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The coherent coupling of flying photonic qubits to stationary matter-based qubits is an essential building
block for quantum-communication networks. We show how such a quantum interface can be realized between
a traveling-wave optical field and the polarized nuclear spins in a singly charged quantum dot strongly coupled
to a high-finesse optical cavity. By adiabatically eliminating the electron a direct effective coupling is achieved.
Depending on the laser field applied, interactions that enable either write-in or read-out are obtained.
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I. INTRODUCTION

The coherent conversion of quantum information between
mobile photonic qubits for communication and stationary
material qubits for storage and data processing is an impor-
tant building block of quantum networks. In atomic systems
several ideas to realize such a quantum interface have been
suggested and experimentally demonstrated in recent years
�see Ref. 1 for a review�. For semiconductor quantum dots
�QD� proposals for interfaces in analogy to the cavity-based
atomic schemes have been put forward2,3 and major prereq-
uisites such as strong coupling to a nanocavity4 have been
realized �see Ref. 5 for a review�. Here we will show how to
realize a QD-based quantum interface between the nuclear
spins in a QD and the optical field. The read-out we propose
maps the nuclear state to the output mode of the cavity di-
rectly while the write-in proceeds by deterministic creation
of entanglement between the nuclear spins and the cavity
output mode and subsequent teleportation. Our scheme has
several attractive features: the very long nuclear-spin life-
times make the nuclei attractive for storing quantum
information6 and the use of collective states makes it pos-
sible to map not just qubits but also multiphoton states. In
addition, typical electron-spin decoherence processes will be
suppressed: the major process—hyperfine interaction with
the lattice nuclear spins7—is harnessed to achieve the desired
coupling and the influence of other processes is weakened
since the electronic states can be adiabatically eliminated
from the dynamics. The price for this is a reduction in the
speed of the mapping process and the necessity to initialize
the nuclear spin ensemble in a highly polarized state. In view
of the high nuclear polarization of above 80% reported
recently8 the proposed protocol enables the high-fidelity
mapping between a �traveling� optical field and the nuclear
spin ensemble in a realistic setup.

The paper is organized as follows: first, we introduce the
system in Sec. II. In Sec. III we sketch the adiabatic elimi-
nation that yields the Hamiltonians that describe the effective
coupling between light and nuclear spins �for a detailed deri-
vation see Appendix A�. Next, we explain the interface pro-
tocol in Sec. IV and finally give an example for the imple-
mentation of the protocol in Sec. V.

II. SYSTEM

We consider a self-assembled QD charged with a single
conduction-band electron, whose spin-states �↑ � , �↓ � are split

in a magnetic field. For clarity we first consider a simplified
model, in which both electronic states are coupled by electric
dipole transitions to the same charged exciton �trion� state
�X� in a � configuration, cf. Fig. 1. Note that the selection
rules in QDs often make it necessary to consider more com-
plicated level schemes. After introducing our protocol using
this simplified model, we will present a setting to realize the
required coupling and discuss the effect of corrections to Eq.
�1� in Sec. V.

The QD is strongly coupled to a high-Q nanocavity.4 The
two transitions are, respectively, off-resonantly driven by the
cavity mode �frequency �c� and a laser of frequency �l, cf.
Fig. 1, described by the Hamiltonian

Hopt =
�c

2
a†�↓��X� +

�l

2
e+i�lt�↑��X� + H.c. + �ca

†a + �X�X��X�

+ �zS
z, �1�

where �=1 and �l ,�c are the Rabi frequencies of laser and
cavity fields, a† and a are the cavity photons, �X denotes the
trion energy, �z is the Zeeman splitting of the electronic
states, and Sz=1 /2��↑ ��↑ �− �↓ ��↓ ��. In Sec. V, we discuss
how to effectively realize such a three-level system in a
quantum dot. A detailed discussion of cavity decay
���l ,�c� will be considered later on.

As already mentioned, in most QDs the electron spin also
has a strong hyperfine interaction with N�104–106 lattice
nuclear spins.7 For s-type electrons it is dominated9 by the
Fermi contact term

Hhf =
A

2
�S+A− + H.c.� + ASzAz, �2�

where A is the hyperfine coupling constant, S� are the
electron-spin operators, and A�,z=� j� jIj

�,z are the collective

FIG. 1. �Color online� �a� Singly charged QD coupled to high-Q
optical cavity. �b� Level scheme of the QD. Optical and hyperfine
transitions.
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nuclear-spin operators �we consider spin-1/2 nuclei for sim-
plicity�. The individual coupling constants � j are propor-
tional to the electron-wave function at site j and normalized
to � j� j =1.

