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SO(5) superconductors in a Zeeman magnetic field
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The generic symmetry of a system under a uniform Zeeman magnetic field is<W[@L)). However, we
show that SO(5) models in the presence of a finite chemical potential and a finite Zeeman magnetic field can
have an exact SU(2)U(1) symmetry. This principle can be used to test SO(5) symmetry at any doping level.

A fundamental question one can ask in connection withcomplicated doping chemistry, and has not yet been identi-
high-T. superconductors is whether they are in the same unified experimentally. Under the current proposal, however,
versality class of conventionall wave Bardeen-Cooper- the SO(5) symmetry can be revealed at any doping level,
Schrieffer theory(BCS) superconductors. While many as- provided one applies a Zeeman magnetic field. This current
pects of highT, superconductors are anomalous andtest can give a sharp symmetry distinction between a SO(5)
quantitatively different from conventional BCS supercon-Superconductor and a conventional BCS superconductor, and
ductors, no sharp distinction based on symmetry has bedh can also distinguish various explanations of thereso-
made so far. In the absence of an external magnetic field arf@nce. In particular, the SO(5) theory predicts that the

spin anisotropy, the symmetry of the Hamiltonian is SU(2)€sonance intzz?sity is pr(_)portional to the sgperconducting
X U(1), where the U(1) charge symmetry is spontaneously_ordt‘;r ptaramﬁt éheref.or?hlt should be dr?maucal!y reduce(:.[i.
broken in the superconducting state. In the type 1l phase in the preésence of a c-axis magnetic

A notable exception is the idea of SO(5) symmetry be_fleld. On the other hand, because of the symmetry discussed

. : L in this paper, a Zeeman mangnetic field applied in e

E\g(;?nban_lt_lrffsrr(t)hrg ignetr'zgi';) an('jn'?gptgﬁog(rj;[arl;ltgi?t'cal plane should only split ther triplet, without changing its
o .'h : | y pd SIO 5 N P l;‘ critic intensity and commensurability atr(7r).
po!nt with an enlarge (5) symmet_ry at t € tra_nsmon Let us consider the following Hamiltonian
point between AF and SC. It also predicts a spin triptet
resonancein the SC state which can be interpreted as the
. . H=H -uQ—-BS,, 1

pseudo-Goldstone mode associated with the spontaneous s #HQTBS, @

symmetry breaking. However, in the presence of a finitqyhere g o is an SO(5) symmetric Hamiltonian which
chemical potential, the explicit symmetry of the Hamiltonian commutes with the ten SO(5) symmetry generatogs.

is still a direct product of the spin SU(2) and the charge(for notations and definitions, please see Re¢f.Q and S,
U(l)_ symmetry, which is not different from that of a con- gre members of SO(5) symmetry generatogs, they gen-
ventlonal BCS system. erate charge rotation and spin rotation in theplane per-

In this paper, we point out a remarkable symmetry proppendicular to the external Zeeman field. Since SO(5) is a
erty of SO(5) symmetric Hamiltonians. In the presence of §nk two algebra, one can choo®eandsS, as the two mu-
finite chemical potentiaju and a finite Zeeman magnetic 5|1y commuting generators. F8=0, the generic symme-
field B, the original SO(S) symmetry is broken to U(1) {y of H is SU(2)x U(1), while for nonvanishing values of
XU(1). Here the first U(1) group describes the spin rotationg the original SO(5) symmetry dflsos) is broken explic-
symmetry in a plane perpendicular to the applied magnetigﬂy to U(1)x U(1), generated by andS, .
field and the second U(1) group is the usual charge symme-"yo\vever, H has an exact enlarged symmetry SU(2)
try. In fact, any generic spin invariant Hamiltonian in the » (1) atB= . At this point, both the chemical potential
presence of a finite Zeeman field would have the samepq the Zeeman terms can be combined-asQ; , where
U(1)>xU(1) symmetry. From that point of view, SO(5) g andQ, measure the number of up-spin and down-spin
symmetric models do not seem to be different from any geg|ectrons, respectively. Furthermore, we can define @8U

neric models once a chemical potential or a magnetic field i%ubalgebra of the original S6) algebra generated by
applied. However, we will show that for a special combina-

tion whereB=pu, the SO(5) symmetric models enjoy an
enlarged SU(2XU(1) symmetry, which is not shared by 7-,1:2 sgr(cosky— cosk,)Cqok |Cok. |, Wf, Q.
generic models. Furthermore, this special SU{2)(1) k

symmetry atB= u is equivalent to the original SO(5) sym- )
metry in the absence of these fields. This gives a powerful .
new tool to test the SO(5) symmetat any doping level It is easy to see that they form a closed(3)Ualgebra,
The original SO(5) symmetry exists only at a particular dop-
ing level where the AF to SC transition occurs. This point is

