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Dispersion of the 7w resonance in the superconducting state of the cuprates

PHYSICAL REVIEW B, VOLUME 64, 10050R)

Jiang-Ping Hu and Shou-Cheng Zhang
Department of Physics, McCullough Building, Stanford University, Stanford, California 94305-4045
and Institute for Theoretical Physics, University of California, Santa Barbara, California 93106
(Received 5 February 2001; published 7 August 2001

We study the dispersion af resonance in the superconducting state within the projectef) $@del[S.C.
Zhanget al, Phys. Rev. B0, 13 070(1999]. Away from the commensurate momentum, the propagation of
the 7 resonance creates phase flips in the superconducting order parameter. This frustration effect leads to a
strong dressing of ther resonance and a downward dispersion away from the commensurate wave vector.
Based on these results, we argue that the commensurate resonance and incommensurate magnetic fluctuations
in the cuprates are continuously connected.
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The emergence of a commensurate neutron resonanteations, let us first consider a very simple system of the
peak belowT, is one of the most striking properties of the dopedt-Jj-J, ladder. In the], >J;, limit, the SC state of the
cuprates. There are many different theoretical approaches ttoped ladder system can be viewed as a coherent linear su-
the problem. Within the S() theory? this resonance peak is perposition of a hole pair and a singlet pair on each rung. In
interpreted as a collective mode describing a rotation fronthis picture, ther resonance is simply a linear superposition
the superconductingSC) state to the commensurate antifer- of a spin triplet excitation on each rung. Because the SC state
romagnetio/AF) state. Since the rotation operator is a tripletis a broken symmetry state, such an excitation can be either
particle-particle operator, which can only couple to neutronsreated by a spin triplet operator or a triplet particle-particle
in a SC state, this theory predicts that the intensity of#he operator, the so-called operator. Simple second-order per-
resonance mode is proportional to the square of the SC ordéurbation theory shows that the exchange parameter between
parametef. This fact naturally explains the temperature de-the triplet and a hole pair is- 4t%/J, , which has a negative
pendence of the resonance intensity observed in expersign, while the exchange parameter between the triplet and
ments® and anticipatetf the recently observed dependencethe singlet pair is);/2, which has a positive sign. The posi-
of the resonance intensity on the magnetic ffeld.c-axis  tive exchange sign prefers a minimal energy wave vector at
magnetic field creates non-SC vortex cores, therefore it regmin= 7, while the negative sign prefers a minimal energy
duces the SC order parameter on the average. On the otheave vector at},;,=0. Since the SC ground state is a linear
hand, a magnetic field aligned in thé plane has little effect superposition of both the hole pair and the singlet pair, this
in reducing the SC order parameter. From the dependence effect leads to a competition between these two band
the resonance intensity on the SC order parameter within theinima. In one dimension, this competition always leads to
SQ(5) theory, one would therefore naturally expect a reduc-an incommensurate band minimum.
tion of the resonance intensity in the presence afaxis In this paper, we shall generalize this physics to two di-
magnetic field. mensions and study the propagation of theesonance in

More recently, incommensurate magnetic fluctuationghe SC state, within the projected &P model [pSQ5)
have also been observed in the Y-Ba-Cu-O superconmodel. Just like the physical picture outlined above, the
ductors’® Unlike their counterparts in the La-Sr-Cu-O su- propagation of ther resonance leads to a sign reversal of the
perconductors, these incommensurate magnetic fluctuatior®C order parameter behind it. Therefore, the problem is simi-
are energy dependent, and seem to merge continuously intar to the problem of the propagation of a single hole in the
the 7 resonance mode. In fact, this behavior is predictecantiferromagnetic background, which has been studied ex-
by Furusaki and one of swho applied the S®) theory to  tensively in the literaturé?~® In fact, using basically the
the ladder systems. Using an asymptotically exactsame approximations, we shall show that the quantum fluc-
renormalization-group method, they found that theeso-  tuations erase the string of sign reversals, but lead to a non-
nance mode in the ladder system has a downward dispersidrivial correction to the dispersion of the resonance. De-
away from the commensurate wave vector. In fact, in arpending on parameters of the model, the correction can give
earlier work, Poilblanc, Scalapino, and Hatfkéound simi-  rise to a downward dispersion of the mode, reaching a
lar behavior in an exact diagonalization study of the laddeminimum at the incommensurate wave vector. Current ex-
systems. The purpose of this work is to identify the physicaperiments only show a downward dispersion of theeso-
origin of this downward dispersion relation and construct anance. The main prediction of our theory is that there will be
unified theory of the commensurate and incommensuratan upward turn in the dispersion after the minimum is
magnetic fluctuations in the cuprates. reached.