A prerequisite for using nuclear spins as a quantum
memory is to initialize them in a highly polarized state which
also satisfies A−��0�=0, i.e., is decoupled from the electron in
state �↓ � �dark state�. Recently, nuclear polarization P
= �Az� / �−1 /2� of P	80% has been reported8 �see also Refs.
10 and 11�. The dark state condition is the natural conse-
quence of using Hhf to polarize the nuclei12 but has not yet
been verified experimentally. It is useful to separate the large
expectation value of Az, which describes the effective mag-
netic field experienced by the electron spin due to the nuclei
and write Az= �Az��0

+
Az. Henceforth we include the first
term in Hopt by introducing �̃z=�z+A�Az��0

.
In the high-polarization regime 1− P�1 a very conve-

nient bosonic description for the nuclear spins becomes
available: all excitations out of the fully polarized state and,
in particular, the collective spin operator A+ are approxi-
mated by bosonic creation operators applied to the N-mode
vacuum state.13,14 Replacing A−→ �� j� j

2�1/2b and Az→ �− 1
2

+ 1
Nb†b�, Eq. �2� reads �small corrections omitted in these

replacements are discussed in Appendix B�

H̃hf =
gn

2
�b†S− + S+b� +

A

N
Sz�b†b −

N

2
	 , �3�

where gn=A
� j� j
2. The expression N1= �� j� j

2�−1 can be seen
as the effective number of nuclear spins to which the electron
couples. In the homogeneous case � j =const we have N1
=N. Neglecting very weakly coupled nuclei we have N1
�N and we will just use N in the following.

The bosonic description emphasizes the relation to quan-
tum optical schemes, gives access to the toolbox for Gauss-
ian states and operations and allows a more transparent treat-
ment of the corrections to the ideal Jaynes-Cummings-type
coupling of Eq. �3�; we will make use of this description
later on.

III. COUPLING CAVITY AND NUCLEAR SPINS

Our aim is to obtain from H=Hopt+Hhf a direct coupling
between nuclear spins and light. The Hamiltonian H de-
scribes a complicated coupled dynamics of cavity, nuclei,
and quantum dot. Instead of making use of the full Hamil-
tonian �and deriving the desired mapping, e.g., in the frame-
work of optimal control theory� we aim for a simpler, more
transparent approach. To this end, we adiabatically
eliminate15 the trion and the electronic degrees of freedom,
which leads to a Hamiltonian Hel that describes a direct cou-
pling between nuclear spins and light. As explained later, this
can be achieved if the couplings �the Rabi frequency of the
laser/cavity, the hyperfine coupling, respectively� are much
weaker than the detunings to the corresponding transition:

�� � �l,�c

n , �4a�


���̃z � �l,�c

n , �4b�

�̃z � gn

m . �4c�

Here, ��=�X−�l+ �̃z /2 is the detuning, n is the number of
cavity photons, and m is the number of nuclear excitations.
Note that typically �̃z�� such that condition �4a� becomes
redundant. In addition to Eqs. �4a�–�4c�, we choose the ad-
justable parameters such that all first-order and second-order
processes described by H are off-resonant but the �third-
order� process in which a photon is scattered from the laser
into the cavity while a nuclear spin is flipped down �and its
converse� is resonant. This leads to the desired effective
interaction.

The idea of adiabatic elimination is to perturbatively ap-
proximate a given Hamiltonian by removing a subspace from
the description that is populated only with a very low prob-
ability due to chosen initial conditions and detunings or fast
decay processes. If initially unpopulated states �in our case
the trion state �X� and the electronic spin-up state �↑ �� are
only weakly coupled to the initially occupied states, they
remain essentially unpopulated during the time evolution of
the system and can be eliminated from the description. The
higher-order transitions via the eliminated levels appear as
additional energy shifts and couplings in the effective Hamil-
tonian on the lower-dimensional subspace.

The starting point is the Hamiltonian H=Hopt+Hhf given
by Eqs. �1� and �2�. In order to get a time-independent
Hamiltonian, we go to a frame rotating with U†=exp
�−i�lt�a†a+ �X��X��

H� =
�c

2
�a†�↓��X� + H.c.� +

�l

2
��↑��X� + H.c.� + 
a†a + �̃zS

z

+
A

2
�A+S− + S+A−� + ASz
Az + ��X��X� �5�

with detunings �=�X−�l and 
=�c−�l.
Choosing the cavity and laser frequencies, �c and �l, far

detuned from the exciton transition and the splitting of the
electronic states �̃z much larger than the hyperfine coupling
gn, such that conditions �4a�–�4c� are fulfilled, we can adia-
batically eliminate the states �X� and �↑ �. A detailed deriva-
tion of the adiabatic elimination can be found in Appendix A.
It yields a Hamiltonian that describes an effective coupling
between light and nuclear spins

Hel =
�c�lA

8���̃z

�aA+ + H.c.� + �1a†a −
A

2

Az −

A2

4�̃z

A+A− + Tnl,

�6�

where the energy of the photons �1=
−
�c

2

4��
and the energy

of the nuclear spin excitations �− A
2N − A2

4N�̃z
. By Tnl we denote

the nonlinear terms Tnl=
A3

8�̃z
2 A+
AzA−+ A2

4�̃z
2 
a†aA+A−

+
�c

2


4��2 a†a†aa, which are small ��Tnl��
�c�lA

8���̃z
� in the situation

we consider �
��c ,gn / �̃z��l /���1� and neglected in
the following. In the bosonic description of the nuclear spins
that we introduced in Eq. �3� the Hamiltonian given by Eq.
�6� then reads
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Hbs = g�ab† + H.c.� + �1a†a + �2b†b �7�

with coupling strength g given by

g =
�c�lgn

8���̃z

. �8�

The energy of the nuclear-spin excitations can now be writ-

ten as �2=− A
2N −

gn
2

4�̃z
. For resonant exchange of excitations

between the two systems, we choose �1=�2. Then Hbs de-
scribes a beamsplitterlike coupling of the modes a and b.
Processes in which absorption �or emission� of a cavity pho-
ton is accompanied by a nuclear spin flip are resonant and we
have thus derived the desired effective interaction between
light and nuclear spins. Since 
�c�l / ����̃z��1 the effec-
tive coupling g is typically two to three orders of magnitude
smaller than the hyperfine coupling gn.

