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Simulated expansion of an ultra-cold, neutral plasma
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The details of recent calculations of the expansion of ultra-cold, neutral plasmas are given. The
calculations are performed at several levels. The simplest level assumes an ansatz for the form of the
electron and ion density; the result is a simple, ordinary differential equation which can be easily
solved. The medium level of sophistication assumes the electrons are in thermal equilibrium but
does not assume a particular form for the ion density; the result is a partial differential equation
which is solved numerically. For the highest level of sophistication, a Monte Carlo technique is used
to solve for the electron phase space distribution and solve for the ion motion in the resulting mean
field. All levels of simulation include three body recombination and electron-Rydberg scattering.
This paper contains the results of our simulations and compares them to measurements made on
ultra-cold plasmas. Three body recombination is found to be important at very low temperatures
since it is a heating mechanism for the electron gas. The collisions between cold electrons and
Rydberg atoms are another important source of electron heating and de-excitation of atoms formed
in the plasma. The evolution of the distribution of atoms in the plasma is simulated and several
counter-intuitive effects that have been observed can be explained. Our simulations show that the
plasma coupling constant does not become larger than;1/5 for the reported experiments. The
behavior of plasma processes are investigated, e.g., ion acoustic waves, spike formation, and
electron evaporation. The evolution of a cold Rydberg gas into a plasma is also simulated but certain
properties of our simulation do not agree with measurements. ©2003 American Institute of
Physics. @DOI: 10.1063/1.1573213#
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I. INTRODUCTION

The ability to cool and trap atomic gases is one of
interesting experimental advances of the past 20 yea1

These techniques have been used to create Bose–Ein
condensates of simple atomic gases, degenerate Fermi g
advances in atomic clocks, and many other systems. T
are several different methods that use light to cool atoms
an optical molasses, 6 lasers~2 counterpropagating beams o
3 orthogonal axes! are tuned to a lower energy than a
atomic transition. A moving atom experiences a resist
force because the Doppler effect gives larger photon abs
tion from the light with momentum opposite to that of th
atom; the atom later re-emits the photon in a random dir
tion thus giving a net momentum decrease to the atom. T
technique can reduce the energy of the atom to roughl\
times the frequency width of the transition. In a magne
optical trap, the atoms can be cooled below 1 mK by us
an inhomogeneous magnetic field and simple diode laser
magnetic field splits the energy levels of an atom and
splitting is proportional to the field strength for a small ma
netic field. The lasers are detuned~and polarized! so the
atoms tend to absorb photons from the beam that pu
them back to the center of the trap. The density of atoms
be as high as;1011 cm23.

Several groups have used the cold atoms from magn
optical traps as the starting point for the investigation
ultra-cold plasmas.2–8 In one type of experiment, atoms a

a!Electronic mail: robicfj@auburn.edu
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cooled to less than a mK and are then photo-ionized b
laser. The free electrons escape the region of the pos
ions until a large enough space charge develops to bind
remaining electrons. The initial size of the plasma is a f
hundred microns. The initial energy of the electrons~which
directly translates into an electron temperature,Te) can be
controlled by tuning the laser frequency that ionizes the c
atoms and the number of electrons,Ne , and ions,Ni ~and the
corresponding densitiesne andni) can be controlled through
the laser intensity. Because the plasma is created by ph
ionizing cold atoms, the positive ions initially have the sam
temperature as the cold atoms; thus the positive ions initi
have kinetic energy much less than the electrons. The e
trons that are trapped by the space charge exert a the
pressure which causes the plasma to expand. This expan
must result from the transfer of electron thermal energy a
electrostatic energy of the mean electric field to radially
rected kinetic energy of the ions. Thus, the electron par
the plasma cools and decreases in density with time.

Several of the plasma parameters are under direct con
and are accurately known. Two of the parameters that typ
a plasma are the Debye length which gives the distance
which a charge is screened and the Coulomb coupling
rameter which is the ratio of the potential energy betwe
adjacent charged particles to the kinetic energy. The exp
sion for the Debye length islD5A«0kBTe /ne2 while the
Coulomb coupling parameter isGe5(e2/4p«0a)/kBTe

wherea5(3/4pn)1/3 is a typical distance between electron
For a 50 K electron gas with a density of 109 cm23, these
7 © 2003 American Institute of Physics
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parameters have the valueslD515 mm ~which is;20 times
smaller than the plasma!, a56.2 mm, and G50.054. The
Coulomb coupling parameter is especially important beca
if it is roughly 1 or larger then the potential energy domina
and highly correlated motion between charged particle
expected. The experiments can tune the plasma so thaGe

@1. It is precisely when the Coulomb coupling parame
was roughly equal to or greater than 1 that some of
strange results in Refs. 3 and 4 were obtained.

For many of the ultra-cold plasmas, atomic proces
play a major role the dynamics. Electrons can scatter in
field of a positive ion so that one electron loses enough
ergy to become bound to the ion with the other elect
gaining energy. This process is known as three body rec
bination. The recombination rate decreases as the elec
density decreases but increases as the electron tempe
decreases:ATBR}ne

2Te
29/2.9 For ultra-cold plasmas, a sub

stantial number of three body recombination events can
cur. The atoms formed through three body recombinat
have binding energy of roughly 2kBTe . At low temperatures,
the atoms are very highly excited and are known as Rydb
atoms. The electrons in the plasma can scatter from th
atoms and gain energy which means the Rydberg atoms
source of heat for the electrons. Another important consid
ation is that the radius of the atom formed in three bo
recombination divided by the distance between ions
roughlyGe/2; this means that the basic process of three b
recombination needs to be revisited if the Coulomb coupl
parameter becomes larger than 1. The ultra-cold plasma
interesting because atomic physics processes strongly a
the behavior of the plasma and because of the level of
perimental control of plasma parameters.

In the experiments performed at the National Institute
Standards and Technology~NIST!,2–4 atoms are cooled to
mK temperatures before being photo-ionized. In the fi
experiment,2 the time dependence of the rate that electro
leave the plasma could be measured. There is a pro
‘‘burst’’ of electrons that leave the plasma~to within 1 ms of
the laser pulse! until a sufficient space charge develops
bind the remaining electrons; the fraction of electrons t
leave in the prompt burst was explained and depends
several of the plasma parameters: electron temperature (Te),
number of electrons (Ne), and size of the plasma. In th
second experiment,3 the time dependence of the electro
density was measured between roughly 1 and 100ms. The
plasma expands because the thermal pressure from the
trons exerts a radially outward force on the ions. T
asymptotic expansion velocity is simply a result of the co
servation of energy~thermal energy of the electrons is co
verted to radial kinetic energy of the ions! and does not de
pend on detailed calculations. However, the ions w
measured to expand too fast at the lowest temperat
which indicates that an additional source of energy w
present. In the third experiment,4 the energy source for th
anomalous plasma expansion was identified: a substa
number of Rydberg atoms were present in the plasma.
Rydberg atoms must arise from recombination and for ev
recombination extra energy is given to the remaining el
Downloaded 28 May 2003 to 131.204.44.9. Redistribution subject to AI
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trons. However, several properties of the Rydberg atoms
not agree with ideas for any recombination mechanism~e.g.,
three body recombination!; thus, the recombination mecha
nism was an open question.

