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Using a classical Monte Carlo method, we have computed the three-body recombitatidree electrons
and a proton scattering into one free electron and a hydrogen &®m:p— H+e) in strong magnetic
fields. The proton is allowed its full motion whereas the motion of the electron is given by the guiding center
approximation. We investigate recombination for temperatures and fields similar to those used in recent ex-
periments that generated anti-hydrogen. When the proton has the same temperature as the electrons, the
recombination rate for the more elaborate equations of motion is roughly 60% larger than Brthe
approximation. The recombination rate decreases as the proton speed approaches the electron thermal speed;
the variation of this rate has implications for the directionality of the anti-atoms formed in recent experiments.
We report on several properties of the atoms formed by three-body recombination in strong magnetic fields.
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[. INTRODUCTION scale of the atom to the cyclotron radius for the electron and
proton atT.=4 K andB=5.4 T. (In all calculations we will
Recently, two group$1-3] have reported the formation use Sl unit9. The size scale of the hydrogen atomris
of anti-hydrogen by having anti-protons traverse a positron=e?/(4megkgTe) =4.2 um. The cyclotron radius scale is
plasma. Presumablyt], the anti-hydrogen is formed through r . .=mv/(eB)=2mkgT¢/(eB) and is 0.012um for an
three-body recombination: two positrons scatter in the fielcelectron and 0.5@.m for the proton.
of the anti-proton so that one positron loses enough energy to Glinsky and O’Neil[6] computed the proportionality co-
become bound to the anti-proton and the other positron cakefficient for the three-body recombinati¢f] in the B— o
ries away the excess energy. The purpose of this paper is tgnit. In this limit, the proton can be taken to be fixed in
report on the results of our calculations of three-body recomspace and the electrons are only free to move along the
bination for parameters similar to those used in the antimagnetic-field direction; for definiteness we will take the
hydrogen experiments. For the sake of simplicity, we will magnetic field to be in the- z direction. The electrons and
refer to the calculation for mattelelectrons and protols protons interact through thecomponent of the 17 electric
since the results are the same as those for anti-matter.  forces. They used a clever method of extending the thermal
It was noted from the earliest studies that the three-bodyjistribution of the electrons to bound energies. The recombi-
recombination rate is proportional w{T, %2, wheren. is  nation rate was found by scattering electrons from these
the electron density and, is the electron temperature. This weakly bound atoms. Recombination was determined to
form arises from simple dimensional arguments. The rate iflave occurred if an electron was scattered to low enough
proportional to the electron density times the electron velocenergies that the probability for reionization was negligibly
ity (ocTi’z) times the scattering cross sectionrf) times the ~ small. They found that electrons bound by roughlkgD,
probability for finding a second electron within the size of were rarely ionized. Thus, the recombination rate can be
the atomx=n.r3; the size of the atom formed in the recom- found from the rate that electrons are first scattered below
bination step is proportional t'ﬁ;l. Three-body recombina- 10KgTe.
tion was numerically studied during the 1970’'s. The main From the parameters above, it is clear that the detailed
object of the numerical investigation was to obtain the pro-Cyclotron motion of the electron can be ignored due to the
portionality factor in the recombination rate for no externalsmall size of the electron cyclotron radius. However, it is not
fields (e.g., see Ref5]). For the parameters we investigate, clear that two effects ignored in Rd#6] can be neglected.
classical mechanics will be sufficiently accurate since thelhe first is the motion of the proton, since the size of the
process is classically allowed, populates higlstates i  cyclotron orbit for the protonr(y.=0.50 um) is compa-
>35), and involves substantial averaging over initial condi-rable to the size of an atom with a binding energy okgl,
tions. (~ru/10=0.42 um). The second effect is tHex B drift of
However, the recent anti-hydrogen experiments employ &he electron. In our calculations, we include both of these
strong magnetic field to confine the positrons and antieffects. We have performed calculations at 4, 8, and 16 K for
protons. The zero-field recombination rates are not accurat@agnetic fields of 3.0 and 5.4 T; the ATHENA experiment
for the anti-hydrogen experiments because the magnetic field] runs at roughly 16 K and 3 T while the ATRAP experi-
strongly modifies the motion of the charged particles. To seenent[2,3] runs at rought 4 K and 5.4 T. We find that the
that the results will be strongly modified we compare the sizeecombination rate including these effects is roughly 60%
larger than theB— <« rate found by Glinsky and O’'Ne[l6].
Although this appears to be a sizeable difference, relatively
*Electronic address: robicfi@auburn.edu small changes in temperatut®l%) or density(26%) would
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compensate for this difference. As noted in Ré&fl, theB  since this will only induce changes in the recombination rate
— oo approximation works well because the fastest time scal@roportional to the mass ratio. The four coupled equations
is in thez direction. The motions from thEx B drift of the  for the proton are