_ _+
very difficult to reach in highF; superconductors because of (m =),

_1 + _
Jl—E(WDLm )s J2=3
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1 o, 0 0 -io
J3==Q,, [JI,.ds]=i€us.d,. 3 Y 1 g
3 2Ql [ ﬁ] ByYy ( ) G1_§ 0 oy | GZ_E iO’X 0 ,
Since the generators of this subalgebra are formed by linear )
combinations of the original SO(5) generatarg,, they all 1 0 oz _
commute withHsqs). Furthermore, since they only involve Gs=5| —io, 0|+ [Ga:Cpl=iea,G,. (9

down-spin electrons, they commute withuQ, . Therefore,
we have proven that &=y, H has a SU(2XU(1) sym-  These matrices also have the following properties
metry generated by the SU(2) algebra defined by(Bjogand
the U(1) generatoQ; . [G,.R]=0.

Now we proceed to analyze the collective modes associ-

ated with this new symmetry. For this purpose, it is useful tol nerefore, G,, together with R, generates a symmetry

first see how the new symmetry emerges in the Lagrangia§u(2)>< U(1). ThelLagrangain(7) is invariant under above

formalism. The effective Lagrangian with exact SO(5) Sym-,SU(Z)>< U(1) trangformatio_ns. By Noether's theorem, each
metry can be expressed as: internal symmetry is associated to a conserved charge. From

the infinitesimal variations o,

_ 2_ 2_ . . .
L= x(ng)" = p(dxna)“—V(n), (4) 5MT:iGaMT5¢a+RM5¢R,

whereV(n)=— (8/2)n3+ (W/4)|n|*. We can introduce a e obtain the following conserved currents
magnetic field and a chemical potential simultaneously in the

above Lagrangian by applying the following transformation: iR=2xMRMT+ 2y uMMT
dNg—>dN,—i€,5,Bpn,,a=2,3,4; iR=2paMRMT
Jni— i — i€ pun; i,j=1,5. (5) je=2ixoMG MT=2i yuMRG,MT
ChoosingB= (0,0~ B), the Lagrangian becomes ji=2ipa MG, MT;
L= x(3n3)2— p(9na)2— 2i x(BNsdny— BNydins 0=+ ik ™ (10
— Ny dNs+ unsdng) + x[BZ(n3+n2)+ u2(n2+nd)] The associated conserved charges can be directly related to

the symmetry generatof8) in the Hamiltonian formalism:
—V(n). (6)

Jazfdxjf‘; QTzfdxth. (12)

Since the static potential is explicitly broken from SO(5) to

R R ~ SO(4), onemight expect three massless Goldstone modes

L=x(8n)%3— p(dn) 2+ 2i xu MRIM T+ x u?M2=V(n), and one massive mode for this kind of symmetry broking.

(7) However, there are two massless modes and two massive
modes in this case, because the total Lagrang@nhas

DenotingM = (n,Nn,,Nns,Nn3), and takingB= x, we can re-
write the above equation into the following form:

whereR is a four-dimensional matrix, lower SU(2)xU(1) symmetry than the static potential. We
can pick a particular direction iM space and linearize the
0 1 mode equation around this direction, say (superconduct-
R=| _| o ing phasg

. _ _ XIENa=pdghy—2uxding
Now we discuss the symmetry of above Lagrangian. Obvi-

ously, except for the third term in the above equation, all X02N3=pding+2uwxdiny

other terms have an exact SO(4) symmetry inN¥hepace.

