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F'NN" By: CALCUuLus 4n ANMNTIc GBOMETRY

982 Chapter 18: Multiple Integrals

18.28 The equations x = g(u, v)and y =
h(u, v) allow us to write an integral over a
region R in the xy-plane as an integral over
a region G in the uv-plane.
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The factor J(u, v), whose absolute value appears in this formula, is the determi.

nant
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It is called the Jacobian determinant or Jacobian of the coordinate transfor-

mation x = g(u, v), y = h(u, v), named after the mathematician Carl Gustay

Jacob Jacobi (1804—-1851). The alternative notation d(x, y)/a(u, v) may help :
you to remember how the determinant is constructed from the partial deriva- -
tives of x and y. The derivation of Eq. (8) is intricate and we shall not give it

here.

For polar coordinates, we have r and 0 in place of u and v. With x =
rcos 6 and y = r sin 0, the Jacobian is

dx ox
= s cos 0
ar 96

J(r, 6) = =
— == sin 6
ar 90

Hence, Eq. (8) becomes

—rsin 0

= 2 H 2 - 3,
r(cos“6 + sin’6) = r. vt

r cos 6 —

ffF(x, y)dxdy=ffF(rcos 0, r sin ) |r| dr do
R G

(10)

=ff F(rcos 0, r sin 0) r dr do,

G
which is Eq. (7).

Figure 18.29 shows how the equations x = r cos 6, y = rsin @ transform -
the rectangle G: 0 < r =1, 0 =< 0 < /2 into the quarter-circle R bounded by
x>+ y2 =1 in the first quadrant of the xy-plane.

Notice that the integral on the right-hand side of Eq. (10) is not the integl‘al',_i'
of F(r cos 6, r sin 6) over a region in the polar coordinate plane. It is the
integral of the product of F(r cos 0, rsin 6) and r over a region G in the

Cartesian r6-plane.

Here is an example of another substitution.
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