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Physics 42200
Waves & Oscillations

Lecture 13 — French, Chapter 5

Spring 2016 Semester

One Mass

Consider one mass with two springs:
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Two Masses

MMWMEWMW
! !

Fy = —kxy —kxy + kxy = k(x; — 2x;)
FZ = kx1 - ka - ka = k(x1 - ZXZ)




Three Masses

Consider three masses with four springs:
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Fy = —kxy —kxy + kxy = k(x; — 2x;)
Fy = —k(x; — x1) — k(xy — x3) = k(xq — 2x5 + x3)
F3 = _k.x3 - k.x3 + ka = k(xz - 2x3)
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Four Masses
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Fy = —kxq — kxy + kxy, = k(x, — 2x1)
Fy = —k(xy —x1) — k(xz — x3) = k(3 — 2x3 + x3)
Fy = —k(x3 — x3) — k(3 — x4) = k(xz — 2x3 + x4)
Fy = —kxy — kxy + kxz = k(x5 — 2x4)
* This pattern repeats for more and more masses.
* Except at the ends,
Fy = —k(x; = xi-1) = k(x; = Xi41) = k(X1 = 2%; + Xi41)
* Equations of motion:
m xl - k(xi—l - in + xi+1) =0

Many Coupled Oscillators

m xl - k(xi—l - le' + xi+1) =0
X + 2(wo)?x; — (Wo)*(Xj—1 + Xi41) =0
* Apply the same techniques we used before:
— Suppose x; (t) = 4; cos wt
— Then #;(t) = —w?A4; cos wt
(—0® + 2(w))A; — (Wo)*(Aj—1 + A1) =0
A+ Ay —w®+2(wp)?
4 (wg)?
* Guess at a solution:
A, = Csin(nAg)
* Will this work?




Many Coupled Oscillators

An—1 +Ansr _ —0® +2(wo)?
An (w)?

* Proposed solution:

A, = Csin(nAf)
* Boundary conditions: 49 = Ay4+1 = 0
* This implies that (N + 1)A6 = kn

. [ nkm

An=Csm(m
_ [(n—Dkn _ [((n+ Dkn
An_1+An+1=Csm( NIl )+Csm( NIl )

nkm km
= 2C sin (N—H) cos (N—+1>
Ano1+Anss _ 2 cos km _ —w? + 2(wy)?
A, N+1 (w0)?
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Many Coupled Oscillators

Ay +Ap4 km —w? + 2(wg)?
———— = 2cos —_—
N+1

Ay CDE

* Solve for w:

w? = 2(wg)? (1 — cos (Nkf1>>

=4(w0)zsin2< ke )

2(N+1)

— . km
Wy = 2w sin N D)

* There are N possible frequencies of oscillation.

Many Coupled Oscillators

* The motion of the masses depends on both the
position of the mass (n) and the mode number (k):

A =Cosi nkm
nk = ST

_ 9 ) km
Wy = 2w sin SN D)

« When all the particles oscillate in the kth normal
mode, the nth particle’s position is:

xn,k (t) = An,k COS((I)kt + 6k)




Many Coupled Oscillators

What do these modes look like?
* Lowest order mode hask = 1...

N+1

nm
Xp,1 () = € sin (
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Many Coupled Oscillators

* Positions of masses in the second mode:

Vibrations of Continuous Systems

¢ Amplitude of mass n for normal mode k:

A =Csi nkm
nk = S\
* Frequency of normal mode k:

- . km
Wi = 2w, sin INED

* Solution for normal modes:
Xy (£) = Ap e cOS Wt

* General solution:

N
k
X, (t) = Z a sin (1\:1_::1) cos(wyt — by)

k=1




Another Example

* Discrete masses on an elastic string with tension T':
«— ¢ =

« Consider transverse displacements:

* Vertical force on one mass:

02

T  E,=Tsinf, —Tsinb,
=T(6,—61)

[Wne1 = Yn) = O — Yn-1)]

s
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Another Example

« Equation of motion for mass n:

. T
my, =F = ?[(Yn+1 = ¥n) = On = Yn-1)]
In + Z(wO)ZYn - (wO)Z(Yn+1 +Yn-1) =0

T
2 _
(@o) T mt

* Normal modes:
k() = Apy cos(wit — )

Masses on a String

N

First normal mode

Second normal mode




Continuous Systems

* What happens when the number of masses goes to
infinity, while the linear mass density remains constant?

T
mj, = 7 [Gne1 =) = O = Yn-1)]
m
77k
Yn+1—Vn N (6_y) n—¥Yn-1) N (a_J’)
£ 0x/ x+Ax £ 0x/ 5

() (%
ox Ox
x+Ax x

P—2 =
Mo
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Continuous Systems

oy ().~ (@)
a y 0x ),y px ox/,

Koz = ’
azy 62y
bm5=T-=

at? 0x2

%y pdcy

dx2 T a2

92 1 92
= v=T/u

The Wave Equation: A —
0x%  v?0t?

Solutions

* When we had N masses, the solutions were
Y (t) = Ap i cos(wyt — &)

— n labels the mass along the string
— With a continuous system, n is replaced by x.

Proposed solution to the wave equation for the

continuous string:
y(x,t) = f(x) coswt

* Derivatives:
52
a—tz} = —w?f(x) cos wt
a%y _ a*f

m—ﬁcoswt




Solutions

Substitute into the wave equation:
0%y 10%
0x2  v2 ot2
0% f w?
TR
*f w?
gxz T/ =0
This is the same differential equation as for the
harmonic oscillator.

Solutions are f(x) = A sin(wx/v) + B cos(wx/v)
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Solutions

f(x) = Asin(wx/v) + B cos(wx/v)
Boundary conditions at the ends of the string:
fO=fL)=0

f(x) = Asin(wx/v) where wL/v = nw

Solutions can be written:
fa(x) = Ay sin (nLLx)

Complete solution describing the motion of the
whole string:

nmx
Yn(x, t) = A, sin (T) cos wyt

Properties of the Solutions