However not all of rotation will keep the invariance of the Xatzn5:p(9§n5

third term. If O denotes a rotation matrix in thie! space, , , ,

then it must satisfy X9tNg=pdiNg— xpuNy. (12
L o The last equation describes the massive modes with energy
0'0=1; O'RO=R (8)  w4=m, which is associated with the explicit symmetry

breaking(from SO(5) to SO(4) of the static potential. The
in order to keep the Lagrangidi) invariant. Since SO(4) third equation describes the usual Goldstone massless mode
=SU(2)XSU(2), weimmediately find one of the SU(2) (sound modg of the superconductor with linear dispersion
subgroups whose generators are defined by the followings=(p/x)k. The first two equations predict new doublet-
matrix: spin wave modes. One is massless, the other is massive. In



RAPID COMMUNICATIONS

PRB 62 SQO(5) SUPERCONDUCTORS IN A ZEEMAN MAGNETIC FIELD R793

the long-wavelength limit, the energies of the modes are
w,=vk? w3=2u. Therefore, there are always two gapless
modes, one with linear dispersion and the other with qua-
dratic dispersion, independent of the orientation of superspin.
It is also interesting to investigate the case where the
SO(5) symmetry is explicitly broken, but a projected SO(5)
symmetry defined in Refs. 4 and 5 is present. We can add a
term —g(n5+n3+n3) to the SO(5) symmetric potential
V(n), and choosg>0 so that AF is favored at half-filling
wheren=0. In this case, the effective potential in the pres- Be B
ence ofB and u is given by

T

FIG. 1. Generic phase diagram of an approximate SO(5) super-

- . L i )
Veff(n)ZV(n)—g(nng n§+ nﬁ)—X[Bz(nzﬂL n?) cgnduc_tor ina Zeema}r_l magnetic field. The dashed line desc_rlb_e_s a
direct first-order transition between SC and AF order. At the bicriti-
+ u?(nf+n3)]. (13)  cal pointTy,, all static properties have exact SO(4) symmetry and

) N all dynamic properties have exact SURY(1) symmetry.
ForB=0, there is an AF to SC transition at,.=/g/x. For

u>pc, the system is in a SC state. This SC state has a and the quantization conditioril7) is nothing but the

resonance mode with frequency Heisenberg commutation relation between the coordinates
5 and momenta. A symmetric two-dimensional harmonic oscil-
W= VM~ M- (14) lator has more than the SO(2) symmetry of the coordinate

A finite magnetic-fieldB causes a triplet Zeeman splitting of SPace, but less than the SO(4) symmetry of the phase space.

this = mode, where the lower mode vanishes at a criticaln fact, ithas a U(23 SU(2)xU(1) symmetry. This discus-
value sion carried over straightforwardly to the case of coupled

oscillators with a global U(2F SU(2)XxU(1) symmetry.
B.= MZ—Mg (15) The observation of the new SU(RU(1) symmetry
i gives us the possibility of testing the SO(5) symmetry of the
of the Zeeman field. On the other hand, from EB), we  qriginal model at any doping. Starting from a SC state at
see that a finite Zeeman magnetic-fiBlihduces a SC to AF zero-magnetic field, the superspin lies in tmg (15) plane.
transition wherB exceeds the same critical valBg as given  \wjithin the SO(5) model, the only effect of a applied Zee-
by Eq.(15). At B=B, the effective potentiaV; as given  man magnetic field is to split the triplet resonance mode.
in Eqg. (13) is exactly SO(4) invariant in theM The intensity and commensurability of each member of the
=(ny,Nn,,Ns5,N3) space. The kinetic terms further break this triplet remain the same. At a critical-fielB., there is a
symmetry to SU(2X U(1). Summarizing above discussions first-order transition from the SC state into the AF state
we conclude that both exact and projected SO(5) symmetrizvhere the superspin lies in the,n;) plane. At the same
models have a exact quantum SUY(1) symmetry at a time, one of themr mode softens to zero energy B¢. The
critical value of the Zeeman magnetic field, which is theexact coincidence of a mode softening transition and a first-
energy of ther resonance mode measured in the units of theorder transition is the signature of the new symmetry. As we
magnetic field. shall see, in a generic system, either the first-order transition
From above discussions we see that there are only twoccurs before the mode softens to zero energy, or the mode
remaining massless modes at tAe- . point. It would be  softening occurs before the first-order transition, in which
interesting to formulate a low-energy theory where the twocase the system will have two separate second-order phase
other massive modes are explicitly projected out. In the Latransitions.
grangian formalism, this can be accomplished by dropping All above discussions are based on the assumption where
the n, degree of freedom, and discarding the second timehe original model has an exact or projected SO(5) symme-
derivative terms in Eq(7). This corresponds to an effective try. In order to see the physical signature of the SO(5) sym-