In a second type of experiment, very cold atoms a
excited into Rydberg states. These highly excited atoms
be ~relatively! easily stripped of an electron. Under certa
conditions, the gas of Rydberg atoms converts into an ul
cold plasma. The conversion takes place over a few mic
seconds in many cases. Several properties of the atoms i
plasma have been measured. The physical process
causes the Rydberg gas to convert to a plasma is not kno

In experiments performed at Virginia and Aime Cotton5

Connecticut,6 and Michigan,7 atoms were cooled tomK tem-
peratures before being excited into Rydberg states. The
Rydberg atoms evolve into a plasma5 which later evolves
back into a Rydberg gas.6 In Ref. 5, the mechanism for th
Rydberg gas to evolve into a plasma has not been de
mined; in particular, the source of the energy required
convert a gas of Rydberg atoms into a plasma has not b
identified. In Ref. 6, the Rydberg gas transforms into
plasma too rapidly for the parameters of their experime
the mechanism for the Rydberg gas to plasma conversion
only been speculated upon. In experiments performed
Michigan,7 a cold Rydberg gas was produced; the Rydb
gas had a lifetime much longer than expected due
l -changing collisions of the gas with free electrons.

Four groups10–14have independently simulated some a
pects of the experiments that directly create free electrons
Refs. 11, 13, and 14, full molecular dynamics simulation
the electron and ion motion was able to follow the plas
dynamics for the very early stages of the plasma expan
(!1 ms!. In these simulations, it was clear that three bo
recombination rapidly heated the free electrons when the
tial electron temperature was below;10220 K. These
simulations showed that three body recombination was
portant at early times but did not address the evolution of
plasma and the recombination mechanism during the m
part of the plasma expansion. The simulations in Ref.
used ideas of a ‘‘metastable plasma’’ to simulate aspect
ultra-cold plasmas.

Our previous simulations in Ref. 12 were complete
different in character. In our simulations, the plasma w
assumed to be weakly coupled and we solved for the pla
dynamics including the mean field, a Monte Carlo treatm
of two body collisions, and a rate equations for three bo
recombination. Simulations were performed at several lev
of sophistication. Because of the approximations in o
simulations compared to the molecular dynam
treatments,11,13,14we were able to follow the plasma for th
duration of the experiments. In our simulations, the Coulo
coupling parameter would stay much less than 1~or rapidly
drop to values much less than 1! which means our simula
tions were self consistent. We found that we could descr
many of the nonintuitive features measured in Refs. 3,4
could predict some properties of ultra-cold plasmas that h
not been measured yet.

Our purpose in this paper is to present the details of
simulations and to present some new results relating to u
P license or copyright, see http://ojps.aip.org/pop/popcr.jsp
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2219Phys. Plasmas, Vol. 10, No. 6, June 2003 Simulated expansion of an ultra-cold neutral plasma
cold plasmas. Some of the new results relate to the detai
the electrons evaporating from the plasma, to ion acou
waves in ultra-cold plasmas, and to the distribution of Ry
berg atoms formed in the plasma. We also give some of
details showing the agreement between different degree
approximation. We also present results of the first simulat
of a cold Rydberg gas converting to an ultra-cold plasma;
simulations showed many similarities to the measureme
but were ultimately in disagreement with a main compon
of the experiment.

II. ION SIMULATION

All of our simulations treat the ions as a zero press
fluid. Thus, we start by examining our treatment of the io
and the accuracy of this approximation.

The ions start at a very low temperature in the ultra-c
plasma; for all initial conditions in published experimen
the initial ion temperature is much lower than the electr
temperature. Given enough time the electrons and i
would come into thermal equilibrium. However, the ma
action in most of the experiments occurs in the earliest 1
of ms after creation of the plasma. The ions hardly heat
over this short a time. The time required for the electrons
ions to come into thermal equilibrium is roughly the time f
the electrons to come into thermal equilibrium with the
selves times the ratio of the ion mass to the electron m
Mi /Me;2.53105. Thus, the time required for the ions t
gain thermalenergy is much longer (;1023 s! than the time
over which the interesting plasma dynamics occurs.

In our simulations, we use an equally spaced radial g
~spacingdr ) for computing ion and electron densities,ni(r )
andne(r ), and from these densities we compute mean e
tric fields and potentials; the radial grid extended to 403 the
size of the plasma with 12,000 radial points. We repres
the Ni ions usingÑi particles that move in the mean field
according to Newton’s equation. Each particle has a we
wi5Ni /Ñi and contributes to the weighted density,r 2ni(r ),
through a tent function that covers 8 radial grid points T
weight that each particle contributes to the density depe
on the actual number of ions being simulated, the numbe
particles used to treat the ion motion, and how much reco
bination has occurred for the particle as described in Sec

The initial distribution of particles is chosen to give th
correct ion density at the initial time. The velocity of all o
the particles is chosen to be zero initially. The accelerat
aj , of ion j at radial positionr j is computed by interpolating
the functionr 2a(r ) to the position of the particle using th
two radial grid points that bracket the particle and dividi
the interpolated value byr j

2 . The functionr 2a(r ) is propor-
tional to the total charge density inside the sphere of radir
which is smoother than the acceleration,a(r ). But more im-
portantly, this interpolation ensures that the ion self-fo
behaves appropriately and does not introduce spurious fo
and energy into the simulation.

Although we expect our simulation of ion motion t
work well for all cases treated in this paper, we note t
treating the ions as a zero pressure fluid prevents us f
Downloaded 28 May 2003 to 131.204.44.9. Redistribution subject to AI
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simulating phenomena discussed in Refs. 13–15 relatin
the formation of strongly coupled ion motion.

III. ELECTRON SIMULATION

The electrons have much larger acceleration than
ions because of the enormous ratio of ion to electron m
Thus, simulating the electron motion is computationally
tensive. We resorted to approximate treatments of elec
motion in order to reach the long times of the experimen

A. Particle model

In our most sophisticated simulations, we use Mon
Carlo ideas to simulate the electron motion. The elect
density is simulated usingÑe particles to represent theNe

electrons in the plasma. Each of the particles has a statis
weight we5Ne /Ñe . The electric forces on the electrons ca
be divided into a mean field force from the ions and all oth
electrons and a rapidly fluctuating force due to short ran
collisions between pairs of electrons and between electr
and ions. The mean field force is treated by propagating
electrons using Newton’s equations with the acceleration
ing 2EW •e/Me . We treat the collisions~which causes the
electron distribution to approach thermal equilibrium! using
a Monte Carlo technique. The particles are evolved in th
spatial dimensions but the computations assume the m
density has spherical symmetry.