electrons and the cyclotron motion of the proton is more than

an order of magnitude slower. . ax =V,, M dVx —e[E(R) +V,B],
A more important effect is the decrease of the recombina- dt dt
tion rate with the increase of proton speed along the mag-
netic field. In the anti-hydrogen experiments, the anti-protons dy _ dvy _ =
and positrons are contained in separate potential wells with E_VY’ M W_E[EV(R)_VXB]' 2

depths of order 10 eV. Although the distribution of anti-
proton speed in the positron cloud is not well characterizedThe coupled equations for the proton and electrons are
it seems likely that the energy of the proton along the magsolved using an adaptive step size, Runge-Kutta method.
netic field is given by the trap depth. However, the transverse The magnetic field is uniform and constant. The electric
speed of the protons might be given by the temperature sindéeld is only due to the charged particles in the simulation.
longitudinal and transverse motions are largely decoupled=xternal fields from the traps are ignored. These simulations
Because the temperatures are in Kelvin10 % eV), the  do not properly treat the motion of the electron and proton
proton energy along the magnetic field can be sizeable evewhen the electron is within an electron cyclotron radius of
when it is only(1/100th of the trap energy scale. Thus, it is the proton; two electrons are never within a cyclotron radius
possible that the anti-atoms have velocities mainly directedf each other because of the low temperature and the repel-
along the magnetic field. We have computed the recombinding Coulomb force. Not only are the equations of motion
tion rate for proton speeds comparable to the electron theinaccurate for a close electron-proton approach but the simu-
mal speed. lation slows down because of the presence of large accelera-
tions. Since the equations are already inaccuratemedify
Il. NUMERICAL METHOD the electric forces by “softening” the singularity. Instead of
. _ _ having the potential between two particles separated gy
To provide an independent test of the previous Ca|CU|aproportionaI to 1, we change the potential tom

tions[6], we include higher terms in the equations of motion.\yhere we chose,, to be the electron cyclotron radius; the
We also generate the electron and proton distribution using 8ectric fi - =
electric fields are computed frofa=—VV.

different method. We note that there are several conserved quantities for
these equations of motion: an energy, Xtendy components
of a pseudomomentum, and an angular momentum irzthe

The full equations of motion for electrons interacting with direction[8,9]. We use the conserved quantities as part of the
a proton require too much computational effort to solve. Theerror monitoring conditions in our adaptive step size ODE
electron cyclotron period.,.=27m/(eB)=6.7 ps forces a solver.
numerical differential equation solver to take time steps of
order 100 fs. Thus, the main effort would be devoted to the B. Distribution
electron’s helical motion.

Fortunately, the radius of the cyclotron orbit for electrons
is very small compared to the other length scales. Also, th
very fast cyclotron motion can be used to advantage. W . . ) .
average over a cyclotron period to obtain the well—knowncup¢' The time (.)f firing an e!ectron 'S_ rand_om with a prob-
guiding center approximation. In this approximation, theablllty Ot/taye during the time intervabt; taeiS the average

center of the cyclotron orbit moves freely along the magnetict'g1e an fellectrtohr: tak_elsoécz) / cArfoss |:h$ VO";]'T“;- .The cuht:e has
field. The motion of the center perpendicular to the field©29€s Of 1€NGKma,= ( " E0B e) Whic IS roughly

