PURDUE D) EpaRTMENT OF Physics

Physics 42200
Waves & Oscillations

Lecture 13 — French, Chapter 5
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One Mass

Consider one mass with two springs:
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Two Masses

Consider two masses with three springs:
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F]_ — —kx1 — kx1 + sz — k(xz — le)
FZ — kx1 — ka — ka — k(x1 — sz)




Three Masses

Consider three masses with four springs:
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F]_ — —kx1 — kx1 + sz — k(xz — le)
Fy = —k(x; —x1) — k(x; — x3) = k(%1 — 2x3 + x3)
F3 — _ka — kXB + sz — k(xz — ZXB)




Four Masses
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Fi = —kxy —kx; + kx, = k(xy, — 2x1)
Fp = —k(xz —x1) — k(xz —x3) = k(% — 2x5 + x3)
F3 = —k(xz —x3) — k(x3 — x4) = k(x; — 2x3 + x,)
Fp = —kx, —kxy + kxy = k(x3 — 2x,)

* This pattern repeats for more and more masses.

e Except at the ends,

Fi = —kQe; —x;-1) — k(x; — x341) = k(-1 — 223 + X341)

e Equations of motion:

mix; —k(x;_1 —2x; +x;4.1) =0



Many Coupled Oscillators

m¥; — k(x;_1 — 2%; + x41) = 0
% + 2(wo)?x; — (W) (xj—1 + Xj41) = 0
* Apply the same techniques we used before:
— Suppose x;(t) = A; cos wt
— Then ¥;(t) = —w?A4; cos wt
(—w? + 2(wo)?)A; — (wo)?(Aj—1 + Aj41) =0
Ai_g + A1 —w? + 2(wo)?
4; (wp)?
* Guess at a solution:
A, = Csin(nAf8)
* Will this work?




Many Coupled Oscillators

Ap—1+ Aniq _ —w? + 2(wy)?
Ap (wo)?

* Proposed solution:

A, = Csin(nAf)
* Boundary conditions: Ay = Ay+1 =0
* Thisimplies that (N + 1)A0 = kn

_ nkm
A, = Csin Nt 1

— Cs (n—1Dkm L Cs (n+ 1kn
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A‘l’l—l + ATL+1 _ COS kﬂ: . _0)2 + 2(0)0)2
Ay (wop)?



Many Coupled Oscillators

An—l + An+1 kT[ —(1)2 + 2((1)0)2
= 2 COS =
An ((UO)Z

* Solve for w:

w? = 2(wy)? <1 — COS <Nk_|7_T 1))

=4(w0)zsin2( il )

_ km
W, = 2wg Sin 2N+ 1)

 There are N possible frequencies of oscillation.




Many Coupled Oscillators

 The motion of the masses depends on both the
position of the mass (n) and the mode number (k):

_ nkm
Ap = Cysin Nt 1

_ km
Wy = 2Wwyq Sin 2N+ 1)

« When all the particles oscillate in the k" normal
mode, the nt" particle’s position is:

Xn i (£) = Ap i cos(wit + )




Many Coupled Oscillators

What do these modes look like?

* Lowest order mode hask = 1...
nm

CoS wqt

Xp1(t) = C; sin




Many Coupled Oscillators

* Positions of masses in the second mode:

* Positions for 4 particles in modes k = 1,2,3,4:
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Vibrations of Continuous Systems

Amplitude of mass n for normal mode k:

_ nkm
App =0C sm( )

N+1
Frequency of normal mode k:

_, _ km
Wy = 2w, Sin 2N+ D)

Solution for normal modes:
xn(t) = Ay cOS Wit
General solution:

N
X, (t) = z ay sm( i ) cos(wyt — &)




Another Example

e Discrete masses on an elastic string with tension T':
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* Consider transverse displacements:

* Vertical force on one mass:

' E, =Tsinf, — T sin 6,
=T(6, —6,)

T
— ? [(Yn+1 - Yn) — (Yn - Yn—l)]



Another Example

Yn

* Equation of motion for mass n:

) T
my, =k = ? [(Yn+1 — Yn) — (yn — Yn—l)]
Vn + z(wO)ZYn — (wO)Z(Yn+1 + Yn-1) =0

T
2 —_— ——
(wO) mb

e Normal modes:
Ynk(t) = Ap i cos(wyt — &)



Masses on a String

First normal mode

Second normal mode




Continuous Systems

 What happens when the number of masses goes to

infinity, while the linear mass density remains constant?
T

m j}n — ? [(Yn+1 — Yn) — (Yn — yn—l)]
m
— >
; U
Yn+1=Yn _ (ay) (Yn—Yn-1) R (ay)
4 0x/ 5+ Ax 4 0x/ 5
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Continuous Systems

Hoez =1 !
ik ik
ot? dx?2
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The Wave Equation: gy — Y 'y,




Solutions

When we had N masses, the solutions were
Yk (t) = Ay cos(wit — 6x)

— n labels the mass along the string

— With a continuous system, n is replaced by x.

Proposed solution to the wave equation for the
continuous string:

y(x,t) = f(x) cos wt

Derivatives:

0%y

at?
0%y  9%f

W = WCOS(Ut

= —w?f(x) cos wt



Solutions

e Substitute into the wave equation:

0’y 1 0%
0x2  v2 ot?
04f w?
oz vzl
0°f w*
oxz t 2 /=0

* This is the same differential equation as for the
harmonic oscillator.

 Solutions are f(x) = Asin(wx/v) + B cos(wx/v)



Solutions

f(x) = Asin(wx/v) + B cos(wx/v)
 Boundary conditions at the ends of the string:
f(0)=f(L)=0
f(x) = Asin(wx/v) where wL/v = nm

e Solutions can be written:
nnx)

.ﬁﬂx)::Ansnlch_

 Complete solution describing the motion of the

whole string:
nmwx

v, (x,t) = A, sin (T) COS W, t



Properties of the Solutions
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