Since the ions and the electrons have a spherical di
bution inside the plasma, the radial component of the m
electric field is computed from

Er~r !5
e

«0r 2E0

r

dr̄ r̄ 2@ni~ r̄ !2ne~ r̄ !#, ~1!

where the ion density,ni , is calculated as described abov
The radial electric field is computed on a grid of equa
spaced radial points: thej-th grid point is r j5 j •dr . The
weighted electron density,ne•4pr 2dr , is computed from the
positions of the electron particles using a tent function c
ering two radial grid points; we did not need the tent functi
to cover many grid points because the electrons rap
moved through different radial regions which provided
averaging not present for the ions. The tent function is c
sen to exactly conserve the charge and to prevent the elec
from acting back on itself which could have disastrous
fects on energy conservation.

We note that the mean field in our simulation fluctua
because the electrons move rapidly through the plasma
the number of particles between successive grid points is
large. Also, the radial electric field depends on the differen
between the ion and electron densities which are very sim
at low temperatures. Since the difference in density is m
smaller than the densities, the fluctuations in the mean fi
are proportionately larger; the fluctuation is largest at smar
since this has the smallest volume and thus the smallest n
ber of particles. We ensured that the fluctuations did not
fect our result by increasing the number of particles until
results stabilized.
P license or copyright, see http://ojps.aip.org/pop/popcr.jsp
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We accounted for the electron–ion collisions and
electron–electron collisions using a Monte Carlo treatme
The electron–ion collisions cause the direction of the el
tron’s velocity to change in random manner. The electro
electron collisions cause the direction of the relative veloc
vector between two electrons,vW 12vW 2 , to change in a ran-
dom manner; these collisions cause the electron distribu
to trend to a thermal distribution. We give a detailed deriv
tion of our treatment of the electron–ion collisions.

It is well known that the direction of the electron’s ve
locity changes randomly during a short time intervaldt due
to collisions with ions. The expectation value of the squa
change in direction is16

^Du2&.nivedt
e4

2p«0
2Me

2ve
4

ln L, ~2!

where L is ~roughly speaking! the ratio of the maximum
impact parameter to the minimum impact parameter in a
lision; sinceL is inside the logarithm usually the exact valu
is not important. By convention,L53kBTe /@e2/4p«0lD#
wherekB is Boltzmann’s constant andlD5AkbTe«0 /e2ne is
the Debye length.

The electron’s velocity changes direction due to Co
lomb scattering and we simulate it by defining a different
cross section for electron–ion scattering that gives the s
^Du2& as the usual treatment. We chose the form

ds

dcosu
5

e4

8p«0
2Me

2ve
4@12cosu1D#2

, ~3!

which gives the familiar Coulomb cross section for sm
impact parameter~large angle! scattering but cuts off the
large impact parameter~small angle! scattering; the large im
pact parameter scattering is suppressed due to the scre
from other electrons in the plasma. Other forms for the cr
section were tried; our results were independent of the fo
of our cross section as long as^Du2& and the large angle
form of the cross section were unchanged.

There is only one adjustable parameter in this form
the differential cross section,D. We fix this to reproduce the
usual expression for̂Du2&:

^Du2&5nivedtE
21

1

2~12cosu!
ds

d cosu
d cosu

5nivedt
e4

2p«0
2Me

2ve
4

lnA2/D exp~1!, ~4!

where exp(1)52.718 . . . . It is clear from a comparison o
Eqs.~2! and ~4! that D must have the value

D5
2

L2exp~1!
. ~5!

The electron–ion scattering is included in two ste
During a time intervaldt, the probability for an electron
scattering is
Downloaded 28 May 2003 to 131.204.44.9. Redistribution subject to AI
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P5nivedts5nivedt
e4

8p«0
2Me

2ve
4D

. ~6!

For an electron, a random number between 0 and 1 is g
erated and if the random number is less thanP then a scat-
tering event occurs. The angle through which the elect
scatters is given by a second random number computed
using the differential cross section as a bias,

y5E
21

cosu ds

sd cosu8
d cosu8, ~7!

wherey is a random number with a flat distribution betwe
0 and 1. This equation can be inverted to give

cosu5
2~11D!y2D

2y1D
. ~8!

This gives the angle between the initial direction and
final direction. Finally, we rotate the final direction for th
velocity around the initial direction by a random angle with
flat distribution between 0 and 2p.

The electron–electron scattering is performed in a si
lar manner. Pairs of electron particles,j andk, are chosen so
that the difference between the radial positions,ur j2r ku, is
less than a small fraction of the plasma size~this criterion is
varied until convergence is achieved!; we choose pairs of
particles whose radial distance from the plasma center dif
by a small amount to obtain better statistics and because
simulations are for plasmas with spherical symmetry. If t
particles are close enough to interact, the position of part
j is rotated to that of particlek and the velocity of particlej is
rotated through the same angles. The inter-particle veloc

vW 25vW j2vW k , is constructed along with the center of ma
velocity vW 15(vW j1vW k)/2. The inter-particle velocity is then
rotated similar to the prescription for electron–ion scatter
except the reduced mass is used for electron–electron c
sions. After the rotation ofvW 2 , the electrons’ velocities are
reconstructed through

vW j5vW 11vW 2/2, vW k5vW 12vW 2/2. ~9!

This treatment exactly conserves energy and gives the
rect time dependence of the thermalization. After the scat
ing, the velocity and position of particlej is rotated back to
its original position.

1. Results

At this level of approximation, we want to calculate ho
long it takes a region of the plasma to evolve to a Maxw
distribution, how long it takes different regions of the plasm
to reach the same temperature, how many electrons leav
plasma at very early times, and how much energy is car
away by electrons at early times. The inputs to our simu
tion are the initial shape of the ion density, the number
free ions/electrons, and the initial energy of the electrons

In Fig. 1, we plot the velocity distribution for electron
in a radial shell 1/4 out from the center of the plasma at th
times. This shows how the velocity distribution approache
P license or copyright, see http://ojps.aip.org/pop/popcr.jsp
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local thermal distribution at roughly the time scale expect
Also as expected, the high energy tail of the distribution
populated more slowly.

However, the plasma as a whole takes much longe
reach thermal equilibrium. This can be seen in Fig. 2 wh
we show the temperature at different positions in the plas
At each position, we use electrons within a small radial sh
to obtain a temperature which is defined to bekBTe

5(1/3)Me^v2&. Note that the center of the plasma becom
relatively hot while the edge of the plasma is relatively co
just after the plasma creation. Also at early times, the den
of electrons at the center of the plasma is noticeably less
the proton density. The excess positive charge near the ce
of the plasma gives an extra acceleration of the electrons
enter this region. This accounts for the temperature spik
the center of the plasma at early times. Also, the higher
ergy electrons of the Maxwell distribution tend to be lo
from the edge of the plasma but not from the center of
plasma. This tends to make the edge of the plasma co

FIG. 1. The weighted velocity distribution 40 ns~dash–dotted line!, 80 ns
~dotted line!, and 160 ns~dashed line! after the creation of the plasm
compared to a Maxwell distribution~solid line!; the electrons are chose
from a shell 1/4 out from the center of the plasma. The distribution at
50 is a sharp spike at;70 km/s. The plasma has an initial average dens
temperature, andA^r 2& of 109 cm23, 100 K, and 340mm. The relaxation
time is roughly 65 ns. We find that the actual distribution is very close t
Maxwell distribution by 400 ns and indistinguishable from a thermal dis
bution by 1000 ns.