To illustrate the validity of the adiabatic elimination and
the approximations leading to Eq. �7�, we have simulated the
evolution of the two-photon Fock state �20 �the first subscript
denotes the number of photons and the second denotes the
number of nuclear-spin excitations� under the full Hamil-
tonian H� given by Eq. �5� and compared it to the evolution
under the Hamiltonian Hbs given by Eq. �7�. We assume full
nuclear spin-down polarization and the validity of the
bosonic description. In the simulation, we choose �l=�c,
�l /�=1 /10, �l

2 / ���̃z�=1 /100, and gn / �̃z=1 /50, such that
the conditions given by Eqs. �4a�–�4c� are fulfilled. Figure 2
shows, that H� is well approximated by Hbs, and that the
nonlinear terms Tnl can be neglected. Almost perfect Rabi
oscillations between the two-photon Fock state �20 and the
state with two nuclear-spin excitations �02 can be seen in
Fig. 2. For �01, the adiabatic elimination is an even better
approximation to the full Hamiltonian as the nonlinear terms
Tnl and the conditions �4a�–�4c� depend on the excitation
number.

In the process leading to the beamsplitter coupling, a pho-
ton is scattered from the cavity into the laser mode while a

nuclear-spin excitation is created �and vice versa�. If we in-
terchange the role of laser and cavity field �i.e., the laser
drives the �↓ �↔ �X� transition and the cavity couples to �↑ ��
then creation of a nuclear-spin excitation is accompanied by
scattering of a laser photon into the cavity, i.e., the effective
coupling becomes a†b†+ab. Tuning the energies such that
�1=−�2, the driving laser now facilitates the joint creation
�or annihilation� of a spin excitation and a cavity photon,
realizing a two-mode squeezing effective Hamiltonian

Hsq = g�a†b† + ab� + �1a†a + �2b†b . �9�

Here, the energy of the photons is �1=
�1+
�c

2

4��2 �, the energy

of the nuclear-spin excitations is �2=− A
2N −

gn
2

4�̃z
, and the non-

linear terms are now given by Tnl=
gn

2

4�̃z
2

A
2Nb†b†bb

+
gn

2

4�̃z
2 
a†ab†b. As before, they are much smaller than g and

can be neglected for low excitation number. To be able to
freely switch between Hbs and Hsq simply by turning on and
off the appropriate lasers, both the “driven” and the empty
mode should be supported by the cavity.

IV. QUANTUM INTERFACE

Now the obvious route to a quantum interface is via the
Hamiltonian Hbs: acting for a time t=� /g it maps a→ ib and
b→ ia thus realizing �up to a phase� a swap gate between
cavity and nuclear spins. This and related ideas are explored
in Ref. 16. There are two problems with this approach: com-
pared to the effective coupling, present-day cavities are
“bad” with cavity lifetime �cavity�1 /g, i.e., the cavity field
will decay before its state can be mapped to the nuclei.
Moreover, it is notoriously difficult to couple quantum infor-
mation into high-Q cavities, despite proposals17 that address
this issue. Both problems can be circumvented for our sys-
tem by two key ideas: �i� to include the field modes into
which the cavity decays in the description and �ii� to realize
write-in via quantum teleportation. Moreover, read-out can
be realized with similar techniques. In the following, we as-
sume that all the light leaving the cavity can be collected and
accessed optically. The combination of strong coupling and
high collection efficiency has not yet been demonstrated for
solid-state cavities, although there is remarkable progress to-
ward that goal.18

Let us first consider the more complicated part, write-in.
In the first step, the squeezing Hamiltonian Hsq �assisted by
cavity decay� generates a strongly entangled two-mode
squeezed state �TMSS� between the nuclear spins and the
traveling-wave output field of the cavity. Then quantum
teleportation19 is used to deterministically write the state of
another traveling-wave light field onto the nuclear mode.
Similarly, Hbs can be used for read-out, by writing the state
of the nuclei to the output field.

Let us now consider Hsq and quantitatively derive the en-
tangled state and discuss the quality of the interface it pro-
vides. The Langevin equation of cavity and nuclear operators
is �for t�0�

ȧ�t� = − igb�t�† −
�

2
a − 
�cin�t� ,

FIG. 2. �Color online� Evolution of the two-photon Fock state
�20 under the full Hamiltonian H� �solid lines� and Hamiltonian Hbs

��, dashed and dotted lines�, where the trion and the electronic
spin-up state have been eliminated.
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ḃ�t� = − iga�t�†, �10�

where we have specialized to the case �1=−�2, transformed
to an interaction picture with H0=�1�a†a−b†b�, and per-
formed the rotating-wave and Markov approximations in the
description of the cavity decay.20 Here, cin describes the
vacuum noise coupled into the cavity and satisfies
�cin�t� ,cin

† �t��=
�t− t��. Integrating Eqs. �10�, we get

a�t� = �1
−�t�a + �2�t�b† + 
��

0

t

�1
−�t − ��cin���d� ,

b�t� = �2�t�a† + �1
+�t�b + 
��t

�2�t − ��cin
† ���d� , �11�

where �1
��t�=e−�t/4�cosh��t��� / �4��sinh��t�, �2�t�

=−ig /�e−�t/4 sinh��t�, and �=
�� /4�2+g2; and
a ,b�a�0� ,b�0� in this equation. It may be remarked here
that the analogous equations with Hbs instead of Hsq lead to
almost identical solutions: now a�t� is coupled to b�t� instead
of b†�t� and the only other change to Eq. �11� is to replace �
by �̃=
�� /4�2−g2.

