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Energy Considerations

The force in Hooke’s law is
F(x) = —kx

Potential energy can be used to describe
conservative forces:
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The force vanishes when dV /dx = 0

Local minimum when

d?V -0
dx?



Energy Considerations

V(x) V(x)

e The system will oscillate about a stable equilibrium point.
e |f the minimum is parabolic, then the spring constant is

B d?v
 dx?
e Potential energy function for a spring:
1
V(ix) ==k x*
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Energy Considerations

e Kinetic energy:

1,
T = Zm X
e Total energy:
E —T+V—1micz+1kx2
- -2 2
 Total energy is conserved:
dE o
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Simple Harmonic Motion

Start from Newton’s second law:
mix +kx =0
Multiply by x:
mxx + kxx =0
Notice that
d oo
Ex = 2XX
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So we can write

Which implies that
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Simple Harmonic Motion

x(t) = A cos(wt + @)

x(t) = —A wsin(wt + @) &
.1 5 1, 5 + R
* Energy conservation:-mx“ +-kx~ =E > %%
. 2 2 X % %@
e Phase diagram: 7
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 The energy conservation relation can tell us a lot
about the motion even when we can’t solve for x(t).



Phase Diagrams

Phase diagrams are useful for describing the motion even
when we can’t solve for x(t) exactly.

Example: .
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But for small oscillations the phase diagram will resemble
an ellipse.

Study Assignment #2 from 2014 for an example.



A More Realistic Model

e So far we considered a mass attached to a spring.
 The spring was assumed to be massless.
e What if the spring has a finite mass M?



Physical Spring

e When the mass is in motion, how much kinetic
energy does the spring have?
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1. The spring has a total length x and total

mass M

. The velocity of the fixed end of the spring

is always zero

. The velocity of the moving end of the

spring is given by x

. At a distance s from the fixed end, the

velocity will be
S .
V=—X
X

. The mass of an element of length ds will

be

M
dM = —ds
X



Physical Spring

* Kinetic energy of one element of the spring:

dT = 2 ZdM—l(S')ZMd
_ZU 2 xx X >

 We get the total kinetic energy by integrating over
the length of the spring:

M . xz M o 2o3p
T'spring =ﬁ(x) . s“ds =@(x) S ‘

e Total kineticenergyisT = T,,,455 T Tsp’ring



Physical Spring

Total kinetic energy:
I 1 . .
T = om()? + MG = —(m 4 —) (&)?
Potential energy:
V= L kx?
Total energy:

E—T+V—1< +M)(')2+1k 2
= —Zm 3 X Zx

We know that when E = %m(a’c)z + %kx2 the frequency is

w =.k/m

Therefore, the oscillation frequency of the physical spring must be

k
m+ M/3

w =
\




Oscillating Systems: Elastic Bodies

Rigid bodies are usually elastic although we may not
normally notice.

What characterizes how elastic an object is?
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The extension under the force AF is proportional to
the original length, [,.

Constant of proportionality: strain = Aly/l,



Oscillating Systems: Elastic Bodies
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Al,/3  2Ml/3 Al
e The same deformation would result if AF were

increased provided A also increased by the same
amount.

e Stress is defined: stress = AF /A

* When the strain is small (eg, Aly/l, < 1%), the
stress is proportional to the strain:
stress « strain



Oscillating Systems: Elastic Bodies
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e Constant of proportionality is called Young’s modulus
AF Al
=Yy —
A lo
e Newton’s third law: when the material is stretched by a
distance x, the material will exert a reaction force

F=-—"2 — _kxwherek = YA/I,.

Lo




l, + Al

Example

Steel has Y = 20 x 101° N/m?

Supposethatm =1kg, [ = 2mand
has a diameter of d = 0.5 mm (24 AWG)

Cross sectional area is

=0

Restoring force:

o YAAL ndeAl_ Al
o, 41,

(20X 1010 N /m?2) - (0.0005 m)?

4-(2m)
=1.96 x 10* N/m



Example

e How much will the wire stretch under
the weight of the mass, m?
[, + Al Fy =mg = kAl
mg (1kg)-(9.81N/kg)
A = = e x 10 N/m

=5.00%x10"%*m




Example

* Newton’s second law:

d2
mﬁAl = —kAl
l, + Al d? I
EAI +aAl — O
d? 5
FAI + w*Al =0

e Solutions can be written
Al(t) = A cos(wt + @)
e Oscillation frequency is

W 1 1 [1.96 X 10* N/m?

f =g T opVkim =3

= 223 Hz

T\ 1kg



Floating Objects

e Hygrometer: measures density of liquids

READ AT BOTTQM OF MENISCUS
READING: 22.5

Archimedes’ principle:
Buoyant force is equal to
the weight of the volume
of liquid displaced.

If the stem has a diameter

of d then the displaced
volume is

d 2

7\2
F, = pg (VO +nh<§> )



Floating Objects

When in static equilibrium,
Fb —_ F"g

7\ 2
pg(VO+nh(§> >=mg

_ m/p =V
RE.H.:EE;E:;T:::FMEMEGUS - nd2/4

When the hydrometer is
displaced by an additional
distance Ah, the net force is

F =—mpg (;)2 Ah




Floating Objects

READ AT BOTTQM OF MENISCUS d T[pg

READING: 225 Where w = E -



Shear Forces
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Angle « is proportional to F and inversely
proportional to A:

F_ X
A—na~nl

The constant of proportionality is called the shear
modulus, denoted n.

For example, steel hasn = 8 x 101 N/m?



Shear Forces

e Torsion of a thin-walled tube of radius r and length [

twisted through an angle 6:
T x . N

> AF

 Angle of deflection: % = —

nroAA
l

e Shear force: AF =




Shear Forces

e Differential element of torque:
AM = rAF

e Differential element of area:
AA =rArAgp

* Integrate around the circle...

nr2o nr2o (" 2nnr3Ar 0
szszrdez l JdAz l f (rAr)de = l
0

e Total torque on a solid cylinder of radius R: integrate over r from O to R.

—> AF

M

rodr =

~ 2mnb fR , nnR*0
R A A 21



Torsion Pendulum

 Suppose an object with moment of inertia I =
0.00167 kg - m? is suspended from a steel wire of length
£ = 2 m with a diameter of d = 0.5 mm (24 AWG).
ntnR*0
24
6 + w26 =0

TnR* nnd*
where w = =
21¢ 321¢
* Frequency of oscillation:

1 |m-(8x 101 N/m?)-(0.0005m)*
f = = 0.061 Hz
2m | 32-(0.00167 kg -m?) - (2m)