To understand the basic physics of the competition be- We begin with the projected S8 model defined on a
tween the commensurate and incommensurate magnetic flulattice (using the notations of Ref. 11
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SC state. The arrow represents a magnon while the signs represent
wherei=1,5 a=2,3,4, andA,=A,—u Where u is the the phase of SC order.
chemical potential. In SB) superspin notation, the super-

spin is defined as ®=TT ¢.(x), $-(x)=[cosob™(x)~sinet; (x)]|0),

1 1 (5
— T (tot! = (to—t!
" Z(th . s 2i (th~th), @ which has SC ordefn,(x))= 3sin(26), on each site. Taking
the hopping term of a magnon between sites' we obtain
1 for V=1,
na:_(ta+t;)1 (3)
V2 [L a0 Las(X') = N (ONG(X ) It (X') b (X)
wheret,, andt, are hard-core boson annihilation operators =t:(X)p_(x), (6)

for the hole pair and the magnon. Here one lattice site of this , ., ,

effective model corresponds to a plaquette in the origina|n Wh'Ch th? _SC order at S't_e( . ny(X )Z takes v_alug
C,0, plane, and we have made a shift of the momentunt™1(X'))=—25in(2). A schematic diagram is shown in Fig.
vector fort,, bosons by 7). The pS@5) modet! is con- 1 to reflect the hopping of a magnon in th_e SC state. The
structed by projecting out the doubly occupied configuratiodﬂouon. of t_he magnon creates the pha_se mlsma_tch S|m|Iar_to
from the local S@6) multiplets. Even though some members the spin mismatch caused by the motion of a single hole in

~ an AF state.
of the S@5) multiplets are projected out, &t;=A. andJ, Similar t inale hol bl ¢ h fluctua-
=2J,, the mean-field ground-state manifold is still GD imriar 10 a singie hole probiem, quantum phase fuctua

. . . tions in the SC state can erase the string effect and modi
symmetric, and AF can be smoothly rotated into SC with n g fy

%he dispersion relation. We employ the same method in Refs.
energy cost. In Ref. 11, we have shown this model gives P ploy

92 . . 44 and 15 to solve the problem.
realistic description of the global phase diagram of the cu- Taking the variational wave function in E¢B), a simple

prates and many of their physical properties. In that Papel aan-field calculation gives the hole-pair density
the V term in the above Hamiltonian was simply ignored

because it does not impact the mean-field phase diagram ff— 5|n2(0)=(ch—Ac)/2ch, .where z is the coprdlnathn_
only the pure AF phase and SC phase are concerned. Ho __umber on the lattice. We introduce a Lagrang|an multiplier
ever, one important observation in this paper is that this ter eld A to enforce the hard-core boson constraint on average.
plays an important role on the dispersion of thenode. If To obtain the collective phase mode, we define two new
we limit our discussion to one single magnon in Hilbert boson operators,
space, theV term simply describes the hopping exchange
between a hole pair and a magnon. The hopping between a
magnon and a singlet is described in the term
—-Jsn, (X)n,(x"). Since we only discuss the motion of a
single magnon, all other matrix elements for these two termgvhich satisfy «;(x)|®)=0,(ay(x))=1. The quadratic
vanish except Hamiltonian describing the phase fluctuation above the
mean-field state is therefore given by

a1(X)=sin 6b(x)—cosbty(x),

ay(X) = cosob(x)+ sin Oty(X), (7)

