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Dispersion of thep resonance in the superconducting state of the cuprates
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We study the dispersion ofp resonance in the superconducting state within the projected SO~5! model@S.C.
Zhanget al., Phys. Rev. B60, 13 070~1999!#. Away from the commensurate momentum, the propagation of
the p resonance creates phase flips in the superconducting order parameter. This frustration effect leads to a
strong dressing of thep resonance and a downward dispersion away from the commensurate wave vector.
Based on these results, we argue that the commensurate resonance and incommensurate magnetic fluctuations
in the cuprates are continuously connected.
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The emergence of a commensurate neutron reson
peak belowTc is one of the most striking properties of th
cuprates. There are many different theoretical approache
the problem. Within the SO~5! theory,1 this resonance peak i
interpreted as a collective mode describing a rotation fr
the superconducting~SC! state to the commensurate antife
romagnetic~AF! state. Since the rotation operator is a trip
particle-particle operator, which can only couple to neutro
in a SC state, this theory predicts that the intensity of thep
resonance mode is proportional to the square of the SC o
parameter.2 This fact naturally explains the temperature d
pendence of the resonance intensity observed in exp
ments,3 and anticipated4,5 the recently observed dependen
of the resonance intensity on the magnetic field.6 A c-axis
magnetic field creates non-SC vortex cores, therefore it
duces the SC order parameter on the average. On the
hand, a magnetic field aligned in theab plane has little effect
in reducing the SC order parameter. From the dependenc
the resonance intensity on the SC order parameter within
SO~5! theory, one would therefore naturally expect a red
tion of the resonance intensity in the presence of ac-axis
magnetic field.

More recently, incommensurate magnetic fluctuatio
have also been observed in the Y-Ba-Cu-O superc
ductors.7,8 Unlike their counterparts in the La-Sr-Cu-O s
perconductors, these incommensurate magnetic fluctua
are energy dependent, and seem to merge continuously
the p resonance mode. In fact, this behavior is predic
by Furusaki and one of us,9 who applied the SO~5! theory to
the ladder systems. Using an asymptotically ex
renormalization-group method, they found that thep reso-
nance mode in the ladder system has a downward dispe
away from the commensurate wave vector. In fact, in
earlier work, Poilblanc, Scalapino, and Hanke10 found simi-
lar behavior in an exact diagonalization study of the lad
systems. The purpose of this work is to identify the physi
origin of this downward dispersion relation and construc
unified theory of the commensurate and incommensu
magnetic fluctuations in the cuprates.

To understand the basic physics of the competition
tween the commensurate and incommensurate magnetic
0163-1829/2001/64~10!/100502~4!/$20.00 64 1005
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tuations, let us first consider a very simple system of
dopedt-Juu-J' ladder. In theJ'@Juu limit, the SC state of the
doped ladder system can be viewed as a coherent linea
perposition of a hole pair and a singlet pair on each rung
this picture, thep resonance is simply a linear superpositi
of a spin triplet excitation on each rung. Because the SC s
is a broken symmetry state, such an excitation can be ei
created by a spin triplet operator or a triplet particle-parti
operator, the so-calledp operator. Simple second-order pe
turbation theory shows that the exchange parameter betw
the triplet and a hole pair is24t2/J' , which has a negative
sign, while the exchange parameter between the triplet
the singlet pair isJuu/2, which has a positive sign. The pos
tive exchange sign prefers a minimal energy wave vecto
qmin5p, while the negative sign prefers a minimal ener
wave vector atqmin50. Since the SC ground state is a line
superposition of both the hole pair and the singlet pair, t
effect leads to a competition between these two ba
minima. In one dimension, this competition always leads
an incommensurate band minimum.

In this paper, we shall generalize this physics to two
mensions and study the propagation of thep resonance in
the SC state, within the projected SO~5! model @pSO~5!
model#. Just like the physical picture outlined above, t
propagation of thep resonance leads to a sign reversal of t
SC order parameter behind it. Therefore, the problem is s
lar to the problem of the propagation of a single hole in t
antiferromagnetic background, which has been studied
tensively in the literature.12–15 In fact, using basically the
same approximations, we shall show that the quantum fl
tuations erase the string of sign reversals, but lead to a n
trivial correction to the dispersion of thep resonance. De-
pending on parameters of the model, the correction can g
rise to a downward dispersion of thep mode, reaching a
minimum at the incommensurate wave vector. Current
periments only show a downward dispersion of thep reso-
nance. The main prediction of our theory is that there will
an upward turn in the dispersion after the minimum
reached.

We begin with the projected SO~5! model defined on a
lattice ~using the notations of Ref. 11!
©2001 The American Physical Society02-1
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H5Ds(
x

ta
†~x!ta~x!1D̃c(

x
ni~x!ni~x!

2Js (
^xx8&

na~x!na~x8!2Jc (
^xx8&

ni~x!ni~x8!