FIG. 2. The temperature at different radii in the plasma as a function of t
for the same plasma parameters as Fig. 1. The positions are the follow
center of the plasma~dotted line!, 1/4 out from center~dashed line!, 2/4 out
from center ~dash–dotted line!, 3/4 out from center~dash–dot–dot–dot
line!. The average temperature for the innermost 80% of the electrons i
solid line.
Downloaded 28 May 2003 to 131.204.44.9. Redistribution subject to AI
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than the average temperature. This loss of electrons con
ues until the electric potential near the edge of the plas
becomes large compared tokBTe .

The plasma needs roughly 1–2ms before the tempera
ture in the different parts of the plasma equilibrate. This
much longer than the time needed for the distribution in e
section of the plasma to come into local thermal equilibriu
Fig. 1. Figure 2 shows that the electron temperature drop
40 K during the first 2ms which is mainly due to the expan
sion of the ion cloud; there is a small amount of cooling d
to the electron evaporation.

In Fig. 3, we show a comparison between the calcula
and measured17 electron flux during the early stages of th
plasma expansion. The plasma is in an 18 mV/cm elec
field to push electrons into the detector. The experimen
measurements have been shifted in time by 200 ns~due to
uncertainties of electron travel time within the detector; t
shift is 1 tick mark! and rescaled in magnitude by 15%~due
to uncertainties in overall normalization! in Fig. 3; both of
these changes are within experimental uncertainty. The
culations have been convolved over a time of 120 ns~due to
time resolution within the detector!. This convolution of the
calculated data introduced only small changes to the ca
lated curve~the convolution is 1/2 tick mark!. The slow de-
cay of signal between 1–4ms and the ratio of the number o
prompt electrons to delayed electrons does not depend on
manipulations; the simulations are in wonderful agreem
with the measurement. During the time shown in the figu
the electron temperature drops by roughly a factor of th
and the average density drops by roughly an order of m
nitude. Thus, the plasma parameters are changing sub
tially during this time. We compared electron flux for oth
cases and obtained a similar level of agreement. All of
electron flux measurements show a peak in escaping elec
flux followed by a small amount of escape. The initial pe
in the flux comes from the electrons that escape before
ficient space charge is present to bind them to the plas
The later small amount of flux arises from the electrons t
evaporate from the plasma. The good agreement betwee
measurement and the calculation shows that we have a
rately represented the electron thermalization in the ul
cold plasma.

,

a
-

e
g:

he

FIG. 3. The calculated~solid line! and measured~Ref. 17! ~dashed line!
electron flux. The plasma has an initial temperature of 60 K and densit
0.403109 cm23.
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B. Isothermal fluid model

As seen in the previous section, the plasma reaches l
thermal equilibrium on a time scale roughly given by t
electron relaxation time. The time required for the electr
temperature to equilibrate across most of the plasma
longer but still fast compared to the plasma expansion ti
Thus, we have performed simulations using thermal equi
rium for the electrons as an assumption because this typ
simulation runs a factor of 100 faster than the Monte Ca
simulation. The inputs to this simulation are not direct d
from the t50 plasma conditions. We use the Monte Ca
simulation to propagate the plasma for 1–2ms and use data
from the simulation to determine the number of electro
that promptly leave the plasma and how much energy t
carry to determine the actual number of electrons and
total energy in the remaining plasma.

The ion potential energy,U, is only a function of radius
and is given by the equations

1

r

]2

]r 2
@rU ~r !#52

e2

«0
@ni~r !2ne~r !#,

ne~r !5a expFU~r !

kBTe
G , ~10!

a5Ne Y E 4pr 2expFU~r !

kBTe
Gdr,

where the second equation uses the assumption of the
equilibrium for the electron part of the plasma and the l
equation ensures that the number of electrons equalsNe .
These equations must be solved self consistently. The a
rithm uses the ion potential energy to compute the accel
tion, a(r ), the acceleration is used to move the ion positio
and velocities forward bydt, the new ion density and kineti
energy are used in Eq.~10! with conservation of total energ
to solve forTe and the electron density. Three body reco
bination and electron scattering from Rydberg atoms so
what complicate the algorithm as described below.

There is both a fundamental and a practical problem
solving Eq.~10! for the potential energy,U(r ). The funda-
mental problem is that the potential energy function is p
portional to 1/r at large distances. This means the elect
density has the asymptotic forma1b/r at finite tempera-
tures. This problem is an artifact of the thermal approxim
tion: the density of electrons outside the ion cloud is too l
for thermal equilibrium to be reached. Thus, we take a pr
matic approach in solving this problem: we make the el
tron temperature position dependent. Outside of the
cloud we have the electron temperature smoothly decrea
zero over a range of roughly the size of the ion cloud. T
1/Te is constant forr ,r 054*A^r 2& and increases quadrat
cally Te

21
•@110.02•(r /r 021)2#. Although this is a very

simplified treatment of the electron density, it only affects
small fraction of the electrons since the temperature is
small.

The practical problem of solving Eq.~10! is more diffi-
cult. The trouble is that the equation is nonlinear in a man
that causes instabilities in the solution. We solved this eq
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tion using a technique similar to that discussed in Refs. 1
20. The details of this method are given in the Appendix

1. Results

The simulations using the thermal approximation a
roughly a factor 100 faster than those using the Monte Ca
approximation. Thus, it is important to test the accuracy
the thermal approximation. In Figs. 4 and 5, we comp
properties for a plasma with initial valuesTe5100 K and
n̄e50.53109 cm23. In Fig. 4, we compare the time depen
dence of the electron temperature for the Monte Carlo
thermal approximations over a time where the electron te
perature drops by over a factor of 5. It is clear that the th
mal approximation does a good job of reproducing the el
tron temperature over this time. In Fig. 5, we compare
position dependence of the weighted density for io
r 2ni(r ), 1–3 ms after the creation of the plasma. It is cle
that the two approximations give very similar results. T
differences arise because the temperature does not imm
ately become the same throughout the plasma but requ
1–2ms to equilibrate. The higher electron temperature at
center of the plasma causes the ions near the center to a
erate more than in the thermal approximation. As we low
the electron temperature or raise the density, the therma
proximation becomes better because the thermalizatio

FIG. 4. The time dependence of the electron temperature using the M
Carlo approximation~solid line! and the thermal approximation~dashed
line!. The plasma parameters are the same as Fig. 1.

