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Recently, dissipationless spin current has been predicted forp-doped semiconductors with spin-orbit cou-
pling. Here we investigate the effect of the breaking of spherical symmetry on the dissipationless spin current,
and obtain values of the intrinsic spin Hall conducitivity for realistic semiconductor band structures with cubic
symmetry.
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Spintronics is a new field of science and technology
aimed at manipulating the spin of electrons to build func-
tional logic and storage devices.1 The creation, manipulation
and transport of spin currents is a central challenge in this
field. Recently, Murakamiet al.2 found an important law of
spintronics, which relates the spin current and the electric
field by the response equation,

j j
i = ssei jkEk, s1d

wherej j
i is the current of theith component of the spin along

the directionj andei jk is the totally antisymmetric tensor in
three dimensions(3D). This effect arises because of spin-
orbit coupling in the valence band of conventional semicon-
ductors such as GaAs and Ge. Sinovaet al.3 also found a
similar effect in the electron doped conduction band. Trans-
port equation(1) is similar to Ohm’s law in electronics.
However, unlike Ohm’s law, this new law describes a purely
dissipationless spin current, in the sense that Eq.(1) is in-
variant under time reversal and the intrinsic part ofss does
not depend on impurity scattering. These effects have been
further discussed in recent literature.4–9

Fundamental to the proposal of Murakamiet al.2 is the
spin-orbit coupling that exists in the Lüttinger effective-mass
model in degenerate valence bands:

H =
1

2m
XSg1 +

5

2
g2Dk2 − 2g2sk ·Sd2C , s2d

wherek is the momentum operator of the valence holes, and
S is the four-by-four spin-3/2 operator that describes the
four hole states at a given value ofk. In this “isotropic,” or

spherically symmetric model, the helicityl= k̂·SW is a good
quantum number of the isotropic Lüttinger Hamiltonian
above, and it labels the two doubly degenerate Kramers’
bands that correspond to the heavy holesl= ±3/2 andlight
holes l= ±1/2. The spin current effect can be intuitively
understood as a consequence of the conservation of total an-
gular momentum:J="x3k +S, wherex is the holes’ posi-
tion operator. The spin current flows in such a way that the

change of the orbital angular momentumL ="x3k exactly
cancels the change of the spin angular momentumS. When
an electric field is applied on the arbitraryz axis, thez com-
ponent ofJ is conserved. The topological nature of the spin
current is manifested in the gauge-field formulation of Ref.
5, where the spin conductance is defined in terms of a linear
combination of the components of a gauge field,Gij =lsl2

−13/4dei jl kl /k
3, clearly reflecting a monopole structure ink

space. The singularity atk →0 exemplifies the confluence of
the Kramers’ doublets at theG point where the band be-
comes fourfold degenerate, but the flux of the gauge field
through a two-dimensional surface ink space is constant and
set by the helicity eigenvalue.

The picture presented above is valid as long as the Hamil-
tonian is isotropic, that is to say, it has spherical symmetry.
In the real materials in which the dissipationless spin current
is predicted,2 all of which are characterized by large aniso-
tropy (see Table I), the angular momentumJ and the helicity

l= k̂·SW are no longer good quantum numbers. It is therefore
vital to ask whether the topological spin current is preserved
in materials which are not rotationally invariant. In this brief
report, we investigate the effect of the breaking of spherical
symmetry on the dissipationless spin current, and calculate
the values of the intrinsic spin Hall conductivity for aniso-
tropic band structure parameters.

