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Physics 42200
Waves & Oscillations

Lecture 12 — French, Chapter 5

Spring 2016 Semester

The Eigenvalue Problem

« If Ais an n X n matrix and U is a vector, find the
numbers A that satisfy
Au=27u
Re-write the equation this way:
A-A2Du=0
¢ This is true only if
det(tA—-AD)=0
¢ Fora 2 X 2 matrix, this is:
a—21 b |_, _ N
c d—/l_(a D(d—-—A1)—bc=0
* This is a second order polynomialin 1. Use the
quadratic formula to find the roots.

The Eigenvalue Problem

* The eigenvectors are vectors U; such that
(A-1Du; =0
* There are n eigenvalues and n eigenvectors
« If U; is an eigenvector, then a; is also an eigenvector.
* Sometimes it is convenient to choose the eigenvectors so
that they have unit length:
u-u; =1
* Eigenvectors are orthogonal:
u; ;=0 when [ #j
 An arbitrary vector ¥ can be written as a linear
combination of the eigenvectors:
V= a,liy +aytiy + o




A Circuit with One Loop
L
=0

d?i di 1
\ <E§ QLLE§+Ra+EKo
R CJ—
d2i “J

di PP 1
E_|_},E.|_(w0) i(t)y=0 _Efi(t)dt

A Circuit with Two Loops
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Example
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Example
L L
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dzil 27 .
?‘F (wo)*(iy —iz) =0
d-i o
—7 + @) (2iz —13) =0
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Normal Modes of Oscillation

¢ What are the frequencies of the normal modes of
oscillation?
—Let I(t) = Tcoswt
d’i _ 2
— Then rei w?1(t)
* Substitute into the pair of differential equations:
(—w? + (w0)?)iz — (wo)?iz = 0
(~w? +2(w0)?)iz — (wo)?i1 =0
* Write it as a matrix:

(wo)z - w? _((Uo)z iy _
< —(wg)? 2(wg)? — w2> (iz) =0

Eigenvalue Problem

(wo)z —w? —(a’o)2 (i1) =0
—(000)2 2(0’0)2 —w?)\iz)
* For simplicity, let 1 = w? and calculate the determinant:

2 _ _ 2
(“_"E)w )f Z(w(“)’z“)_ A‘ = (A= @)D (A= 2(w)) — ()"
0 0

= 22 =3M0we)? + (wx)* =0
* Roots of the polynomial:

3 1
3 =5 (@0)? £59(we)* — 4(wo)*

wh= oo (3 izﬁ>




Eigenvalue Problem

* The eigenvectors are obtained by substituting in each
eigenvalue.

— When w? = (wg)? (3?/3)

(@o)? (—1-v5 -2 \(i)_
2 ( -2 1—\/3)(i:)_0
o (1=45).
o= (55,

— First normal mode of oscillation:

Gi=A (1 _Z\E) cos(wyt + a)
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Eigenvalue Problem

* The eigenvectors are obtained by substituting in each
eigenvalue.

— When w? = (wg)? (%g)

(‘”_0)2<—1+\/§ -2 )(i1)=0
2 -2 1+V5/\2

o (1445,

1= ( 2 )lz
— Second normal mode of oscillation:

G, =B (1 +2‘/§) cos(w,t + B)

Eigenvalue Problem

¢ The original “coordinates” are the sum of the normal
modes of oscillation:
i1 (t) = A(1 —V5) cos(w; t + @) + B(1 + V5) cos(w,t + )
i,(t) = 2A cos(w1t + @) + 2B cos(w,t + B)
¢ The constants of integration can be chosen to satisfy
the initial conditions
— For example, suppose that i, (0) = i, and i,(0) = 0

~ThenA=-B,2A=i,DA=2p=-"2




Two Loop Circuit
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Forced Coupled Circuit

 If the two loops were driven with a sinusoidal voltage
source: L L

¢ Resonance would occur at the frequency of each
normal mode: 3445
w? = (wo)2< 2 )

Three Masses

B IMWEMWE

X1 X2 X3

* Forces on each mass:
Fy = —k(x; —x3)
Fy = k(x; —x3) — k(xy — x3) = kxy — 2kx, + kx3
Fy = —k(x3 — x3)




Three Masses

¢ Equations of motion:
Fi = Mi; = —k(x; — x3)
F, = mi, = kxy — 2kx, + kx3
Fy = M3 = —k(x3 — x3)
e letw?=Sandwp? =%
M m
¢ Then,
¥+ wix; —wix, =0
Xy — w62x1 + 2w62x2 - w(’)2x3 =0
¥z — wixy + wix; =0
* Write this as a matrix...
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Three Masses

¢ Assume that solutions are of the form
x;(t) = A; cos(wt + @)

+ Then ¥; = —w?x; and
—w? + w} —wk 0 X
< —w)? -0+ 20" —w)? ><x2> =0
0 —w}? —w? + w2/ 3
* Let A = w?. Then this will be true if
1 — w? w3 0
wh® A—2wh?  wp? [=0
0 a)(z) A— w(z)

Three Masses

¢ Expand the determinant:
1 — w? w? 0
wy? A=20)°  wpy’
0 w? A — w?
= (- 0)[(2 - 20") A — wB) - wp ]
— i)’ (A — wd)
=A-w)(2- Zw(’,z)(/l —w?) - Zw(’,zwg]
=24 — wd) (A — wi — 2w)°




Three Masses

2 — (2 — w§ - 2wh?) = 0

* The roots are

A=w?=0
1= w? = w?
1= w? = w + 20}

* What motion does this correspond to?
* Calculate the eigenvectors...
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Three Masses

* When4 =0:
wi -~ 0 X1
—wp? 2wh —wh? <x2) =0
0 —w[Z) wg X3
* This tells us that
X2 = X1
X3 = X3

* All masses move in the same direction at once.

¢ This is just a translation of the entire system.

Three Masses

* When 1 = w?

0 —w} 0 x1
—wh? 20h— w0 —wh’ <x2> =0
0 2 0/ Vs

—w?
* This tells us that
x; =0
X1 = —X3
* Motion is described by
%1 (t) = Acos(wot + @)
%) =0
x3(t) = —A cos(wot + @)
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Three Masses

* Wheni=wj3+ 2“’62

2 2
—2wy"  —wj 0 *1
/2 2 r2 =
—w) Wy —wg Y2 )=0
2 12 | \X3
0 —w§ —2wq
« This tells us that
12 — 2
2007 %1 = —wixy
2
Wix, = —2wh°x;,
* Which means that
X1 = X3
2
2wy
Xy = — 2 X1