FIG. 5. The weighted ion density at 1, 2, and 3ms calculated using the
Monte Carlo~solid line! and the thermal~dashed line! approximation. The
plasma parameters are the same as Fig. 1.
P license or copyright, see http://ojps.aip.org/pop/popcr.jsp
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much more rapid. The thermal and Monte Carlo approxim
tions become almost indistinguishable if the electron te
perature is lowered to 30 K at the density of Fig. 1.

C. Rate equation model

The simplest level of approximation simplifies the the
mal approximation even further. At low temperatures,
electron density and ion density must be approximat
equal. We can use this idea to obtain an approximation
the electric potential:

ne~r !5a expFeV~r !

kbTe
G.ni~r !. ~11!

This equation can be rearranged to give the approxima
V(r )5(kBTe /e)ln@ni(r)#1const. If the ion density is propor
tional to a Gaussian, then the electric potential is a quadr
function of the distance from the center of the plasma,r, and
the electric field strength is proportional tor. If the ions start
with a Gaussian spatial distribution and zero velocity,
spatial distribution will remain a Gaussian if the accelerat
is proportional tor.

At this level of approximation, the ion density is chos
to always have a Gaussian shape and the ion velocity line
increases with distance from the center of the plas
ni(r ,t)5Ni@b(t)/p#3/2exp@2b(t)r2#, v i(r ,t)5rg(t), and
ai(r ,t)5r2b(t)kBTe(t)/Mi . Substituting this ansatz into
the ion fluid equation gives the following ordinary differe
tial equations:

dg

dt
1g252kbTe~ t !b~ t !/Mi ,

b~ t !5b~0! expF22E
0

t

g~ t̄ !d t̄G , ~12!

3

2
kBTe~0!5

3

2
kBTe~ t !1

3

4
Mi

g2~ t !

b~ t !
1ERyd,

whereg(0)50 and the last relationship is from the conse
vation of energy: Thermal energy of electrons plus kine
energy of the ions plus the energy in Rydberg atoms is c
stant. Simulations at this level of approximation are mu
faster than those carried out at the level of the thermal
proximation. We use this approximation in searches for
teresting plasma dynamics and for insight.

The errors at this level of approximation arise beca
the acceleration is not a linear function ofr for all the ions.
Also, some of the energy is carried away by electrons t
escape the plasma at early times. Another error is becaus
conservation of energy equation does not include the elec
static energy of the plasma. The relative size of these er
decreases as the electron temperature decreases. A final
arises because the three body recombination rate is pro
tional to n3 and thus recombination tends to lower the i
density at the center of the plasma; this error increases a
temperature decreases but is rarely large since only a
percent recombination occurs in the early stage of plas
evolution (,20 ms!.
Downloaded 28 May 2003 to 131.204.44.9. Redistribution subject to AI
-
-

e
y
r

n

tic

e
n

rly
a:

-
c
n-
h
p-
-

e

at
the
o-
rs
rror
or-

the
w
a

IV. THREE BODY RECOMBINATION

Two electrons can interact with each other while in t
neighborhood of a positive ion so that one of the electro
becomes bound to the ion and the other electron carries
the extra energy. The recombination rate increases likeTe

29/2

as the electron temperature decreases. At low temperat
this becomes an extremely important process. We will
scribe in detail how we account for three body recombinat
in our model where we assume the electrons are in ther
equilibrium; a similar, but more complicated, treatment w
followed for the Monte Carlo approximation.

We include three body recombination within our simul
tions by allowing for the possibility of a third species: Ry
berg atoms. We assign the weight for a single Rydberg a
to bewR. We chose the weight for Rydberg atom particles
be much less than the weight for ion particles:wR!wi . A
typical value might bewR5wi /16. By choosing the weigh
for Rydberg particles to be much less than that for ions,
reduce the fluctuation in the ion density and in the distrib
tion of Rydberg states.

The rate for three body recombination into differe
bound states was taken from the simplified expression
Ref. 21; the recombination rate into a bound state with pr
ciple quantum numbern is proportional ton6. The recombi-
nation rate was taken to be

AR5
1 eV

kBTe
n* 72.8310242

m6

s E ne
2~r !ni~r !4pr 2dr,

~13!

wheren* 5A13.6 eV/2kBTe is the maximum principle quan
tum number for recombination. The number of Rydberg
oms formed during a time step isdtAR and the number of
Rydberg atom particles in the simulation was increased
dtAR/wR. Each Rydberg particle that was created was giv
a random initial position and velocity and binding energ
The principle quantum number was chosen to be

n5@y•n* 71~n021/2!7#1/72 1
2 , ~14!

wherey is a random number with a flat distribution betwe
0 and 1 andn056 is not important sincen* @n0 ; this gives
a probability proportional to (1/7)@(n11/2)72(n21/2)7#
.n6 for the atom to be formed in staten. The radial posi-
tion, r, of the Rydberg atom was chosen to be

y5E
0

r

ne
2~ r̄ !ni~ r̄ ! r̄ 2dr̄Y E

0

`

ne
2~ r̄ !ni~ r̄ ! r̄ 2dr̄, ~15!

wherey is a random number with a flat distribution betwe
0 and 1. The ion particle with position closest to that of t
newly created Rydberg particle had its weight decreased
wR and the number of electrons was also decreased.
radial velocity of the newly created Rydberg particle was
equal to that of the closest ion particle.

V. PROCESSES INVOLVING RYDBERG ATOMS

The Rydberg atoms can play a large role in the lo
temperature plasmas; it is important to properly account
the processes involving Rydberg atoms. For the parame
P license or copyright, see http://ojps.aip.org/pop/popcr.jsp
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considered here, the evolution of Rydberg populations
controlled by electron-Rydberg scattering and by radiat
decay.

A. Electron-Rydberg scattering

Once a Rydberg atom is formed by three body recom
nation it can scatter electrons. The Rydberg atom can g
energy, lose energy or be re-ionized. We account for th
processes using a Monte Carlo treatment of the collisio
We use the simple expressions in Ref. 9 to determine
rates for the different processes; we have checked the for
las of Ref. 9 for typical parameters present in our simulatio
and found them to be adequate.

The total de-excitation rate is given by

Ad5ne~r !7.2S 27.2 eV

kbTe
D 0.17

n2.66a0
2ac, ~16!

and the total excitation rate is given by

Ae5ne~r !55S kbTe

27.2 eVD
0.83

n4.66a0
2ac, ~17!

where a0 is the Bohr length,c is the speed of light,n
5A213.6 eV/ER is the principle quantum number of a Ryd
berg atom with internal energyER, anda is the fine struc-
ture constant. The total collision probability during a tim
step is (Ad1Ae)•dt.