TABLE I. Valence-band parameters for some common materials
(after Ref. 10). Following Ref. 11 we defined=sg3−g2d /g1 as a
measure of the anisotropy.

g1 g2 g3 d

Si 4.22 0.39 1.44 0.248

Ge 13.35 4.25 5.69 0.108

GaAs 7.65 2.41 3.28 0.114

InSb 35.08 15.64 16.91 0.036

InAs 19.67 8.37 9.29 0.047

GaP 4.20 0.98 1.66 0.162
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The most general Hamiltonian which respects time-
reversal and cubic symmetries was derived by Lüttinger:12

H0 =
1

2m
Sg1 +

5

2
g2Dk2 −

g2

m
skx

2Sx
2 + ky

2Sy
2 + kz

2Sz
2d − 2

g3

m
fhkx,kyj

3hSx,Syj + hky,kzjhSy,Szj + hkz,kxjhSz,Sxjg, s3d

where we definehA,Bj= 1
2sAB+BAd andk2=kx

2+ky
2+kz

2. The
parameters,g1,g2, and g3, are material dependent. In the
special case ofg2=g3 (which we call isotropic), the last two

terms simply combine to yield −g2/mskW ·SWd2.
In real materials, however, the values ofg2 and g3 are

very different. Table I lists the values of these parameters in
some important materials. The anisotropy, characterized by
the parameterd;sg3−g2d /g1, is relevant and substantial for
all the materials, and especially relevant for Si. In order to
understand the dissipationless spin current generated in these
real materials, including its dependence on the orientation of
the field and current with respect to the crystal axes, we must
consider the full anisotropic Hamiltonian Eq.(3).

Wheng2Þg3, the Hamiltonian is no longer isotropic and
the helicity is not a good quantum number. However, the
energy spectrum of the Hamiltonian retains the same struc-
ture as in the isotropic case, albeit with a different dispersion
relation. After diagonalizing the Hamiltonian, we obtain two
doubly degenerate energy levels, which we call light and
heavy holes in analogy within the isotropic case:

Eskd =
1

2m
g1k

2 ±
g3

m
dskd,

d2skd = Sg2

g3
D2

skx
4 + ky

4 + kz
4d

+ S3 −Sg2

g3
D2Dsky

2kx
2 + kx

2kz
2 + ky

2kz
2d. s4d

Following Ref. 5 we can expand the spin-dependent terms in
the anisotropic Lüttinger Hamiltonian in terms of Clifford
algebra of diracG matriceshGa,Gbj=2dabI434:

H0 = eskd +
g3

m
daGa, s5d

eskd =
g1

2m
k2,

d1 = − Î3kzky, d2 = − Î3kxkz, d3 = − Î3kxky,

d4 = −
Î3

2

g2

g3
skx

2 − ky
2d, d5 = −

1

2

g2

g3
s2kz

2 − kx
2 − ky

2d s6d

with dada=d2. Whereas in the isotropic Lüttinger model the
matrix used to diagonalize the Hamiltonian belongs to the
SOs3d group of rotations ink space,2 in the anisotropic ma-
terials the matrix that diagonalizes the anisotropic Hamil-
tonian belongs to theSOs5d rotations inda space. TheSOs5d
Clifford algebra representation of the Hamiltonian(5) natu-
rally unifies both the isotropic and the anisotropic Lüttinger

model on the same footing. Since this form of the Hamil-
tonian depends onk only through the five-dimensional(5D)
vector da, a large part of the results in Ref. 5 is directly
applicable to the anisotropic case. In this sense, theSOs5d
Clifford algebra formalism shows its full power in the aniso-
tropic case studied here. The projection operators onto the
two-dimensional subspace of states of the heavy-hole(HH)
and light-hole(LH) bands read:

PL = 1
2s1 + d̂aGad, PH = 1

2s1 − d̂aGad. s7d

For finite k, the Hamiltonian maintains theSOs4d symmetry
observed in Ref. 5. This symmetry reflects the degeneracy of
the two Kramers’ doublets at each value ofk, corresponding
to the doubly degenerate HH and the LH bands. Each of the
bands has aSUs2d symmetry, which we denote bySUs2dHH

and SUs2dLH. Therefore, the total symmetry isSUs2dHH

3SUs2dLH =SOs4d. At the G point, k =0, there is a enhanced
SOs5d symmetry.