VLap(¥)Lap(X" )ty (0)t, (x)]0)] =V (x")t; (x)[0),

H'=H—(H)
_ ’ + +/0u0 n2 260
JanaL0na(x )L™ (X)t, (x'}{0)] =3z Hl—y(qH T @)t @@
=—Jb*(x)t}(x)|0), (4) I
Sir?(26)
whereb ™ (x) creates a singlet at site Since bothl, andV + 7 v(@la(=Pei(q)+H.c], (8)

are positive in this model, we see that these two hopping

processes have opposite signs. Therefore, in a pure SC statehere y(q) =[cos(,) +cos@y)}/2. In the following part of
which is a coherent state of singlet and hole pair on each sitgaper, we normalize all of the energy scale by takidg (
the hopping of magnon flips the phase of the local SC order+V)z/2=1 and define two additional dimensionless param-
More precisely, let us take a mean-field pure SC state, eters,
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V—Jq 2J.
v YT asvy ©
By standard diagonalization,
H'=2 (@B (@A), (10
where
B(a)=u(a)ay(q)—v(q)a; (—q), (11)

e(@)=yV[1-y(a)]?+sirF(20) y(a)[1- y(q)], (12)

Sirf(26)
1 1-y(q)+ 5 ¥(Q)
u(q)= >ty s

2€(q) 9

sinf(26)
. @+ ——a

v(q)=-sgiy@] V —5+y 2¢(0)
(14

The hopping of a single magnon can be described by the

following Hamiltonian:

Hm= =352 [ts(0)t,(x)b*(x")b(x)+H.c]

xx’

FV [t 0t (X))t (X)tp(x) +H.c.

xx’

(19
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F(k,q,8)=sir*(26)| y(k—a)u(a) + »(Kv(a)[% (21)

In this approximation, the vertex is neglected, which is small
according to the calculation in Ref. 15 for the single-hole
problem. We numerically solve the above integral equations
to obtain the spectrumA(k,w)=—(1/7)G(k,w), and in
particular the minimum position of the dispersion in the
broad range of parameters. We first observe that the bare
dispersion of magnork,(k), can be removed in E¢20) by
shifting w. Moreover, ify is large, it is better to rescal€q)
in numerical calculation, which can narrow the energy range
required to find a solution. Combining these two observa-
tions, the numerical convergence is rather fast.

Throughout the numerical calculation, a sharp coherent
peak is found in all momentum space. The spectral function
can be generally written as

A(K,w,0,y)=coS(0)Z(k,0,y)(w—Q(k,0,y))+A" (22

where A’ is the incoherent part anf (k, 6,y) defines the
energy dispersion. From our numerical result, we find that
the energy dispersiorf), can be written as

Q(x,k,0,y)=Q4(x,0,0,y) +[Ep(k,8) —Ep(0,0)]

— 00 (k,0,y), (23

where the first term is the energylat (0,0), the second one

is the bare dispersion, and the third is the relative energy
shift contributed by fluctuation correction. Based on the sym-
metry of our model,6Q(k,p,y)=86Q(k,1—p,y). We find
that 5Q (k, ) fits very well a product of two separated func-

Taking the mean-field expectations and using the relations dfons, h(6,y) and g(k), whereh(#,y) is independent ok.

Eq. (5), we get

Hm=§ [Ep(q,0)t, (q)t,(q)+H.c]

+k2q f(k, )t (Kt (k—a), (16)
where
Eb(q,0)=[x—cog26)]¥(q), (17)

f(k,q)=sin(20){[ y(k—q)u(q)+ y(K)v(q)]8(q)

+[y(ku(@)+y(k—q)v(q)]B8"(—aq)}. (18)
Given the Hamiltonian composed of E.0) and Eq.(16),
we can calculate the dynamic spin correlation function,

G(x,t)=—i(®|T[t(x,t)b" (x,1)t}(0,00b(0,0)]|P). (19
Taking the mean-field value of and using the self-

consistent perturbation which sums only noncrossing dia

grams, we obtain the following Dyson’s equation:
cos( )

w—Eo<k,9>—§ F(k,q,0)G(k—q,0—€(q))
(20)

G(k,w)=

where

Considering the symmetry of the lattice, we find the function
g(k) can be well fitted to the following form:

9(ky ky) =0.128 sir?(ky) + sir?(ky) ]

+0.054 cogky) — cogk,)]?. (24)

Thus, the minimum of) can be analytically determined by
plugging Eq.(24) into Eq.(23). The global minimum always
occurs along the diagonalr(7) direction. However, along
the (7r,0) direction, there is a local minimum. The global and
local minimum positions start to shift from (0,0) at a com-
mon critical densityp, which is approximately determined
by the equation

cog26,)—0.51( 8, ,y)—x=0. (25)

In Fig. 2, we show the global minimum positiork,(,k,),
and local minimum, k,,0), as the function of the density. In
Fig. 3, we also show the full dispersion of themode at the
densityp=0.4.