For each Rydberg particle, the collision probability
computed at each time step and compared to a random n
ber with a flat distribution between 0 and 1. If the rando
number is less than the collision probability, then a collisi
occurs and the energy of the Rydberg atom changes.
relative probability for excitation is f 51/@12ER/
(3.83kBTe)# which decreases as the binding energy,2ER,
increases; note that the probability for excitation equals
for de-excitation when the binding energy is 3.83kBTe . The
change in energy for the Rydberg atom is

DER5ER•S F 12 f

12yG0.2611

21D , if y. f

52kBTelnS y

f D , if y, f , ~18!

wherey is a random number from a flat distribution betwe
0 and 1; note that the change in energy is positive ify, f and
negative ify. f . The energy given to an electron when t
atom is de-excited is proportional to the binding energy
the atom. Thus, more deeply bound atoms scatter less
quently but give larger amounts of energy to the plas
when the scattering does occur.

If the energy of the Rydberg atom is positive after t
collision then ionization has occurred. That Rydberg parti
is removed, the weightwR is added back to the ion particl
from which the Rydberg atom was originally formed, a
weight is added to the electrons. In the vast majority
cases, this prescription puts the probability onto the nea
ion with the most similar speed because an atom is m
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likely to be reionized just after it is formed; the probabili
for reionization decreases rapidly after a few collisions h
driven the atom to lower states.

One assumption is that the energy given to the elect
when the atom is scattered into more deeply bound state
shared by all the electrons. In reality, if the electron is giv
enough energy, it is more likely to escape the plasma w
giving very little energy to the other electrons. This becom
more likely as the plasma expands because the electric
of the plasma decreases and more deeply bound Ryd
atoms are present at later times. We checked for the pos
effects from this approximation by doing calculations at t
two extremes. In one calculation, all of the energy w
shared among all of the electrons and no electrons esca
In the second calculation, any scattering that gave an e
tron 50% more energy than needed to escape the plasma
given to only one electron which was removed from t
plasma without giving any energy to the remaining electro
We found that this approximation had a small effect on
plasma dynamics.

B. Radiative decay

We include the possibility for the Rydberg atoms to r
diate a photon and decay into a lower energy state. Beca
the Rydberg atom is in an electron gas that rapidly mixes
angular momentum states of an manifold, we use the ex-
pression for the decay rate from a state in the manifoldn i to
n f ,

An i→n f
5

8a4c

3A3pa0

1

n i
5n f

1

12~n f
2/n i

2!
, ~19!

to compute the total radiative decay rate:

An i
5 (

n f5n0

n i21

An i→n f
, ~20!

where the lowest possible state that the atom can decay
n0 , is 3 or 4~the exact value was not important!.

At each time step, the total radiative decay probabil
An i

dt, is compared to a random number with a flat distrib
tion between 0 and 1. When the random number is less t
the radiative decay probability, a photon is emitted. The fi
state,n f , for the Rydberg atom is computed from

y5 (
n5n0

n f

An i→n /An i
, ~21!

wherey is a random number with a flat distribution betwe
0 and 1. Atoms in staten0 do not scatter or decay furthe
because they are the lowest energy states.

VI. RESULTS

In this section, we present some of the new results re
ing to ultra-cold plasmas. Reference 12 contains earlier
sults on the role that three body recombination and electr
Rydberg scattering play in ultra-cold plasmas. O
simulations agreed with the measured expansion velocit
the plasma and with the trends in the distribution of Rydb
P license or copyright, see http://ojps.aip.org/pop/popcr.jsp
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binding energies. We also showed that the plasma
weakly coupled, even at low temperatures, due to the hea
from three body recombination and electron-Rydberg sca
ing.

A. Spike in ion density

A density spike forms in a plasma that expands in
vacuum. The reason for this is clear in examining Fig. 1
Ref. 12. The radial electric field increases with distance fr
the center of the plasma until near the edge; at large
tances the electric field must decrease like 1/r 2. There is a
region near the plasma edge where the electric field
creases withr even though ions and electrons are present
the region where the electric field is decreasing with incre
ing r, the ions at smallerr can catch up to ions at largerr and
give rise to a density singularity when using fluid equatio
In our treatment where ions are represented by particles
move according to Newton’s equation, the density has a v
large spike at this point. A similar spike was seen in t
simulations of Ref. 8 for a non-neutral plasma.

In Fig. 6 we show the formation of this spike for
plasma with an initial temperature and average density
100 K and 109 cm23. This figure gives a time sequence
the edge of the plasma showing how the spike forms. In F
7, we show the density and the ion velocity as a function
position att54.6 ms. The density shows that just after th
spike formation there are two spikes in the edge of the

FIG. 6. The weighted ion density at 3.4~solid line!, 3.6 ~dotted line!, 3.8
~dashed line!, 4.0 ~dash–dotted line!, 4.2 ~dash–dot–dot–dot line!, and 4.4
ms ~long dashed line! calculated using the thermal approximation. This s
quence shows the development of a spike in the ion density near 4.2ms. The
plasma parameters are the same as Fig. 1.

FIG. 7. The weighted ion density~solid line! and the ion velocity~dotted
line! at 4.6ms. The plasma parameters are the same as Fig. 1.
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plasma. The radial ion velocity as a function of position
shown as a dotted line. Note there are two positions wh
dv/dr diverges. While the spike is easily handled in t
thermal approximation, the Monte Carlo approximation m
be carefully checked because the electric field changes
idly near the spike and can cause problems with energy c
servation.

All of the ultra-cold plasmas formed a spike. The tim
required to form a spike depends most strongly on the e
tron temperature since the radial electric field is roughly p
portional toTe . There is a weaker dependence on the den
since the number of electrons that escape the plasma dep
on the number of ions. Finally, the time to spike formati
depends on the size of the plasma since the electric field
the plasma edge is inversely proportional to the squared
of the plasma. The density spike is not as obvious in
electron density. Thus, an experimental measurement of
density spike may be more feasible if the ions are image

B. Ion acoustic waves

At the suggestion of Killian, we deliberately put a mod
lation on the ion density. Because our simulations assu
spherical symmetry, we started the ions with a densityni

5aexp(2br2)•@11a cos(kr)# where a is a normalization
constant to give the correct number of ions,b limits the size
of the plasma, and the term in square brackets modulates
Gaussian. Although this exact type of modulation cannot
realized experimentally, it can give insight into how a dens
modulation of an ultra-cold plasma might behave.

In Fig. 8, we show the ion density at three times wh
Te5100 K, Ni53.373105, b51.5/(340mm)2, the modula-
tion amplitudea50.2, and the modulation wave number
k56p/340 mm. The sequence of frames shows that t
modulation has a wave type behavior on top of the expans
of the plasma. This is an ion acoustic wave modified by
expansion of the plasma. An ion acoustic wave has a
quencyv5kAkBTe /Mi which gives a period of roughly 1.4
ms for the parameters in Fig. 8; this estimate of the period
somewhat smaller than the period from the simulation
cause bothk and Te are decreasing. The simulations we

FIG. 8. The weighted ion density at 0.0~solid line!, 0.5 ~dotted line!, and
1.0 ms ~dashed line! calculated using the thermal approximation. This s
quence shows 1/2 of the time sequence of an ion acoustic wave. There
overall expansion which is why the peaks at 1.0ms do not exactly occur in
the minima at 0.0.
P license or copyright, see http://ojps.aip.org/pop/popcr.jsp
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carried out using both the thermal and Monte Carlo appro
mations and gave very similar results; thus, the ion acou
waves do not damp rapidly because of electron scatte
and fluctuations.