While Eq. �11� describes a nonunitary time evolution of
the open cavity-nuclei system, the overall dynamics of sys-
tem plus surrounding free field is unitary. It is also Gaussian
since all involved Hamiltonians are quadratic. Since all ini-
tial states are Gaussian as well the joint state of cavity, nu-
clei, and output field is a pure Gaussian state at any time.
This simplifies the analysis of the dynamics and, in particu-
lar, the entanglement properties significantly: for pure states,
the entanglement of one subsystem �e.g., the nuclei� with the
rest is given by the entropy of the reduced state of the sub-
system. Gaussian states are fully characterized by the first
and second moments of the field operators R1= �a+a†� /
2
and R2=−i�a−a†� /
2 via the covariance matrix �CM� �kl
= ��Rk ,Rl��−2�Rk��Rl� �where �,� denotes the anticommuta-
tor�. The CM of the reduced state of a subsystem �e.g.,
�nuc�t� for the CM of the nuclei at time t is given by the
submatrix of � that refers to covariances of system operators
only. For a single mode, the entropy of the reduced system
can be obtained from the determinant of the reduced CM and
with x�t��det �nuc�t� we get a simple expression for the en-
tropy �i.e., entanglement�

E�t� = x�t�log2 x�t� − �x�t� − 1log2�x�t� − 1 . �12�

Since the state at hand �including the output field� is pure and
Gaussian it is fully determined by x�t� up to local Gaussian
unitaries21: it is locally equivalent to a TMSS ���r��
= �cosh r�−1�n�tanh r�n�nn� with CM �in 2�2 block matrix
form�

�TMSS = �cosh�2r�12 sinh�2r��z

sinh�2r��z cosh�2r�12
	 .

The squeezing parameter r is determined by x�t�=cosh2�2r�.
From Eq. �11� we find that �nuc�t�=cosh�2r�t�12 for all t
�0, where cosh�r�t� is given by

cosh r = e−�t/4� �

2�
sinh�2�t� +

g2 +
�2

8

2�2 cosh�2�t� +
g2

2�2�
1/2

�13�

and quantifies how strongly the nuclei are entangled with
cavity and output field. After turning off the coupling g at
time toff the nuclei are stationary while the cavity decays to
the vacuum. Therefore, the final entanglement of nuclei and
output field at time t− toff�1 /� is given by Eq. �12� with
x�t�=cosh�2r�toff�2. Note that for ��g, 1 / t and keeping
only the leading terms in Eq. �13�, cosh�2r�t� simplifies to
3�1–8�g /��2e4g2/�t, i.e., two-mode squeezing r�t� grows lin-
early with time at rate � 4g2

� .
In order to perform the teleportation, a Bell measurement

has to be performed on the output mode of the cavity and the
signal state to be teleported. This is achieved by sending the
two states through a 50:50 beam splitter and measuring the
output quadratures.19 Hence the output mode of the cavity,
B0, needs to be known to properly match it with the signal
mode at the beam splitter. It can be expressed as a superpo-
sition of the bath operators c�x , t� as B0�t�
=�Rz0�x , t�c�x , t�dx. By definition, the mode B0 contains all
the photons emitted from the cavity, hence all other modes
Bk�0 �from some complete orthonormal set of modes con-
taining B0� are in the vacuum state. This implies
�Bk�t�Bl�t���
k0
l0, from which the mode function z0 can be
determined as

z0�x,t� = �2�t − x�/
�
R

��2�t − x��2dx . �14�

The procedure for write-in then is: let Hsq act for a time t1 to
create the TMSS ��r�t1� of the nuclei entangled with cavity
and output field. To obtain a state in which the nuclei are
only entangled to the output field, we switch the driving laser
off �g=0� and let the cavity decay for a time t2��cav, ob-
taining an �almost� pure TMSS of the nuclei and the output
mode, which is used for quantum teleportation. Teleportation
maps the state faithfully up to a random displacement d,
which depends on the measurement result. This can be un-
done with the help of Hbs �Ref. 16� to complete the write-in.

The read-out step follows identical lines, except that Hsq
is replaced by Hbs and no teleportation is necessary since the
state of the nuclei is directly mapped to the output mode of
the cavity; for more details see Ref. 16.

