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SHANKAL.

Differential Calculus of One Variable

-2 el 1 2

Figure 1.2. Plot of the functiofi €, Notice its growth is proportional to the value of the function
itself. ey

(Recall that every derivative of the function is also e® which equals 1 at z = 0.)
The ratio test tells us that in this case, since a,, = 1/n!,

n + 1)!
R = lim ———---(n+)

n—oo T.',!

— 09, (1.3.22)

i.e., that the series converges for all finite z. Thus we have defined the function jor
all finite z based on what we knew at = = 0.2

We are now ready to find e: simply set z = 1 in Eqn. (1.3.21). As we
keep adding more terms to the sum we see it converges quickly to a value around
2.7183. We can now raise e to any power. For example, to find €9%/112 we just set
z = 95/112 in the sum and compute as many terms as we want to get any desired
accuracy. There is no trial and error involved. We may choose z to be any real
number, say = or even e!

Figure 1.2 shows a plot of the exponential function for -2 < z < 2.

There is a second way to define the exponential function. Consider the fol-
lowing function defined by two integers M and N:

I 1 T
epm =(1+ }\F)M (1.3.23)

If we fix M and let N — oo, the result is clearly 1. On the other hand if we
fix N and let M — oo, the result will either be 0 or co depending on whether z

2When we study Taylor series later, we will see that this situation is quite unusual. Take for example,
the function 1/(1—z). Suppose we only knew its Taylor series about the origin: 1-+z+z?+23+.. ..
The ratio test tells us the series converges only for [z] < 1. One then has to worry about how to
reconstruct the function beyond that interval. This point will be discussed in Chapter 6. For the present
let us thank our luck and go on.




Chapter |

Inx

&
Figure 1.4. Plot of the function/In(z)3 Notice that In1 =0, Ine=1,Inz — —coas z — 0 and
Inz —w coas z— oo,

How are we to get the In of a number > 27 There are general tricks which
will be discussed in Chapter 6, but we will deal with this by deriving and using a
property of the ln that you must know.

From the very definition, (Eqn. (1.3.39), for two numbers a and b,

a = " (1.3.50)
b = €"b (1.3.51)
b = Elna+]nb (1.3.52)
= e"® 5o that (1.3.53)
In(ab) = Ina+Inb. (1.3.54)
Using the property
In(ab) =lne+Inb (1.3.55)

we can obtain the In of a big number ob starting with the In of smaller numbers a
and b which in turn could be dealt with in the same way until we get to the stage
where we need only the In’s of numbers less than 2. For example, knowing In 1.6
and In 1.8 we can get In2.88 as the sum of the two logarithms. Fig. 1.4 depicts
the In function obtained by this or any other way.

We now know how to calculate o” as follows:

a® = felo) (1.3.56)
e®lne, (1.3.57)
Nete that everything above is well defined: for any given a we can find Ina

using the Taylor series, we can then exponentiate the result using the series for the
exponential function,
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Differential Caleulus of One Variable

Figure 1.3. Plot of the hyperbolic sinh and cosh funetions. Note that they are odd and even respec-
tively and approach €% /2 as  — 0.

From the function e we can generate the following hyperbolic functions:

sinhz = 8—128—— (1.3.28)
T -
wolly e f’lig‘i-— (1329

These functions are often called sh = and ch =, where the h stands for “hyperbolic”.
They are pronounced sinch and cosh respectively. Figure 1.3 is a graph of these

functions.
They obey many identities such as

cosh?z —sinh®’z = 1 (1.3.30)
sinh(z +y) = sinhz coshy+coshe sinhy (1.3.31)

(which can be proved, starting from the defining Eqs.(1.3.28-1.3.29)) and numerous
others which we cannot discuss in this chapter devoted to calculus. For the present
note that these relations look a lot like those obeyed by trigonometric functions.
The intimate relation between the two will be taken up later in this book. Readers
wishing to bone up on this subject should work through the exercises in this chapter.
Note that cosh = and sinh z are even and odd, respectively, under z — —z.

Problem 1.3.1. Verify that sinhz and coshz are derivatives of each other. Verify
Egns. (1.3.30-1.3.31).
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30 Chapter |
1.8, Summary
Of the numerous ideas discussed in this chapter, the following are the key ones and

should be at your fingertips.

+ Definition of the derivative, derivative of a product of functions
D(fg)=gDf+[Dg

a quotient of two functions
M O A £ =
2 r i b : f ) ,1“'/ A o7
. ! ! VLt W W0
[ D

]
i

- o

/. lgpf-tDg)
g

)1‘ /
g* :

& ::_:f:»—'f:": P 'l ? , |
5 B V . R VA':--V_-(-;:—
\ chaintnite for a function of a function

Fu() _ ) dube)
dx du T dz

+ The notion of the Taylor series

12
Fz) = £(0) +zf0) + E-f“)(o) £, ,

about the origin or about the point a
22
fla+a)=fla) +efNa) + 1P a)+ ...

» The following series to the order shown

2

x'—— — —
e —1+z+2!+3!...

N
o [1 1] .
e 1m +N

N—oo

.._.l IQ
COST = ~E-+..
. z3
sinc =t — Al + ...

(p)(P—l)ngrl_‘

(1+z)P=1+pz+ 5
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Summary

Chapter |

Of the numerous ideas discussed in this chapter, the following are the key ones and
should be at your fingertips.

« Definition of the derivative, derivative of a product of functions

D(fg)=gDf+ fDg

a quotient of two functions

D(%)
(5)

_l¢Df - fDg]

chain rule for a function of a function

df(u(e) _ df(v) du(z)

g

2

dz

¢ The notion of the Taylor series

du

about the origin or about the point a

) 2
Ha+a)=f()+afDa)+ D)+ ...

« The following series to the order shown

dz

2
f(z) = {0)+2f MO + 5 DO +...




Differential Caleculus of One Variable

s Definition of the hyperbolic function, in particular

ef e T

coshz =
2

sinhz =
their symmetry under z — —z and functional identities, especially
cosh®z — sinh®z = 1.

If you need a formula for cosh 2z or any other identity, you can get it from
the definition of the hyperbolic functions in terms of exponentials. The power
series for these functions can also be obtained from that of the exponential
function.

¢ The Inz function, the identity

7 = elnz
and the series
1oL \ o2 8
nl+z)j=z - — 4+ —
( 2 T3t
and its derivative 1
Dhnz = —.
T
Ea ea Inz

Trigonometric functions, identities and derivatives, radian measure for angles.
These will not be listed here since you must have already leammed them by
heart as a child.

# The definition of the differential, that:
df = f'dz

is an exact relation which defines df in terms of the derivative at the point
z, and that as dz — 0, df — Af, the actual change in f.




