PURDUE D) EpaRTMENT OF Physics

Physics 42200
Waves & Oscillations

Lecture 37 — Interference
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Single Slit Diffraction

Think of the slit as a number of point sources
with equal amplitude. Divide the slit into two
pieces and think of the interference between

light in the upper half and light in the lower
half.

Destructive interference when
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Single Slit Diffraction
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sinf =~ tanf = y/L
Minima located at
mLA

b

‘ % y = — ) m = 1 ) 2 ) 3 ) s

In general, the “width” of
the image on the screen
is not even close to a.



Single Slit Diffraction

.. Int it
Minima located at P e
mLA
Sin g = T:m =12,3,.. | " Waves from all points in

the slit travel the same
distance to reach the
center and are in phase:
constructive
interference.

Minima only occur
when b > A.

.. sin 6
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Fresnel and Fraunhofer Diffraction

Assumptions about the wave i
front that impinges on the slit: /N
 When it’s a plane, the phase ,\/\,\
varies linearly across the slit:
Fraunhofer diffraction y \_.

 When the phase of the wave
front has significant curvature:
Fresnel diffraction
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Fresnel and Fraunhofer Diffraction

 Fraunhofer diffraction * Fresnel Diffraction:

— Far field: R > b?%/2 — Near field: wave front is
not a plane at the

— R is the smaller of the \7/ T

distance to the source or
to the screen




Single-Slit Fraunhofer Diffraction

Light with intensity I, impinges on a slit
with width b

Source strength per unit length: &€;

Electric field at a distance R due to the
length element dy:

b Y A i5(y)
E e d
_iy dE = L R Y

S(y) = kysin@/
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Single-Slit Fraunhofer Diffraction

£ eikysiné?d
dE = <& . y

Let y = 0 be at the center of the slit.
Integrate from —b/2to+ b /2:

Total electric field:
EL +b/2 . .
E = E pltky sin Ody
—b/2
& pi(kb/2)sin6 _ ,—i(kb/2)sin 6

R ik sin@

&b sin (% kb sin 9)

R %kb sin @




Single-Slit Fraunhofer Diffraction

E; b si
E = Lbsinf
R p
where
1
ﬁzzkbsine

The intensity of the light will be

NELIAY
1(9)—1(0)< 3 )

= 1(0) sinc? f




Single-Slit Fraunhofer Diffraction

HE) 1)

sin 5

1(9) = 1(0)( 5

Minima occur when
f=mr,m==x1,%2,--

2
) = 1(0) sinc? f

T
p =§kbsin9 =75in9 = mmn

bsin@ = mA




Fourier Transforms

+b/2
E :i eikysinedy
R ~b/2
e Limits of integration can be expressed using

1 when |y| < b/2
U(y) = {
$2 0 otherwise
 Then, the transmitted field is:

e (Y
E =§j U(y)et™ Ydy
k’_= k sin @

* You might recognize that this is just the Fourier
transform of U(y)...



Single slit: Fraunhofer diffraction

Adding dimension: long narrow slit
Diffraction most prominent in the
narrow direction.

Emerging light has cylindrical symmetry



Rectangular Aperture Fraunhofer Diffraction

Source strength per unit area: €4

E ELeikyY/ReikZZ/R dde
R

EL +b/2 . +a/2 .
F = F (f elkyY/Rdy> (f elkzZ/RdZ>
—-b/2 -a/2

/0= 10 (2 ()
A )\



Rectangular Aperture

V4
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Double-Slit Fraunhofer Diffraction

e Same idea, but this time we

integrate over two slits:
S +b/2
E =% eikysinedy
- R ~b/2
T S a+b/2 . .
+ FL ptky sin de
a—b/2
_ € bsinf (1 4 pikasin 0)
= 3




Double-Slit Fraunhofer Diffraction

€; b sin
. _ Eubsinp
R F

Light intensity:

1(6) = 21(0)(

(1 4+ eika sin 6)

p

' M“U_"_mw ? . 2
R \ e (#) cos’ «
Where

2
) (1 + cos(kasin@))

= —kasinf
= kasin

Since a > b, cos a oscillates more rapidly
than sin



Double Slit: Fraunhofer Diffraction

1(6)

sin /3 ’ , | B=(kb/2)sin !
I (9):410 7 cos & l,

a=(ka/2)sin@

Minima: o= +7/2, £37/2 oS L
asin@=(m+1/2)A -4 20

or: B=m, where m=+1, £2... m=0, +£1, +2...
bsin@ = mA

- sinf




Three-Slit Fraunhofer Diffraction

€, bsinfe39 —1

R [ eid—-1
€, b sin B e316/2 ¢316/2 _ p=3i8/2

R B eld/2 pi6/2 _ p—16/2
_ & bsinf . sin34/2
R p e’ sino/2

. (3 _
_ _&bsing pikasin 6 > (7 ka sin 9)
R P 1
sin (2 ka sin 9)
&b Slnﬁ .. sin3a
R b Sin