As mentioned, we assume that all light that leaves the
cavity can be collected and further processed. Losses could
be modeled by mixing the outgoing light with yet another
vacuum and tracing over the latter. Considering a fully de-
cayed cavity, the reduced state of nuclei and output mode is
now mixed but still entangled �unless the losses are f
=100%�. Whether or not the state still allows for better-than
classical teleportation depends on f and r. For example, for
r=1 even at losses of 40%, Ftel	0.7 �and 	0.5 even at 75%
loss�. Note, however, that our read-out scheme is much less
tolerant of losses.
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The fidelity with which a quantum state can be teleported
onto the nuclei using the protocol19 is a monotonic function
of the two-mode squeezing parameter r�toff�. A typical
benchmark22 is the average fidelity F with which an arbitrary
coherent state can be mapped. For F�2 /3 the quantum
channel given by teleportation has a positive quantum capac-
ity. If a TMSS is used for teleportation, F has a simple de-
pendence on the squeezing parameter23 and is given by
F�r�=1 / �1+e−2r�. Thus, if our system parameters g, �, and
the interaction time t= toff lead to cosh�2r�toff� we have an
interface that provides a write-in fidelity F�r�toff�, cf. Fig. 3.
The fidelity for other subsets of states �including, e.g., finite
dimensional subspaces� can be computed from the coherent
state fidelity.24 Already for r�toff��1 fidelities above 0.8 are
obtained. As seen from Fig. 3 this is achieved for gtoff�5
even for strong decay. After switching off the coupling we
have to wait for the cavity to decay. Since typically ��g this
does not noticeably prolong the protocol.

V. IMPLEMENTATION

Quantum dots generally have a richer level structure than
the � scheme depicted in Fig. 1. This and the applicable
selection rules imply that Hopt is not exactly realized. In this
section we take this into account and discuss a setting that
allows to realize the desired coupling.

We now consider the two spin states �⇓ � , �⇑ � of the trion
in addition to the two electronic-spin states. We focus on a
setup where these states are Zeeman split by an external
magnetic field in growth/z direction �Faraday geometry�. The
electronic state �↑ � is coupled to �⇑ � �with angular momen-
tum +3 /2� by �+ circularly polarized light �and �↓ � to �⇓ �
with �−-polarized light�. We can stimulate these transitions
by a �−-polarized cavity field and a �+-polarized classical
laser field, respectively, but this will not lead to a � scheme,
cf. Fig. 4�a�. The cleanest way to obtain the desired coupling
is to mix the trion states with a resonant microwave field.
The electronic eigenstates are unchanged �being far detuned
from the microwave frequency� and are now both coupled to
the new trion eigenstates �−�=1 /
2��⇑ �− �⇓ �� and �+�
=1 /
2��⇑ �+ �⇓ ��, see Fig. 4�b� in a double � system.

There are other ways to couple both ground states to the
same excited state, e.g., taking advantage of weakened selec-
tion rules �due to heavy-hole/light-hole mixing or an in-plane
magnetic field� or using linearly polarized light �also in an
in-plane magnetic field, i.e., Voigt geometry�. They avoid the
need of an additional microwave field at the expense of ad-

ditional couplings �which have to be kept off-resonant� and
are explored further in Ref. 16.

The Hamiltonian of the system is now given by

H =
�c

2
a†�↓�� ⇓ � +

�l

2
ei�lt�↑�� ⇑ � + �mwei�mwt� ⇓ �� ⇑ �

+ H.c. + �ca
†a + �⇑� ⇑ �� ⇑ � + �⇓� ⇓ �� ⇓ � + �̃zS

z + Hhf,

�15�

where �⇑ ,�⇓=�X��zh /2 include the hole Zeeman splitting
�zh=�mw and Hhf is given by Eq. �2�. In a frame rotating
with

U† = exp�− i��mw + �l�t�� ⇑ �� ⇑ � + a†a� −�i�lt� ⇓ �� ⇓ ��

the Hamiltonian reads

H =
�c

2
2
�a†�↓��+ � − a†�↓��− �� +

�l

2
2
��↑��+ � + �↑��− ��

+ 
�a†a + �+�+ ��+ � + �−�− ��− � + �̃zS
z + Hhf, �16�

where 
�=�c−�l−�mw and ��=�⇓−�l��mw. We adia-
batically eliminate �� � and �↑ � as explained in Sec. III and
Appendix A. This yields

Hel = g��aA+ + H.c.� + �1�a
†a −

A

2

Az −

A2

4�̃z

A+A− + Tnl� ,

�17�

which is of exactly the same form as the Hamiltonian of our
toy model given by Eq. �6�, and differs only by the replace-
ments ��−1→ 1

2 ��+�
−1−�−�

−1� in the coupling, ��−1→ 1
2 ��+�

−1

+�−�
−1� in the nuclear energy and ��−2→ 1

2 ��+�
−2+�−�

−2� in
the nonlinear terms. As before, the nonlinear terms Tnl� are
small and are neglected in the following. Using the bosonic
description, we then obtain again a beam splitter Hamil-
tonian Eq. �7�, where the coupling is now given by

g� =
�c�lgn

16�̃z
� 1

�+�
−

1

�−�
	 �18�

with ��� =��+
�̃z

2 . Compared to Eq. �8� the effective cou-
pling g is reduced by a factor ����+�

−1−�−�
−1�, i.e.,

�2�mw /�� for �mw���.

FIG. 3. �Color online� Average fidelity for the mapping of co-
herent states to the nuclei via teleportation �after complete decay of
the cavity� plotted as a function of the interaction time toff for dif-
ferent values of g /�=1, 10, and 100 �solid, dash-dotted, and
dashed�. All fidelities converge to 1 as gt→�.