The symmetry generators read:

rab = Gab + dbdcG
ca − dadcG

cb = PLGabPL + PHGabPH,

s8d

whereGab=−i /2fGa,Gbg and frab,H0g=0 trivially since the
Hamiltonian is diagonal in the HH and LH bands. The spin
operatorsSi are related to theGab matrices through the
tensorhab

i , whose entries were given in Ref. 5:Si =h ab
i Gab.

The concept of a conserved spin current is still valid in an-
isotropic materials, since the projected spin is a constant
of motion in virtue of its being a linear combination
of the symmetry generators,Sscd

l =h ab
l rab=PLSlPL+PHSlPH.

We can therefore define the conserved spin current asJi
l

= 1
2h]H /]ki ,Sscd

l j. Note that the richer anisotropic Lüttinger
Hamiltonian yields a very similar structure to the isotropic
one when cast inSOs4d language.

Although the concept of helicityl=kiS
i is not valid in

anisotropic materials, we can define a corresponding con-
served helicity,lnew, as

lnew= kiSscd
i = l + 2kihab

i dbdcG
ca = PLlPL + PHlPH. s9d

Since it is a linear combination of the symmetry generators
of H0 slnew=kiSscd

i =kihab
i rabd, it is clear thatfH ,lnewg=0. In

the isotropic limit,lnew=l, as can be seen using the identi-
ties fl ,PLg=fl ,PHg=0, valid in the isotropic case.

The recent work reported in Ref. 5 shows that the Kubo
formula for the conserved spin current response can be ex-
pressed purely in terms of a geometric quantity,

Gij = Gij
abGab =

1

4d3eabcdedc
] dd

] ki

] de

] kj
Gab, s10d

which describes mapping from the 3Dk vector space to the
5D d vector space. This results also include a quantum cor-
rection to the semiclassical result in Ref. 2. We shall apply
this formula to the anisotropic case here. However, there is
one essential difference. Whereas in the isotropic case, the
field strength can be brought, through proper choice of
gauge, to the diagonal formGij =lsl2−13/4dei jl kl /k

3, in the
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anisotropic case this is impossible. Non-Abelian field
strengths are, in general, gauge-variant. However, there is a
fundamental difference between fields that can be diagonal-
ized through gauge transformation and fields for which this
is not possible. The former are ultimately Abelian in nature,
whereas the latter are truly non-Abelian. The nondiagonal
gauge field which describes evolution in anisotropic materi-
als reflects the richer structure of the anisotropic Lüttinger
Hamiltonian.

We can express the field strength in terms of the(un-
projected) spin degrees of freedom if we first note that the
ten SOs5d generatorsGab decompose into the three spin ma-
tricesSi and the seven cubic, symmetric and traceless com-
binations of the spin operators of the formSiSjSk, namely,

A1 = sSxd3, A2 = sSyd3, A3 = sSzd3,

A4 = hSx,sSyd2 − sSzd2j,

A5 = hSy,sSzd2 − sSxd2j,

A6 = hSz,sSxd2 − sSyd2j,

A7 = SxSySz + SzSySx. s11d

Then we can write

Gij =
1

4d3ei jl klfVmAm + Ul S
lg, l = 1, . . . ,3, m = 1, . . . ,7,

s12d

where

Ul =
1

2

g2

g3
FS13 + 28

g2

g3
Dkl

3 + S13 − 28
g2

g3
Dk2klG ,

Vl = − 2
g2

g3
FS1 + 4

g2

g3
Dkl

3 + S1 − 4
g2

g3
Dk2klG ,

V4 = − 3
g2

g3
kxsky

2 − kz
2d,

V5 = − 3
g2

g3
kyskx

2 − kz
2d,

V6 = − 3
g2

g3
kzskx

2 − ky
2d,

V7 = − 12kxkykz, s13d

l =1, . . . ,3.
When cast inSOs4d language, the expression for the spin

conductance in anisotropic materials has the same form as
that in the spherical model:

s i j
l =

8e2

V"
o

k

„nLskd − nHskd…
1

3
h ab

l Gij
ab, s14d

wherenL=nFseLd andnH=nFseHd are the Fermi functions of
the LH and HH bands. This expression can be put into the
following elegant form:

