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Figure 9. Shown is the two-dimensional, second-order structure function
of the velocity field Sv

2 (ℓ⊥, ℓ∥). The offset vector ℓ is decomposed into
components parallel (x-axis) and perpendicular (y-axis) to the local magnetic
field, 1

2 (B (r + ℓ) + B(r)).
(A color version of this figure is available in the online journal.)

Figure 10. Semi-major (ℓ∥) and semi-minor (ℓ⊥) axes of the elliptical contours
obtained from Figure 9 (circles), and the best-fit line (solid) ℓ∥ ∝ ℓ0.84

⊥ . For
comparison we provide the prediction of Goldreich & Sridhar (1995) ℓ∥ ∝ ℓ

2/3
⊥

(dashed) and a slope of unity (dash-dotted). The vertical line marks the scale
ℓ = L/10 at which the magnetic and kinetic energy are in equipartition.
(A color version of this figure is available in the online journal.)

Indeed, we observe excellent scaling in the structure functions
of velocity, indicating that the slope ℓ∥ ∝ ℓ0.84

⊥ is very robust. In
fact, the fit shown in Figure 10 is valid at least between 12∆ and
300∆, the limiting factor in extending the scaling being due to
data collection techniques. The fact that the slope is steeper than
2/3 means that the eddy distortions depend upon the scale more
weakly than in the Goldreich & Sridhar (1995) model. This
may suggest corrections to the cascade dynamics to account
for relativistic effects, but we forgo any conclusions on this

matter until a detailed comparative study with the equivalent
non-relativistic case has been completed.

It is also very interesting that the same power-law slope of
0.84 holds above and also below the equipartition scale. Under
non-relativistic super-Alfvénic conditions, Cho & Vishniac
(2000b) and Cho & Lazarian (2003) both find similar contour
shapes to those shown in Figure 9. However, in those studies
the contour intercepts were not provided, meaning that the
precise scaling behavior above and below the equipartition
scale is uncertain to us. Beresnyak et al. (2005) do provide
these scalings for trans-Alfvénic, supersonic conditions, but
only below the equipartition scale. We believe that a rigorous
study of scaling above and below the equipartition scale in super-
Alfvénic turbulence is required in order to isolate the effects of
compressibility, substantial magnetic field curvature, and also
relativistic effects.

4. CONCLUSIONS

We have measured spectral and scaling properties of relativis-
tically warm magnetohydrodynamic turbulence in the mildly
compressible and super-Alfvénic regime. The numerical mod-
els were simulated at very high resolution (10243) using Mara,
a new second-order Godunov code tuned for accurate and ro-
bust evolution of the RMHD equations in three dimensions. Our
main production model was driven stochastically at large scales
during quasi-steady evolution for about six light-crossing times
of the domain. We find the following.

1. The magnetic energy is amplified from seed fields to 1.5%
of the total fluid energy. The scale at which equipartition
between magnetic and kinetic energy occurs is between 1/5
and 1/3 of the driving scale.

2. At 10243 the power spectrum of velocity is dominated by a
bottleneck, but not inconsistent with the Kolmogorov pre-
diction of k−5/3. The power spectrum of density-weighted
velocity ρ1/3v scales ∝ k−5/3 over moderate wavenumbers,
consistent with the simple cascade model of Kritsuk et al.
(2007).

3. About 5% of kinetic energy is in compressive modes. These
modes follow a power law over large to moderate scales
with index −1.84.

4. The transverse and longitudinal one-dimensional structure
functions of velocity are well fit by a power law over mod-
erate to small scales. As a function of the order p, the slope
of longitudinal velocity fluctuation is well described by the
prediction of She & Leveque (1994). Statistically signifi-
cant deviation is observed for the transverse fluctuation.

5. Mild elongation of coherent velocity structures along the
local magnetic field is observed. The degree of elongation
is scale dependent, but more weakly than is predicted
by Goldreich & Sridhar (1995). The scale dependence
obeys a power law to high precision above and below the
equipartition scale.

These results suggest that for transonic, super-Alfvénic rela-
tivistic astrophysical conditions the turbulent cascade dynamics
share many similarities with their non-relativistic counterparts.
However, the high-order scaling relations developed for non-
relativistic media as well as the Alfvénic cascade model of
Goldreich & Sridhar (1995) may require modification in order
to be applicable to the relativistic astrophysical environments.
A detailed comparison between non-relativistic and relativistic
MHD models is currently in progress and will form the basis
for a future publication.
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