FIG. 4. �Color online� Level scheme of the QD �a� electronic
and trion states split in an external magnetic field in growth direc-
tion. They are coupled by a �−-polarized laser and a �+-polarized
cavity field with frequencies �l and �c, respectively. �b� Additional
to the setting in �a�, a microwave field resonant with the splitting of
the trion states in the magnetic field ��⇑−�⇓=�mw� mixes the trion
states. Laser and cavity couple both electronic states to the trion
states �+� and �−�.
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To illustrate that Hel, in the bosonic description, which we
denote by Hbs, provides a good approximation to H and al-
lows to implement a good quantum interface, we consider a
maximally entangled state �k�k�R�k�c of cavity and some ref-
erence system R and then use the interface to map the state
of the cavity to the nuclei. If a maximally entangled state of
R and nuclei is obtained, it shows that the interface is perfect
for the whole subspace considered. The fidelity of the state
1R � U�t��k=1

2 �k�R�k�c�0�n with the maximally entangled state
�k�k�R�0�c�k�n fully quantifies the quality of the interface. In
Fig. 5 we plot this fidelity for the evolutions U�t� generated
by the two Hamiltonians H and Hel of Eqs. �16� and �17� to
show that a high-fidelity mapping is possible with the chosen
parameters and that the simple Hamiltonian Hel well de-
scribes the relevant dynamics. Since U�� /g�aU�� /g�†= ib
some care must be taken concerning the phases of the num-
ber state basis vectors in the nuclear spin mode
��k�c� �i�k�k�n and different phases at t=3� /g. For the nu-
merical simulation, we chose the parameters as follows: the
number of nuclei N=104, the hyperfine coupling constant
A=100 �eV, the laser and cavity Rabi frequency �c=�l
=6 �eV, the detuning of the trion �X−�l=700 �eV, the
microwave Rabi frequency �mw=50 �eV and the effective
Zeeman splitting �̃z=50 �eV. This corresponds to �4 T
using an electron g factor of 0.48 �external and Overhauser
field are counter aligned� and the corresponding hole Zee-
man splitting �mw�700 �eV. With these parameters, a
value of g�5�10−5 �eV is obtained, leading to times of
�10 microseconds for an interface operation.

Throughout the discussion we have neglected the internal
nuclear dynamics and corrections to the bosonic description.
Nuclear dynamics is caused by direct dipole-dipole interac-

tion and electron-mediated interaction.7,25,26 In Ref. 16 we
consider these processes in detail and show that they are
negligible: the coupling of the bosonic mode b to bath modes
bk is by a factor 10−2 smaller than the coupling g in Hbs given
by Eq. �18�.

The bosonic description of the nuclear spin system can be
introduced in a formally exact way.13 However, to obtain the
simple Jaynes-Cummings-type Hamiltonian �7� instead of
Eq. �6� we have made several approximations. As discussed
in more detail in Appendix B, these can lead to two types of
errors, �i� an inhomogeneous broadening of �2 and �ii� leak-
age from the mode b due to inhomogeneity. High polariza-
tion reduces both effects. The broadening of �2 can be fur-
ther reduced by an accurate determination of the Overhauser
shift Az. Reduced Overhauser variance has already been seen
experimentally.27–29 Leakage is suppressed by the energy dif-
ference of excitations in the mode b and the other modes not
directly coupled to the electron14 �cf. also the Appendix B�.

Finally, sufficiently small electron and cavity decoherence
must be ensured. In particular, we assume the strong cou-
pling limit of cavity QED and neglect spontaneous emission
for the whole duration of our protocol, which requires that
��l /���2�spont1 /g�1, where �spont comprises spontaneous
emission of the quantum dot into noncavity modes. With the
parameters chosen above this requires �spont�1 �s−1.
Electron-spin relaxation is sufficiently slow in QDs at large
Zeeman splitting ��1 ms� compared to our interaction. The
effect of electron-spin dephasing processes is suppressed by
elimination of the electron: they lead to an inhomogeneous
broadening of g and �i which is small as long as the energy
scale of the dephasing is small compared to the detuning �̃z.

VI. CONCLUSION

We have shown how to realize a quantum interface be-
tween the polarized nuclear-spin ensemble in a singly
charged quantum dot and a traveling optical field by engi-
neering beam splitter and two-mode squeezer Hamiltonians
coupling the collective nuclear-spin excitation and the mode
of the open cavity. This indicates how to optically measure
and coherently manipulate the nuclear-spin state and opens a
path to include nuclear-spin memories in quantum informa-
tion and communication applications. Moreover, together
with a photo detector for the output mode of the cavity, the
quantum-dot-cavity system provides a means to monitor
nuclear-spin dynamics on a microsecond time scale and
would allow to precisely study the effect of internal nuclear-
spin dynamics and the corrections to the bosonic description
used here.
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APPENDIX A: ADIABATIC ELIMINATION

In this section, we give a detailed derivation of the adia-
batic elimination that yields the Hamiltonian that describes
the effective interaction between light and nuclei, given by

FIG. 5. �Color online� Performance of the quantum interface for
the maximally entangled input state �in��k=1

2 �k�R�k�c �subscript c
indicates the cavity�. The red solid curve shows the fidelity Fbs of
�in evolved under Hbs with the ideal target state ��map���k=1

2 �
−1�lk�i�k�k�R�k�n �subscript n indicates the nuclei� for gt��l� , �l
+1��, where l takes into account the phases acquired during map-

ping, see text. The blue solid curve shows the fidelity F̃bs with

��̃map���k=1
2 �−1�lk�k�R�k�c for gt�� 2l+1

2 � , 2l+3
2 �. Dashed curves de-

pict the same fidelities for evolution under H� �denoted by

FH� / F̃H��. �Parameters chosen as in the text.�
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Eq. �6�. The starting point is the Hamiltonian given by Eq.
�5�.

