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I will use somewhat interchangeably the notations of Edmonds, ~YJLM (θ, φ), and that of Varshalovich et al.,
~Y L

JM
(θ, φ). The basic definition of these is in terms of Clebsch-Gordan coefficients 〈Lm, sσ|JM〉, and the spher-

ical tensor components of the Cartesian unit vectors (with spin s = 1), ê±1 ≡ ∓ 1√
2
(x̂ ± iŷ), ê0 ≡ ẑ :

~YJLM (θ, φ) ≡ ~Y L

JM (θ, φ) ≡
∑

mσ

YLm(θ, φ)êσ 〈Lm, sσ|JM〉 .

These obey nice orthonormality relations,

∑

M

~Y L
′

JM (θ, φ)∗ · ~Y L

JM (θ, φ) = δLL′ ,

and
∫

~Y L
′

J ′M ′(θ, φ)∗ · ~Y L

JM (θ, φ)dΩ = δLL′δJJ ′δMM ′ .

The components transverse and parallel to n̂ ≡ (θ, φ), are given by:

n̂ · ~Y J+1

JM
(θ, φ) = −

√

J + 1

2J + 1
YJM (θ, φ), n̂ · ~Y J

JM (θ, φ) = 0,

n̂ · ~Y J−1

JM
(θ, φ) =

√

J

2J + 1
YJM (θ, φ).

n̂ × ~Y J+1

JM
(θ, φ) = i

√

J

2J + 1
~Y J

JM (θ, φ), n̂ × ~Y J−1

JM
(θ, φ) = i

√

J + 1

2J + 1
~Y J

JM (θ, φ)

n̂ × ~Y J

JM (θ, φ) = i

√

J + 1

2J + 1
~Y J−1

JM
(θ, φ) + i

√

J

2J + 1
~Y J+1

JM
(θ, φ).

Of particular interest in many applications are the curl and divergence of the vector spherical harmonics, multiplied
by an arbitrary solution to the spherical Bessel equation, zL(kr):

1

k
∇× [zJ(kr)~Y J

JM (θ, φ)] = −i

√

J

2J + 1
zJ+1(kr)~Y J+1

JM
(θ, φ) + i

√

J + 1

2J + 1
zJ−1(kr)~Y J−1

JM
(θ, φ)

1

k
∇× [zJ+1(kr)~Y J+1

JM
(θ, φ)] = i

√

J

2J + 1
zJ(kr)~Y J

JM (θ, φ)

1

k
∇× [zJ−1(kr)~Y J−1

JM
(θ, φ)] = −i

√

J + 1

2J + 1
zJ(kr)~Y J

JM (θ, φ)

1

k
∇ · [zJ+1(kr)~Y J+1

JM
(θ, φ)] = −

√

J + 1

2J + 1
zJ(kr)YJM (θ, φ)

1

k
∇ · [zJ(kr)~Y J

JM (θ, φ)] = 0



1

k
∇ · [zJ−1(kr)~Y J−1

JM
(θ, φ)] = −

√

J

2J + 1
zJ(kr)YJM (θ, φ)

Sometimes it is useful to have the components of the curl that are parallel or perpendicular to r̂. These are:

r̂ × {∇× [zJ (kr) ~XJM (θ, φ)]} =
k

2J + 1
[JzJ+1(kr) − (J + 1)zJ−1(kr)] ~XJM (θ, φ)]

r̂ · {∇ × [zJ(kr) ~XJM (θ, φ)]} = ik

√

J(J + 1)

2J + 1
[zJ+1(kr) + zJ−1(kr)]YJM (θ, φ)

And the expansion of a vector plane wave can be written as:

ε̂(k̂)ei~k·~r = 4π
∑

JLM

iLjL(kr)[ε̂(k̂) · ~Y L∗
JM (k̂)]~Y L

JM (r̂)
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