Ion acoustic waves have an interesting property in th
ultra-cold plasmas. The frequency decreases with the sq
root of the electron temperature and is proportional to
reciprocal of the wavelength. Once the plasma starts exp
ing, all lengths increase roughly linear with time. Also, t
electron temperature decreases as the plasma expands.
the frequency is decreasing faster than 1/t, the modulations
of the plasma tend to get frozen into the expansion. This
be seen in Fig. 9 where we show the ion density at two tim
but compensated for the expansion; the modulation of the
density has hardly changed except for an overall expans
It seems that it should be possible to experimentally mea
these effects.

C. Distribution of Rydberg states

In Ref. 12, we speculated that the distribution of Ry
berg states could be linked to the radial speed of the Rydb
atom because the Rydberg atom has the speed of the po
ion at the time the recombination occurs. Thus, Rydberg
oms formed early in the plasma expansion would have lo
speed and larger binding energy of the electron to the p
tive ion than atoms formed later in the plasma expansion
Fig. 10, we show the distribution of binding energies for
plasma with an initial electron temperature of 66 K and a
erage density of 0.53109 cm23 for two different radial ve-
locities. It is clear that the faster atoms are less stron
bound, as suggested in Ref. 12.

We had also suggested that electron-Rydberg scatte
was responsible for some of the peculiar distribution of R
berg atoms observed in Fig. 2~b! of Ref. 4; this figure
showed that the lower temperature plasma had more de
bound Rydberg atoms. This contradicts the expectation
higher temperature plasma leads to larger binding energ
In Fig. 11, we show the distribution of Rydberg atoms f
two different temperatures and an initial average density
0.53109 cm23 which are the parameters in Fig. 2 of Ref.
It is clear that very similar trends in the binding energy a

FIG. 9. The scaled weighted ion density at 10.0~solid line! and 12.0ms
~dotted line! calculated using the thermal approximation. This seque
shows how the ion acoustic wave gets frozen into the expanding ion den
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observed. The lower temperature plasmas give the at
with the largest binding energy because the lower temp
ture plasma has more atoms formed at early times and
cause the lower temperature plasma does not expan
quickly as the high temperature plasma; both of these eff
tend to give more deeply bound atoms because it gives m
time for electron-Rydberg scattering. This validates our e
lier suggestion.

A more problematic and curious result was presented
the inset to Fig. 3 of Ref. 4. This figure showed that a plas
with an initial temperature of;6 K and a density of 1010

cm23 had a population of Rydberg atoms with a strange ti
dependence: The population initially decreased before
creasing at later times. This seems to be in conflict with th
body recombination as the mechanism for formation of R
berg atoms because the number of Rydberg atoms sh
only increase with time. However, our simulations for sim
lar parameters give results with the same behavior. In F
12, we show the number of Rydberg atoms thatcould have
been detectedwith the apparatus of Ref. 4 as a function
time; these are states with a principle quantum num
greater than 40. In our simulations, the number of ato
formed does increase with time but the number of atoms
could have been detected initially decreases before incr
ing at later times. The decrease in the number of detect

e
ty.

FIG. 10. The binding energy distribution of electrons to positive ions
atoms with radial velocities of roughly 8 m/s~solid line! and 32 m/s~dashed
line!. Slower atoms tend to have larger binding energies.

FIG. 11. The binding energy distribution of Rydberg atoms 50ms after
plasma creation for 66 K~solid line! and 133 K~dashed line! initial tem-
peratures. The lower temperature plasma has the more deeply bound
because the lower temperature plasma expands more slowly.
P license or copyright, see http://ojps.aip.org/pop/popcr.jsp
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atoms is the result of two effects:~1! The plasma heats a
early times~because the large number of three body reco
binations and electron-Rydberg atom scattering is more
portant than adiabatic cooling! which slows the three body
recombination rateand reduces the range of atoms that c
be detected~atoms with binding energy less than 2kBTe are
typically ionized and principle quantum number of 40 cor
sponds to a binding energy of roughly 100 K!. ~2! The
electron-Rydberg scattering causes atoms~initially at detect-
able binding energies! to scatter into states too deeply bou
to be detected. At later times the number of detectable at
increases because the temperature and the density dec
as the plasma expands.

D. Rydberg gas to plasma conversion

As a final system, we attempted to simulate t
Virginia–Aime Cotton experiments5 where a gas of cold Rb
or Cs atoms were excited into Rydberg states; the Rydb
states have low angular momentum and are not mixed w
the degenerate manifold of hydrogen like states. The cold
of Rydberg atoms converted into an ultra-cold plasma
1–10 ms; the time needed for conversion depended on
density of Rydberg atoms, the binding energy of the Rydb
atoms, and the presence of a small population of hot;300 K
Rydberg atoms.

From the experiments it seems that the small popula
of hot Rydberg atoms leads to a small amount of ionizat
due to Rydberg–Rydberg collisions. This gives a small lin
rate for number of free electrons. The electrons escape
region of the Rydberg gas until a space charge builds up
is sufficient to bind subsequent electrons. Shortly after
electrons become bound to the space charge, the Rydber
converts to a plasma in a couple microseconds. The sur
ing part of the measurement is the inset of Fig. 1. This sho
that while the Rydberg gas is being converted into a plas
there are only two populations: Rydberg atoms in the init
low angular momentum state and free electrons.

We simulated the conversion of a Rydberg gas into
plasma using known atomic processes. In our simulatio
the Rydberg gas converted into a plasma on roughly the t

FIG. 12. The number of Rydberg atoms above then540 state~solid line!
and the total number of atoms~dotted line!. Rydberg atoms aboven540
could be detected with the apparatus of Ref. 4. The total number of a
only increases with time. The plasma is initially at a temperature of 10
and an average density of 109 cm23.
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scale seen in the experiments. However, we found that
best estimates of atomic collisions always gave a substa
population of atoms in high angular momentum, hydroge
like states. As an example, we show the evolution of po
lations in one of our simulations in Fig. 13. In this simul
tion, we include~1! the electron cross sections from th
initial state into nearby states by treating the Rydberg at
as a quantum system but the scattering electron as a clas
particle moving on a straight line,~2! the electron scattering
from hydrogen like states of the Rydberg atom by perfor
ing calculations where both electrons are classical parti
and the electrons on the atom are completely mixed in
entation and phase,~3! electron–electron collisions to giv
thermalization of the free electrons,~4! the hot Rydberg
atom-cold Rydberg atom cross section by a simple estim
of 10 times geometrical,~5! the escape of electrons wit
energy higher than the binding energy of the space cha
and ~6! photon emission from Rydberg states.

