌬SAS兲 is finite,
the BWC at ␦ ⬎ ␦c, although two-component, can have
mixed AFM-FM order, corresponding14 to 兩i典 = 兩  典 共i
= 1 , . . . , N兲 and 兩i典 = 兩  典 共i = N + 1 , . . . , 2N兲 in 共13兲, where
共pseudospin direction兲 “” 共“”兲 is “↑” 共“↓”兲 tilted toward
“→” by angle  共 = 0 for an ideal AFMWC considered so
far兲.  =  / 2 for the FMWC 共␦ ⬍ ␦c兲 and drops abruptly to a
finite value 共0 ⬍  ⬍  / 2兲 at the transition 共at ␦c兲.14 Therefore
we expect the abrupt drop of pk associated with the transition to survive even with a moderate ⌬SAS, although the amplitude of the drop will be smaller than the ⌬SAS ⬃ 0 case.
At finite ␦ ⬎ ␦c, Ref. 14 also found several possible lattice
structures 共without disorder兲 and a continuous evolution
among them as a function of ␦. The evolution is gradual and
is not expected to change the qualitative picture shown in
Fig. 2, in particular the presence of the abrupt drop of pk at
the FM-AFM transition.
Since the enhancement of pinning in the FMWC is associated with the presence of IC, we expect the abrupt pk drop
to be a generic feature whenever IC 共or equivalently, ferromagnetism兲 is destroyed, even if it is driven by some other
mechanisms 共such as changing tot,14 or possibly with sufficient layer imbalance22,41兲.
V. EFFECTS OF IN-PLANE MAGNETIC FIELDS AND
FINITE TEMPERATURES

In-plane magnetic fields 共B储兲. It is well known that B储 can
profoundly affect bilayer physics,8 particularly in relation
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bilayer excitonic condensate state2,3 共BECS兲 关共1 / 冑2兲兿i共ckជ ,↑
†

i

†

+ ckជ ,↓兲兩0典兴, with single-particle states labeled with momenta
i
ជ 兲. The
共kជ 兲 replaced by those with lattice point positions 共R
i

FIG. 3. 共Color online兲 A FMWC is “twisted” under a 共small兲
in-plane magnetic field 共B储兲, which can also “twist” the IC-induced
interlayer disorder coupling 关now involving 具Vt共rជ兲Vb共rជ⬘ + bជ 储兲典兴,
where Vt共Vb兲 is the top共bottom兲 layer disorder. The “twist” bជ 储
= d共B储 / B兲x̂, where x̂ is the direction of B储.

to interlayer phase coherence and pseudospin magnetism. In
the case of a bilayer FMWC 共with finite d兲, Zheng and
Fertig13 studied the effects of B储 and found that applying a
small B储 can “twist” the IC, such that the charge distribution
in one layer is shifted relative to the other layer, as shown in
Fig. 3. The relative shift is along the B储 direction 共x̂兲, and is
given13 by bជ 储 = lB2 共d / lB2 储兲x̂ = d共B储 / B兲x̂. In such a case, the interlayer disorder coupling induced by IC can also become
“twisted,”42 now involving interlayer disorder correlation
具Vt共rជ兲Vb共rជ⬘ + bជ 储兲典 = gWD共兩rជ − rជ⬘ − bជ 储兩兲,

共26兲

and this will duly affect the pinning. Therefore, measuring
pk while varying both the direction and magnitude of B储
allows one to possibly probe a 2D “tomography” of the disorder.
At larger B储, an incommensurability-driven transition to
an “untwisted” state is expected to occur, when the energy
cost of interlayer Coulomb interaction exceeds the energy
gain from interlayer hopping.13 We expect such a transition
to cause also an abrupt change of pk in the pinning mode.
Finite temperatures 共T兲. So far we have considered only
T = 0. Finite T is expected in particular to smear the abrupt
drop in pk associated with the FMWC-AFMWC transition
as described in Sec. IV. Above some characteristic T 共T*兲,
such a drop would become unobservable. The typical energy
difference between a FMWC and AFMWC has been
shown13,14 to be on the order of ⌬E ⬃ 10−3 – 10−2e2 / ⑀lB. From
this, we can make a 共very rough兲 estimate of T* to be on the
order of ⌬E / kB ⬃ 0.5 K 共using a typical experimental lB
⬃ 100 Å and ⑀ = 13 for GaAs兲.43
VI. FMWC AS A SUPERSOLID-LIKE PHASE