Light intensity: 1(8) = 1(0) (sm ﬁ) (si].n 3a)2

SiIn &



Three-Slit Fraunhofer Diffraction

 Lightintensity: 1(8) = 1(0) (Sirﬁlﬁ)z (Sin(:a)z

* In general, when there are N slits:

sin * /sin Na
1(0):1(0)( ; )( )

2

. 1 .
Maxima occur when a = Eka sinf = mm

asind = mA
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Diffraction Grating

Usually gratings have Half-width of maximum: ——
thousands of slits and are AG ~ 1/N

characterized by the
number of slits per cm
(for example: 6000 cm™)

* screen

3 VERY far
L Normal incidence, maxima at:
t a sin (9m e

Transmission amplitude grating

David Rittenhouse Introduced by Rittenhouse in ~1785
1732 - 1796



Transmission Phase Grating

Ist order

ﬂlm =1)
General case:
7?!hi\rg$r

d7 Ist order
— 1)

(m =

Incidence angle 6, % 0

by T ‘ruled grating’

—

a
1 (a)

AB—-CD =asinf, —asing,

Maxima: a(sin@ —sin@,)=mA for arbitrary incidence angle



Reflection Phase Grating

Istorder (m = —1)

Oth order (m = 0)

Ist order (m = 1)

Examples: CD disk
Finely machined surfaces
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Specular reflection




Diffraction Grating Spectrometers

* Angle of maximum intensity depends on wavelength:

_ mA
sinf@ = —
a

e Diffraction gratings are used to separate and analyze
the spectrum of light:




Diffraction Grating Spectrograph

Light

Detector



Width of Spectral Lines

. 2 . 2
16) = 1(0) (sm ,[3) (sm Na)

19 sin «

 Maxima occur when
a = mm
 Otherwise, zeros occur when
Na =m'n
e Zeros on either side of a peak
Na, =((Nm+* 1)m
* Width of peak:




Width of Spectral Lines

A _Zn
“TN
_1 - H_na 0
a—za sin @ = /lsm

Ta
Aa = TCOS 6 A6

* Angular resolution:

AO

B 21
"~ Nacos6

(AB) = 1A9 = A
min = 5= 7 Na cos 6




Angular Dispersion

* The angle depends on the wavelength:
asinf = mA
a cos 8 A6 = mAA

do m
da N a cos 6
 Chromatic resolving power is defined:
A
r= (A/Dmin
a cos 6 acos 6 2/ A
(A min = m (A8)min = M Nacos 0 — W

Na sin 0
R=Nm= p




Resolving Power

 The chromatic resolving power is proportional to Na
 Example: 6000 lines per cm, 15 cm width
N = (6000 lines/cm) X (15 ¢cm) = 90,000
a =1/(6000lines/cm) = 1.667 um
A =588.991 nm

A" =589.595 nm
m = 2 (second order)

AL = 0.604 nm

_ mA
sinf = — =
a

2% (589 x1077cm) x (6000 lines/cm)
= 0.707
R=mN =2x90,000 =180,000

(AN in = = = (f:(‘f;’:;) — 0.00327 nm




Overlapping Orders

e Confusion can arise when a spectral line at one order
overlaps with a different spectral line at a different
order:

(m+ 1A miA' mAd+Ad)

a a a

sin @ =

AN = % = (AA) s (free spectral range)



X-ray Diffraction

* With short enough wavelengths, the atomsin a
crystal lattice form the diffraction grating:

2d sinf = nA
(Bragg’s Law)




X-ray Diffraction

%\\\

e Regular crystal Iattices hav

*——0—0

= ni

Zdhkl Sin



X-ray Diffraction

* Max von Laue exposed crystals to a continuous x-ray
spectrum:

Laue Method




X-ray Diffraction

X-ray
& diffraction
8 3 . pattern from
- B form of

DNA

Interpretation of crystallograph

1/h

6 - tilt of helix (angle from perpendicular to long axis)

h=38.4 A (Distance between bases)

p =34 A (Distance for one complete turn of helix;
Repeat unit of the helix)