There is another important density in the problem. Within
the pS@5) model, the uniform SC state can only exist for
densities exceeding. . Ignoring small quantum corrections,
pc is given by

_r—6s+0.5(1—x)
P05 +r+1

(26)
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FIG. 3. The full dispersion ofr mode,E ., as a function of
FIG. 2. The minimum momentum positide, as the function of  Ky.ky at density p=0.4 with the parameters=0, y=0.5, z

densityp at parameterg=0, y=0.5. The solid line reflects#, 7) =0.5, 6:=1.
direction and dashed line represenis@) direction[we have made
a shift back (0,0) to fr,) in all figures in this papdr tions. In this work, the intensity of the peak is determined as

cos(6)Z(k,6), whereZ(k, 6) is basically independent of the
density parametefi. Therefore, the intensity of the magnetic
collective mode is cd$)=1—p=|(m)|?/p, where(n,) is the

SC order parameter. This result agrees exactly with the pre-
diction of the particle-particle picture!’ The energy of the

wherer =Js/(Js+V) and 6= A4/ (Jsz+V2). Therefore, de-
pending on the parameteys, could be larger or smaller than
pc. For example, ak=0, y=0.5, andr =0.25, p.>p, for
6s<0.3 andp.<p, for §.>0.3. Atp=0, we have a pure AF

state, while forp>pc, we have a pure SC state. In the in collective mode is independent of the SC energy gap, and is

termediate density regime where<@<p., a mixed state .
between the AF and SC state is obtained. If the transitior?é‘s)zcrtee?ntgogfrgzmsiiﬁthuée lgg%t)iirr]gek;:sggt:ntg?see?rii?fl)ee-r-
from the pure SC state to the mixed state is of second orde ; prec L Ne p

ole picture, where the mode intensity is insensitive to the

our theory can actually predict the nature of the mixed state

The second-order transition usually occurs through a “modeSC order, and the mode energy is always less than the SC

softening” mechanism. lfp,>p.. the lowest energy mag- P&ind gap The particle-hole based pictdfesan also ex-

netic fluctuations are commensurate at the transition, theré)-Ialn the downward dispersion, however, the mode termi-

) . ates at a certain wave vector due to Landau damping. On
fore, a uniform mixed state between commensurate AF an e other hand, our current work predicts a minimum in the
SC is obtained. On the other hand, gf<p., the lowest ! b

. U . . dispersion. The energy at the minimum is the spin gap in the
magnetic excitations are incommensurate at the transition, a : o
; : . . stem. Our present theory does not predict a sharp variation
mixed state of incommensurate AF and SC is obtained. Suc%? he i ; ith his is b
a state can alternatively be interpreted as a stripe state Ph%—t € intensity with respect to momentum. This is because
nomenologically, the Y-Ba-Cu-O materials of high su er—. Wwe restricted ourselves to the single mode approximation.
con ductorg see};’n to fall into the first class. while thepLa_Sr_Scattering between these collective excitations is expected to
; : ' change the momentum dependence of the intensity. How-
Cu-O materials seem to fall into the second class.

Finally we would like to compare our results with two ever, a proper treatment of this effect is beyond the scope of

classes of theory of ther resonance, one based on thethe current paper.

particle-particle picture® and the other based on the particle-  We would like to acknowledge useful discussions with Dr.
hole picture!® Since all calculations are carried out in the SCA. Auerbach, Dr. E. Demler, Dr. A. Dorneich, and Dr. W.
state, where these two channels mix, distinctions can only belanke. S.C.Z. and J.P.H. were supported by the NSF under
made meaningfully by comparing the final physical predic-Grant Nos. DMR-9814289.
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