. N 100 times larger than the radius of the recombined atom. The
arises fromk X B drift. For an electron whose cyclotron orbit

electrons are randomly fired from= = X,,,,/2 with thex,y

A. Equations of motion

The distribution of trajectories is computed using the
hysical distributions for the proton and the electrons. Elec-
rons are randomly fired at a proton located at the center of a

is centered at, there are four coupled equations position randomly chosen in the range Xm,/2<X.y
<Xmax2. This prescription gives a varying number of elec-
dx . dy N i the simulati imulati in th f
—=E/(r)/B, —-=—Er)/B, trons in the simulation. Our simulations are in the rest frame
dt dt of the proton in thez direction, and the electrons have a
Maxwell-Boltzmann distribution i, . If we are simulating
d_Z_ m%— —eE(T) 1) recombination onto a proton moving & then the electron
dt 'z dt 1), velocity distribution inv, is a shifted Maxwell-Boltzmann
distribution.
wherex,y,z is the center of the cyclotron orbit. Thex,y proton distribution can be obtained more simply.

We include the full equations of motion of the proton in It is assumed that the protons have a Maxwell-Boltzmann
the xy plane. In our simulations, we choose a frame whereistribution with the same temperature as the electrons. This
the proton speed along the field is initially 0. We do notis probably not correct in some situations; however, it is
include the subsequent motion of the proton along the fielgprobable that the transverse proton temperature is close to
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the electron temperature in most cases of interest. Whenever TABLE I. Three-body recombination coefficient.
the simulation makes a transition from 0 to 1 electron in the

volume, a new set of initial velocities is chosen for the pro-  Te Cat30T Cat54T
ton.
. . 4K 0.110 0.097
Whenever we launch an electron, we shift the position of 8 K 0.120 0114
the proton and any electrons that are already in the cube. The 16 K 0.110 0.117

shift is chosen so that the estimated position of the proton
will be at the center of the cube when the new electron
crosses they plane; this prescription with choosing random Table I. For all of the calculations the statistical uncertainty

X,y positions for the initial launch gives a uniform distribu- in C is less than 0.002. The main uncertainty is due to sys-
tion of impact parameters around the position of the protontematic errors and could be as high as 0.010. Note that the
Without this shift, the proton could drift out of the volume recombination coefficients are only weakly dependent on the

before the launched electron reachesxieplane. temperature and magnetic field and the trends in this table
are not significant. The rates are roughly 60% larger than the
C. Recombination defined B—co rate.

. . We have calculated the distribution of average transverse
In order to make the computation feasible, we only com-

velocities of the recombined hydrogen atom for the three

pute Irajectories to t_he_ poin_t where an el_ect_ron haS.SUﬁiCierHifferent temperatures in the 5.4 T magnetic field. The distri-
binding energy that it is unlikely to be reionized during SUb'bution of atomic velocities is close to the Maxwell-

sequent collisions. For our definition of binding, we simu- Boltzmann distribution of the original ions; the largest dif-

lated the motion until there was one electron in the volumeTerence is for the 4 K data set which has transverse speeds
and the total energy of the electron plus proton, roughly 30% larger than for a Maxwell-Boltzmann distribu-

1 1 o2 tion. Thus, a rough estimate for the transverse speed of re-
E= EM(ViJFV‘z’H Emv§_ W ®) combined atoms iskgT/M. At 4 K, this gives a transverse
0 min speed of roughly 200 m/s.

) The transverse motion of a hydrogen atom through a mag-
is less than- vkgT.. We computed the average time o re- petic field induces a nonzero time-average dipole moment. It
combination for a few thousand events. We increasedtil  is possible that this dipole moment could be used to guide
the average time to recombination convergee:8. Note  the motion of the atom which would be useful in the anti-
this is similar to the definition of recombination in R¢6]  nhydrogen experiments: the ability to guide their motion
since proton kinetic energyoughlykgT,) is included in our  could enhance the delivery of anti-hydrogen to specified re-
definition of recombination. The three-body recombinationgions of the trap. We have computed the distributiong of
rate is the inverse of the average time to recombination. The. J(x= X)) 2+ ((y=Y)o) 2 where( ), is the time average.
recombination rate for=6 for which some reionization can \ye compared the average displacement to the size of the
still occur is roughly(10%) higher than forv=8. atompo=e?/(4mey 8kgTe)=rn/8. At 4 K, the distribution