low-energy Hamiltonian of the form: metry, it is useful to study the effects of a finite chemical
R potential and Zeeman magnetic field on models without
Hett=V(M), (16)  SO(5) symmetry. A general Landau-Ginzburg potential of

n . . ) an approximate SO(5) model in the presence of a finite Zee-
where V(M) is a SO(4) symmetric potential which only man" magnetic fiel® and chemical potentigk can be ex-
depends on the magnitude of thevector. This Hamiltonian  pressed as
can be quantized by the following quantization condition:
O 6 6 W , Ws , Wo
i V=—X—5Y— 52+ ——X+ —(y+2)*+—5X(y+2),
2 (19

This formulation gives us yet another way to understand thevheren?+n2=x, n3+n3=y, ni=z, §,=2xy.u’+ 5, and
origin of the SU(2)xU(1) symmetry.Hc¢; On a single site  5,=2y.B2+ 8. There are two kinds of generic phase dia-
is nothing but the Hamiltonian for a symmetric two- grams described by this effective potential. The first type of
dimensional harmonic oscillator, whelé denotes th@hase  phase diagram is realized fav2>WW; and is depicted in
spacecoordinates of a two-dimensional harmonic oscillator,Fig. 1. In this case, the Zeeman magnetic field induces a
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T In conclusion we have discovered a symmetry of(50
models in the presence of a finite Zeeman magnetic-eld
and chemical-potentigl. At the special poinBB.= u, the
static potential has an exact 8 symmetry and the full
Hamiltonian has an exact SU(XJ(1) symmetry. These
considerations also generalize to the projected SO(5) model,
; where the critical magnetic field is shifted td.
/ Mi " =J/u?— 42, as given by Eq(15). This observation gives the
/ Mixed® AF L e ;
! . possibility to experimentally test the SO(5) symmetry at any
Beci Beco B doping level. The Zeeman magnetic field can be experimen-
tally realized by applying a magnetic field in the two dimen-
FIG. 2. Generic phase diagram of an approximate SO(S) supeijonal plané’’ so that the orbital effects can be minimized.
conductor in a Zeeman magnetic field. The two dashed lines derpg citical value of a magnetic field needed for reaching the
sc_rlbe two second-order phase tran_smons, with an mtervgr_un%xact SU(2)XU(1) symmetry point can also be expressed
mixed phase. The two second-order lines merge at a tetra-critical- -
point Ty, a;BC=w0/gMB, yvherewo is the negtron resonance energy,
g is the electroniay factor, andug is the Bohr magneton.
first-order-phase transition from the SC state to the AF stat&nfortunately, this value exceeds 100for all high-T. su-
at a critical value of the magnetic-fieB|,. However, ther perconductors where neutron resonance has been discovered.
mode is still massive @, which clearly distinguishes this Fortunately, some aspects of the new SU{2)(1) symme-
from the SO(5) symmetric case. The first-order line termi-try can be tested without reaching this high-critical value of
nates at a bicritical-poinT,., where all static properties the magnetic field. Below the critical-valug;, our theory
have an emergent SO(4) symmetry and all dynamic propefpredicts that the Zeeman magnetic field will only split the
ties have an SU(2JU(1) symmetry. The second type of resonance energy, but it does not change the intensity of the
phase diagram is realized fofg<W.Wj; it describes two - resonance mode. The mode should also remain com-
second-order-phase transitions, with an intervening mixe¢hensurate at momentumr(z). While the critical value of
phase region where both SC and AF orders coexist, as ShowRe magnetic field is high for the cuperate superconductors,
in Fig. 2. The mixed region shrinks to zero at a finite tem-,,4 can also try to perform the proposed experiments on

perature tetra-critical-poirity; . In the mixed phase, there are oyner materiafwhere the intrinsic energy scales are much
also two gapless modes and two massive modes. Howev%Wer

there is a major difference for the gapless modes between

exact and approximate $8& models. The two gapless

modes in this approximate $8 model both have linear

dispersion in mixed phase_ In an exact (Spsymmetry We would like to thank Y. Baza”y, S. A. Kivelson, D. H.
model, as we pointed out before, there is one gap|ess modeee, and C. van Duin for stimulating discussions. This work
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compressibility at the transition poifit. and DMR-9400372.
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