1

3
h ab

l Gij
ab =

1

8d3

g2

g3
ei jm kmklFS1 −

g2

g3
Dkl

2 + S1 +
g2

g3
Dk2G ,

s15d

where we see that the first term in square brackets vanishes
in the isotropic case. Thel index specifies the direction of the
spin orientation, and it is not summed on the right-hand side
of Eq. (15). It is now obvious that the only components of
s i j

l that survive after summing the contributions from the
whole Fermi surface are those for whichi Þ j Þ l. Indeed,
upon integration overk, s i j

l becomes proportional toei jk, just
as it should for crystals with cubic symmetry.13

Our result for the spin current can thus be put in the form

ss =
e2

"
n1/3Ssg1,g2,g3d, s16d

where the material-specific coefficient,S, is independent of
the Fermi energy, and is of the order,0.05 for most mate-
rials (see Table II). The ss,n1/3 scaling is the hallmark
of the dissipationless spin current, and has been proposed as
a means by which to distinguish from other extrinsic
effects.2,4 To compare the spin conductance in different ma-

FIG. 1. Spin conductivity plotted as a function of the anisotropy,
parameterized byd;sg2−g3d /g1, with m=s6g3+4g2d /5 and n
=1019 cm−3 held fixed at values corresponding to Si(bottom curve),
GaAs and InSb(top curve). The circles indicate the real values of
the parameters in Si, GaAs and InSb.

TABLE II. Material-dependent coefficients of spin conductivity
for values ofg1,g2,g3 that corresponding to common semiconduc-
tors. Also given are the actual spin conductivities atn=1019 cm−3

for both real anisotropic materials, and their spherical approxima-
tions sd=0d.

Ssg1,g2,g3d sssV−1 cm−1d ssud=0sV−1cm−1d

Si 0.028 14.60 21.10

Ge 0.063 32.79 34.31

GaAs 0.062 32.64 34.33

InSb 0.083 43.63 44.67

InAs 0.079 41.61 42.55

GaP 0.051 26.50 29.17
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terials, we separate the dependence on the total carrier den-
sity, which for the anisotropic Lüttinger model depends on
the band parameters:n=s2meFd3/22

3 es1/fsg1−2g3d/k2d3/2g
+1/fsg1+2g3d/k2d3/2gdd2k̂/ s2pd3. Using this relation, we
can findeF as a function ofn, and use it to define the aniso-
tropic Fermi distribution functions,nL,Hskd=QskF

L,H−kd. We
have calculatedss for band parameters that correspond to a
selection of real materials, as well as for band parameters
that correspond to isotropic materials with the same values of
g1 and m;s6g3+4g2d /5g1. The results, listed in Table II,
show that the nonzero anisotropy leads to a decrease in spin
conductivity of as much as 30%(for Si), although the reduc-

tion in materials with smaller anisotropy is typically only
,5%.

To illustrate the systematic dependence of spin conduc-
tance on anisotropy, we plotss as a function ofd=sg3

−g2d /g1 with g1 and m=s6g3+4g2d /5 held fixed at values
corresponding to Si, GaAs and InSb(Fig. 1). The spin con-
ductance at fixed carrier concentration is maximum atd=0,
whereas all real materials haved.0. This observation
should guide in the selection of materials with relatively low
anisotropy for spin-injection devices and other applications
where strong spin current is desired. Finally, the variation of
ss with the carrier concentration,n, is shown in Fig. 2.
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FIG. 2. Dependence of the spin conductivity on the carrier den-
sity, n, using the band parameters of Si(bottom curve), GaAs and
InSb (top curve).
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