We take the time to recombination to be the time at whichyy p extended to roughly Og with a peak at 0.2, while at
the atom first has energf=—vkgTe. We note that this g the distribution extended to roughly @Rwith a peak at
time contains both the time to initially capture an electron0_07po_ This shows that the size of the time-average dis-
(usually toE> —vkgT,) and the time to scatter the electron pjacement of the electron from the proton is a fraction of the

to deeper binding energies. For the parameters we have Chge of the atom and becomes a smaller fraction at higher
sen the time to scatter to deeper binding is less than 1% Qgmperatures.

the time to recombination. For most experiments of interest, the anti-hydrogen needs
to be in the ground state. One proposal is to expose the
ll. RESULTS anti-hydrogen atoms formed in three-body recombination to

laser light to stimulate transitions to lower-energy levels.
One requirement for this proposal is that the electrons need

Following the notation of Ref[6], we will present our  to overlap the region of the final state. We took the final state
recombination rates in terms of=e?/(4megkgTe) andve  to ben=10 and thus the relevant region to be a sphere with
= JkgTe/m; the recombination rate i§nZvcb® whereCis  radius r=2n?x0.529<10"° m. We examined the case
a dimensionless constant. In R¢B], they determinedC  whenB=5.4 T andT=4 K which has a sample of 3905
=0.070£0.01 for theB—< approximation; the field free atoms. We found only 10 out of 3905 atoms could be stimu-
coefficient is an order of magnitude largeL=0.76. We lated ton=10 [10]. However, it must be remembered that
foundC=0.072 with an uncertainty of 0.002 due to statisticsthe recombined atoms in our sample ar@at70. Electron-
and an estimated uncertainty of 0.004 due to systematic eRydberg collisions in the experiments will stimulate the at-
rors (volume effects and the soft-core potential are the mairoms to lowem; these lowem atoms are more likely to over-
error9 when using thdB— o« equations of motion. lap with then=10. To understand this, we also computed the

We computed the three-body recombination rates for threaumber that could be stimulated ime=30; in this case, 153
different temperature@t, 8, and 16 K and 2 different mag- out of 3905 atoms could be stimulated rie=30. Unfortu-
netic fields(3.0 and 5.4 T and the results are presented in nately, this is still a small fraction: 4%.

A. Thermal protons

010701-3



RAPID COMMUNICATIONS

F. ROBICHEAUX AND J. D. HANSON PHYSICAL REVIEW A69, 010701R) (2004
TABLE Il. Three-body recombination coefficient as a function IV. CONCLUSIONS
of proton speed along tHgfield. B=5.4 T, T,=4 K. The speed of L
the proton is given in units of electron thermal spew¥ We have generated data for three-body recombination in
= (2K To/my=1.1x10* m/s. The energy of a proton with speed Strong magnetic fields using more accurate equations of mo-
V, is also given. tion. The recombination rate for thermal protons is 60%
higher than in previous calculations. We have also generated
V, IV, C E (eV) data when the proton has substantial velocity along the mag-
0.000 0.100 0.00 netic _flelo_l. There exists a range o’f velocities with hlgh re-
0.167 0.081 0.04 combination rate where the proton’s speed along the field is
' ' ' substantially higher than proton speed perpendicular to the
0.333 0.051 0.14 . . . . o .
field. This could lead to directionality in the motion of the
0.500 0.031 0.32 recombined atoms
0.667 0.018 0.56 ) . .
We have computed properties of the recombined atoms
0.833 0.011 0.88 and found them to be roughly what might be expected from
1.000 0.008 1.27 gnly 9 P

dimensional arguments. For example, the distribution of
transverse speeds of the atoms is roughly Maxwell-
B. High-velocity protons Boltzmann with an average speed within 30% of the proton’s

In Table II, we give the results of the three-body recom-average speed. Unfortunately, we found that only a small
bination when the electron velocities in the field direction areffaction of the atoms had properties suitable for laser stimu-
a shifted Maxwell-Boltzmann distribution. The velocity shift /ation to lown states. We also found that the time-average
of the distribution is denoted by, . This rate is equivalent displacement of the electron relative to the proton was a
to recombination for a proton that is moving at a substantiafraction of the possible size which does not bode well for
speedV, relative to the electron gas. We note that the anti-using the dipole moment to guide the atom.
protons are launched through a positron gas in both of the
anti-hydrogen experiments and it is likely that the velocity of
the anti-proton along the field is large compared to the trans- ACKNOWLEDGMENTS
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