Choosing the cavity and laser frequencies, �c and �l, far
detuned from the exciton transition and the splitting of the
electronic states �̃z much larger than the hyperfine coupling
gn, such that conditions �4a�–�4c� are fulfilled, we can adia-
batically eliminate the states �X� and �↑ �: denote by Q
= �X��X�+ �↑ ��↑ � and P�1−Q= �↓ ��↓ � the projectors on the
eliminated subspace and its complement, respectively. Then
the Schrödinger equation in the two subspaces reads

EP��� = PH��P + Q���� , �A1a�

EQ��� = QH��P + Q���� . �A1b�

Our goal is to derive an approximation of the Hamiltonian in
the P subspace which we denote by Hel. From Eq. �A1b� we
obtain

Q��� =
1

E − QH�Q
QH�P��� . �A2�

Inserting Eq. �A2� into Eq. �A1a�, we arrive at the �still ex-
act� equation

EP��� = �PH�P + PH�Q
1

E − QH�Q
QH�P	P��� �A3�

for the wave function in the electron spin-down subspace
with the unknown E appearing both on the right-hand side
�rhs� and the left-hand side of Eq. �A3�.

Now we use that �i� the range of �unperturbed� energies in
the P subspace is small compared to the energy difference
between the P and Q subspaces and �ii� the coupling term
PH�Q is small compared to this difference, i.e.,

� 1

E − QH�Q
QH�P� � 1. �A4�

Then the second part on the rhs of Eq. �A3� is small and E
can be approximated by E0, an eigenvalue of PH�P
=−�

�̃z

2 + A
2 
Az−
a†a��↓ ��↓ �, which is here given by

E0�−�̃z /2. Since for our purposes the energy of the nuclear
excitations ��gn

2 / �4�̃z� and cavity photons �
� are chosen
equal and are ��̃z, and � A

2 
Az� is of order A
2N and ��̃z,

condition �i� is fulfilled. Condition �ii� given by Eq. �A4� is
satisfied if the conditions of Eq. �4a� hold. This yields the
effective Hamiltonian in the electron-spin down subspace

Hel = �PH�P − PH�Q
1

�̃z + QH�Q
QH�P	P . �A5�

To simplify the second term in Hel �the denominator is an
operator containing a ,a† ,A− ,A+�, we split it into two parts:
�̃z+QH�Q=B1+B2, where

B1 = �̃z�↑��↑� + �� + �̃z/2��X��X� �A6�

contains the energetically large part and is easy to invert and

B2 =
�l

2
��↑��X� + H.c.� + 
a†aQ +

A

2
A+A−�↑��↑� . �A7�

contains the Rabi frequency of the laser field �l that couples
the spin-up state and the trion and the energies of photons
and nuclear spins. From the conditions in Eq. �4a� follows
that the cavity field is weak and the energies of photons and
nuclear spins are small compared to the energy scale given
by �� and �̃z, therefore

� 1

B1

B2
1


B1
� � 1 �A8�

and we can approximate the denominator of Eq. �A3� by

1

B1 + B2
�

1

B1
−

1

B1
B2

1

B1
. �A9�

Thus, inserting Eq. �A9� in Eq. �A3� and assuming the con-
ditions given by Eqs. �4a�–�4c� to be fulfilled, we can write
the Hamiltonian in the electron spin-down subspace as

Hel = PH�P − PH�Q� 1

B1
−

1

B1
B2

1

B1
	QH�P �A10�

with PH�Q=
�c

2 a†�↓ ��X�+AA+�↓ ��↑ �, which yields

Hel =
�c�lA

8���̃z

�aA+ + H.c.� + �1a†a −
A

2

Az −

A2

4�̃z

A+A− + Tnl,

�A11�

where the energy of the photons �1=
−
�c

2

4��
and the energy

of the nuclear-spin excitations �− A
2N − A2

4N�̃z
. By Tnl we de-

note the nonlinear terms Tnl=
A3

8�̃z
2 A+
AzA−+ A2

4�̃z
2 
a†aA+A−

+
�c

2


4��2 a†a†aa, which are small ��Tnl��
�c�lA

8���̃z
� in the situation

we consider �
��c ,gn / �̃z��l /���1�.