The simulations have the Rydberg gas convert into
plasma on roughly the time scales seen in the experim
The conversion seems to happen by free electrons scatte
the initial state into nearby high angular momentum sta
Free electrons scattering from these states sometimes c
transitions to more deeply bound states which adds energ
the electrons or to less deeply bound states which remo
energy from the electrons. After many collisions roughly 3
of the initial atoms are ionized and 1/4 have dropped i
~relatively! deeply bound states.

All of the simulations give behavior not seen in the e
periment. Namely, a substantial population of high angu
momentum states appears before a substantial populatio
free electrons. The population of high angular moment
states should have been detectable in Ref. 5. The reaso
the large population of high angular momentum states
based on a general feature of electron-Rydberg scattering

s
FIG. 13. The populations in various types of states in an initial Rydberg
of Rb atoms. The dotted line is the low angular momentum initial states
states that would have been indistinguishable from the initial state in Re
The dashed line is high angular momentum states in the nearest 2 prin
quantum number. The dot–dashed line is for other high angular momen
states that could be detected. The dot–dot–dot–dash line are states th
too deeply bound to be detected. The solid line is the free electrons.
initial state was the 36d state, there were 33105 Rydberg atoms, and the
Rydberg gas is a cylinder with an axis 1.2 mm long and radius of 0.1 m
All simulations showed a substantial population of high angular momen
states before a substantial formation of free electrons which does not a
with measurements.
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will not change even if the details of our simulation a
wrong: electron-Rydberg scattering is strongest for dipole
lowed transitions with small energy changes. Thus, the la
est cross section, by far, is the scattering from low angu
momentum states into high angular momentum states
nearby energies. Only after many scatterings of electron
Rydberg atoms does ionization occur.

Our simulations assumed that it is only the free electr
that cause transitions in the atoms. We simulated other s
tering processes and found that none of them were with
orders of magnitude of transitions caused by electrons.
free electrons have roughly the same speed as the we
bound electron of the Rydberg atom and are charged; tra
tion rates are at their peak in this case. All other transitio
would be caused by uncharged objects with speeds se
orders of magnitude smaller than the electron speed.
computed or estimated:~1! the collision rate between a
atom in a high angular momentum state and an atom in
initial state,~2! the collision rate between two atoms in hig
angular momentum states,~3! the possibility that inhomoge
neous electric fields accelerate the atoms with high ang
momentum, and~4! the time for two atoms~in any combi-
nation of high and low angular momentum! to become at-
tracted through long range electric forces to small eno
distances to ionize. Basically, there are 4 objects in
plasma: low angular momentum Rydberg atoms, high an
lar momentum Rydberg atoms, electrons, and inhomo
neous electric fields. We simulated the pair wise interact
of all of them and found that only electrons cause substan
transitions and ionization.

The mechanism for the conversion of the Rydberg ga
Ref. 5 into a plasma is still unknown.

VII. CONCLUSIONS

We have simulated the expansion of ultra-cold plasm
at several levels of approximation. We have presented
details and some of the results of our simulations. We fi
that the ultra-cold plasmas present an interesting interp
between atomic and plasma processes. The initial en
available to the electrons can be controlled by tuning
frequency of the laser that ionizes the cold atomic gas. H
ever, the plasma rapidly heats at very low temperatures
to three body recombination and subsequent elect
Rydberg collisions. We find that our simulations reprodu
all of the features of published experiments2–4 when a
plasma is directly created. Our simulations of the convers
of a Rydberg gas into a plasma do not agree with the m
sured time dependence of the populations.5

We have presented the results of simulations that sh
how some plasma phenomena~e.g., ion acoustic waves
spikes, electron thermalization, . . .! are manifested in ultra
cold plasmas. We find that the plasma expansion does
destroy the ion acoustic waves; we also find that the pla
expansion tends to freeze in an ion acoustic wave. We
that a spike in the ion density forms on a time scale;10 ms
and persists for times longer than 100ms. We find that the
distribution of binding energies of the Rydberg atoms is c
related with the radial velocity of the Rydberg atom. We fi
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that the electron component of the ultra-cold plasma does
form a strongly coupled plasma for times less than 100ms
for initial electron temperatures less than 150 K and densi
less than 23109 cm23.
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APPENDIX: NUMERICAL SOLUTION
OF SELF CONSISTENT EQUATIONS

The solution of the self consistent equations, Eqs.~10!,
is computationally challenging. The method we used is
iterative technique. Assume that we have a solution,U0(r ),
which is close to the exact solution of Eq.~10!. The exact
solution can be expressed as the sum of the approxim
solution and a small change,U(r )5U0(r )1dU(r ). If we
only keep first order terms indU, the electron density ha
the form

ne~r !5S 11h1
dU~r !

kBTe
Dne,0~r !, ~A1!

wherene,0 is the electron density that gives the potentialU0

and the constanth gives the correct normalization for th
density:

h52
1

Ne
E

0

`

4pr 2
dU~r !

kBTe
ne,0~r !dr. ~A2!

The change in the potential is given bydU5dU1

2hdU2 where thedU1,2 are solutions of the inhomogeneou
equations,

LdU152
e2

«0
@ni~r !2ne,0~r !#2

1

r

]2

]r 2
rU 0~r !,

~A3!

LdU252
e2

«0
@ni~r !2ne,0~r !#,

where the differential operator

L5
1

r

]2

]r 2
r 2

e2

«0kbTe
ne,0~r !. ~A4!

The inhomogeneous functionsdU1,2 go to 0 asr→`. The
solution,U, is obtained by iteration. Because ion density
obtained from low order basis functions, there is no point
a high-order approximation forL. We use the three-poin
difference

1

r

]2

]r 2
rU 5

r j 11U j 1122r jU j1r j 21U j 21

r jdr 2
, j Þ0,
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1

r

]2

]r 2
rU 53

U122U01U1

dr 2
, j 50, ~A5!

where the special case atj 50 is found by noting thatU only
has even powers ofr.

This iterative scheme only works when the initialU0 is
close to the exactU. The initial guess forU0 at time t is
obtained by extrapolating the electron density from previo
time steps. The first guess forU0 at the starting timet50 is
obtained by relaxation.

At the initial time, the number of electrons and ions, t
total energy of the plasma, and the spatial dependence o
ion density is determined. The algorithm for evolving t
plasma proceeds in three steps. In the first step, the elec
and ion densities are used to compute the electric field wh
determines the acceleration of the ions; the ion positions
velocities are then stepped forward one time step,dt. In the
second step, the electron temperature and density are ite
until Eq. ~10! is satisfied and the total energy is conserv
both the electron thermal energy and the electrostatic en
depend on the temperature. In the third step, the elec
scattering from any Rydberg atoms and the three body
combinations are computed. The electron scattering fr
Rydberg atoms tends to de-excite the atoms and heat
electrons.
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