Finally we remark on two interesting aspects of the
FMWC 共19兲, particularly in the case of vanishing ⌬SAS, and
speculate on effects in relation to pinning. We may rewrite
the many-body state 共19兲 in second-quantized form as
⌿FMWC =

1

冑2 兿i 共cRជ i,↑ + e
†

i †
cRជ ,↓兲兩0典
i

共27兲

with  = 0 for all i, where crជ†,↓ 共crជ†,↑兲 is the second-quantized
operator that creates an electron localized at rជ in down 共up兲
layer. The ansatz 共27兲 is formally analogous to that of the

i

FMWC 共27兲 possesses both long range positional order 共broken translational symmetry兲 and phase 共兲 coherence 关broken U共1兲 symmetry兴, thus resembles a supersolid44,45 phase.
If phase stiffness 共associated with 兲 exists, superflow would
occur and would be exhibited in the counterflow channel,
similar to the case observed in the BECS.6,7 Although such a
superflow in the FMWC is likely to be suppressed by the
pinning 共at least in a linear response theory兲, it would be an
interesting experiment to examine the counterflow with finite
current above the depinning threshold, or under a sufficiently
strong parallel magnetic field 共B储兲 which can reduce the effective pinning associated with IC or disorder induced interlayer tunneling46 described in 共10兲.
The Goldstone mode associated with the 共spontaneously兲
broken U共1兲 symmetry represents an oscillatory wave in .
Since  is conjugate to the density difference between the
two layers 共⌬n兲, such a U共1兲 mode inevitably involves interlayer charge transfer 共oscillation in ⌬n兲 and will be coupled
to the longitudinal and transverse phonons 共which are hybridized in B兲 of the WC.20 We expect that such coupling to
the U共1兲 mode 共which disperses linearly in k兲 can renormalize not only the pinning gap 共with enhanced pinning, as we
have seen兲, but also the dispersion of the pinning mode 共as
the lowest lying hybridized mode兲.47 Such a dispersion
change may be detectable in the k-resolved microwave spectroscopy experiments29,31 and also be used to identify the
FMWC phase.
VII. CONCLUSION

BWC can display a rich array of 共pseudospin兲 quantum
magnetism from FM to AFM order.14 They are in many ways
analogous to 3He solid,48 which has many remarkable physical properties related to its quantum magnetism and the
FMWC may even be considered as an electronic supersolidlike phase. In this paper we have focused on the effects of
pseudospin magnetism on the pinning by disorder, which always exists in a real BWC. Electrons in a FMWC have interlayer coherence 共IC兲 and lose their individual layer identities, similar to the situation in the tot = 1 quantum Hall
state. We have shown that such IC can take advantage of the
interlayer correlation of disorder 共such as through disorder in
the barrier and the interlayer tunneling induced by such disorder兲 and enhance the effective pinning in the FMWC. The
IC-enhanced pinning has no counterpart in a single layer WC
and is absent in an AFMWC without IC. For the pinning
mode resonance, this has important consequences which may
be used as experimental signatures of the different magnetic
phases and phase transitions in BWC. For example, we predict pk to decrease with d / a in a FMWC but to increase
with d / a in a AFMWC, with an abrupt drop of pk at a
FMWC-AFMWC transition. We have also considered effects
of B储 and finite temperatures. Many predictions of our model
are found to be consistent with a recent experimental work
by Wang et al.49
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