APPENDIX B: BOSONIC DESCRIPTION
OF NUCLEAR SPINS

The description of collective spin excitations in a large,
highly polarized system of N spins30 � j

�,z as bosonic excita-
tions out of the vacuum states goes back at least to the in-
troduction of the Holstein-Primakoff transformation.31 If the
collective spin operators involved are A�,z�J�,z=� j� j

�,z

and the system is initialized in the symmetric fully polarized
state �↓↓ . . .↓� then the symmetric space spanned by the
Dicke states32 �J=N /2,m� is never left under the action of
A�,z and up to a n-dependent correction the matrix elements
of J− in the basis �N /2,n−N /2� coincide with the matrix
elements of the bosonic annihilation operator b in the Fock
basis �n�. In fact we have

�J,n − J�J−�J,n� − J� = 
2J
1 −
n − 1

2J

n
n,n�−1. �B1�

As long as n�2J �in the whole subspace significantly popu-
lated throughout the evolution� the factor
�n


1−n / �2J�P�J,n−J��1 and the association
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J+ → 
2Jb , �B2a�

�J,n − J� → �n� , �B2b�

Jz → − J1 + b†b �B2c�

is accurate to o�nmax / �2J�. To obtain a more accurate de-
scription, we can even express the factor �n


1− n−1
2J in Eq,

�B1� in bosonic terms, i.e., as 
1−b†b / �2J� leading to an
exact mapping between the spin and bosonic operators.

The intuition we are following is that this association still
is useful if we are dealing with �i� not fully polarized systems
�i.e., 2JN� and �ii� the collective spin operators appearing
in the dynamics are inhomogeneous, i.e., A�,z=� j� j� j

�,z.
Let us first discuss the two issues separately. If the system

is homogeneous and JN /2 but known, e.g., by measuring
Jz and J2, then by Eq. �B1� compared to the fully polarized
case only the parameter 2J has to be adapted and the bosonic
description is still good as long as nmax�2J.

If J is not precisely known, we get an inhomogeneous
broadening of the coupling constants appearing in front of
A� �due to the scaling factor 
2J in Eq. �B2a� and of the
constant in Eq. �B2c�.

If A�,z are inhomogeneous, the three operators no longer
form a closed algebra and the dynamics cannot be restricted
to the symmetric subspace even if starting from the fully
polarized state. However, it is still possible to associate A− to
an annihilation operator A−→ �� j� j

2�1/2�1+ f�b where the cor-
rection factor 1+ f is close to one for highly polarized sys-
tems ��f��1− P� and depends on the excitation number not
only of the mode b but also of other bosonic modes, associ-
ated with collective spin operators different from A�. These
can be introduced, e.g., by choosing a complete orthonormal
set of coupling vectors ��� �k�� with ��0���� and defining a
complete set �Ak

�=� j� j
�k�� j

� ,k=0, . . . ,N−1� of collective
spin operators. We refer to the modes bk�0 as “bath modes.”

Generalizing the single-mode case discussed before, an
exact mapping Ak

−→ �1+ fk�bk and Az→− 1
2 + 1

N�kbk
†bk+Cz

with operators fk ,Cz describing corrections to the ideal case
can be obtained. It was shown in Ref. 13 that the corrections
fk ,Cz are of order 1− P for high polarization. Thus the map-
ping used in our analysis of the quantum interface is correct
to zeroth order in 1− P.

Corrections to that description can be obtained by includ-
ing the corrections 1− fk and Cz. The analysis is simplified by
the fact that coupling between the mode b and the bath
modes is weak �first order in the small parameter 1− P� and
we are interested only in the mode b. Thus by the
replacements13

A− → �� � j
2�1/2�1 − f�b , �B3a�

Ak
− → bk, �B3b�

Az → −
1

2
−

1

N
�
k=0

N−1

bk
†bk + Cz �B3c�

with quadratic Hermitian operators f =�kk�F̃kk�bk
†bk� and Cz

=�k,k�Ckk�bk
†bk we obtain a first-order description of the dy-

namics of the mode b �and the electron and photons coupled
to it�. Here C=U diag�� j −1 /N�U† and F
= �� j� j

2�U diag�� j
2�U† and U transforms from the canonical

basis to ��� �k��. The matrix F̃ is obtained from F by multiply-
ing F00 by 1/2 and Fk0 ,F0k by 2/3. The operators f ,D have
been chosen such that the commutation relations of A� are
preserved to first order. And while Ak

� ,k	0 are not as accu-
rately preserved, this affects the dynamics of A�,z only to
second order.13

From Eq. �6� we see that there are three main effects of
the corrections: �i� inhomogeneous broadening of �̃z and gn
�and consequently �2 and g� due to the finite variance in P;
�ii� inhomogeneous broadening of g due to the variance in
the correction factor 1− f; and �iii� losses of excitations from
the b mode to baths modes due to inhomogeneity.

Since �̃z�gn, the broadening due to the variance in the
Overhauser field is ��̃z and thus has only a small effect.
Similarly, the broadening of g affects the form of the output
mode z0 �cf. Eq. �14� but since it appears there only via the
parameter �=
�� /4�2�g2 the effect is negligible since
g��. However, the effective energy of the nuclear excita-
tions, �2=gn

2 / �4�̃z�, can be more strongly affected: e.g., a
standard deviation of 10% in P translates to a 10% variation
in �2. It must be assured that this variation is small compared
to g so that the resonance condition is maintained.

Concerning leakage, the strongest term is the one arising
from Az and it is not necessarily small compared to g. How-
ever, as was pointed out in Ref. 14 the mode b is detuned
from the others due to the “ac Stark shift” arising from the
off-resonant interaction with the electron �the term
�A2 / �4�̃z�A+A−. As long as this energy shift is large com-
pared to leakage, losses are suppressed and the mode b is
only coupled dispersively to the bath �via the inhomoge-
neous broadening�. To work in that regime, �̃z must not be
too large, i.e., external and Overhauser field should partially

compensate each other while still keeping �l�
���̃z.
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