1V (
^xx8&

Lab~x!Lab~x8!, ~1!

where i 51,5, a52,3,4, andD̃c5Dc2m where m is the
chemical potential. In SO~5! superspin notation, the supe
spin is defined as

n15
1

2
~ th1th

†!, n55
1

2i
~ th2th

†!, ~2!

na5
1

A2
~ ta1ta

1!, ~3!

where th and ta are hard-core boson annihilation operato
for the hole pair and the magnon. Here one lattice site of
effective model corresponds to a plaquette in the origi
CuO2 plane, and we have made a shift of the moment
vector for ta bosons by (p,p). The pSO~5! model11 is con-
structed by projecting out the doubly occupied configurat
from the local SO~5! multiplets. Even though some membe
of the SO~5! multiplets are projected out, atDs5D̃c andJc
52Js , the mean-field ground-state manifold is still SO~5!
symmetric, and AF can be smoothly rotated into SC with
energy cost. In Ref. 11, we have shown this model give
realistic description of the global phase diagram of the
prates and many of their physical properties. In that pa
the V term in the above Hamiltonian was simply ignore
because it does not impact the mean-field phase diagra
only the pure AF phase and SC phase are concerned. H
ever, one important observation in this paper is that this te
plays an important role on the dispersion of thep mode. If
we limit our discussion to one single magnon in Hilbe
space, theV term simply describes the hopping exchan
between a hole pair and a magnon. The hopping betwe
magnon and a singlet is described in the te
2Jsna(x)na(x8). Since we only discuss the motion of
single magnon, all other matrix elements for these two te
vanish except

VLab~x!Lab~x8!@ th
1~x!ta

1~x8!u0&] 5Vth
1~x8!ta

1~x!u0&,

2Jsna~x!na~x8!@b1~x!ta
1~x8!u0&]

52Jsb
1~x8!ta

1~x!u0&, ~4!

whereb1(x) creates a singlet at sitex. Since bothJs andV
are positive in this model, we see that these two hopp
processes have opposite signs. Therefore, in a pure SC
which is a coherent state of singlet and hole pair on each
the hopping of magnon flips the phase of the local SC or
More precisely, let us take a mean-field pure SC state,F,
10050
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F5)
x

f1~x!, f6~x!5@cosub1~x!6sinuth
1~x!#u0&,

~5!

which has SC order,̂n1(x)&5 1
2 sin(2u), on each site. Taking

the hopping term of a magnon between sitesx,x8 we obtain
for V5Js ,

@Lab~x!Lab~x8!2na~x!na~x8!#ta
1~x8!f1~x!

5ta
1~x!f2~x8!, ~6!

in which the SC order at sitex8, n1(x8), takes value
^n1(x8)&52 1

2 sin(2u). A schematic diagram is shown in Fig
1 to reflect the hopping of a magnon in the SC state. T
motion of the magnon creates the phase mismatch simila
the spin mismatch caused by the motion of a single hole
an AF state.

Similar to a single hole problem, quantum phase fluct
tions in the SC state can erase the string effect and mo
the dispersion relation. We employ the same method in R
14 and 15 to solve the problem.

Taking the variational wave function in Eq.~5!, a simple
mean-field calculation gives the hole-pair dens
r5sin2(u )5(Jc z2D̃c)/2Jc z, where z is the coordination
number on the lattice. We introduce a Lagrangian multipl
field l to enforce the hard-core boson constraint on avera
To obtain the collective phase mode, we define two n
boson operators,

a1~x!5sinub~x!2cosuth~x!,

a2~x!5cosub~x!1sinuth~x!, ~7!

which satisfy a1(x)uF&50, ^a2(x)&51. The quadratic
Hamiltonian describing the phase fluctuation above
mean-field state is therefore given by

H85H2^H&

52Jcz(
q

H F12g~q!1
sin2~2u!

2
g~q!Ga1

1~q!a1~q!

1
sin2~2u!

4
g~q!@a1~2q!a1~q!1H.c.#J , ~8!

where g(q)5@cos(qx)1cos(qy)#/2. In the following part of
paper, we normalize all of the energy scale by takingJs
1V)z/251 and define two additional dimensionless para
eters,

FIG. 1. Schematic diagram of the hopping of a magnon in
SC state. The arrow represents a magnon while the signs repr
the phase of SC order.
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x5
V2Js

Js1V
, y5

2Jc

~Js1V!
. ~9!

By standard diagonalization,

H85(
q

e~q!b1~q!b~q!, ~10!

where

b~q!5u~q!a1~q!2v~q!a1
1~2q!, ~11!

e~q!5yA@12g~q!#21sin2~2u!g~q!@12g~q!#, ~12!

u~q!5
A1

2
1y

12g~q!1
sin2~2u!

2
g~q!

2e~q!
, ~13!

v~q!52sgn@g~q!#
A

2
1

2
1y

12g~q!1
sin2~2u!

2
g~q!

2e~q!
.

~14!

The hopping of a single magnon can be described by
following Hamiltonian:

Hm52Js(
xx8

@ ta
1~x!ta~x8!b1~x8!b~x!1H.c.#

1V(
xx8

@ ta
1~x!ta~x8!th

1~x8!th~x!1H.c.#. ~15!

Taking the mean-field expectations and using the relation
Eq. ~5!, we get

Hm5(
q

@Eb~q,u!ta
1~q!ta~q!1H.c.#

1(
kq

f ~k,q!ta
1~k!ta~k2q!, ~16!

where

Eb~q,u!5@x2cos~2u!#g~q!, ~17!

f ~k,q!5sin~2u!$@g~k2q!u~q!1g~k!v~q!#b~q!

1@g~k!u~q!1g~k2q!v~q!#b1~2q!%. ~18!

Given the Hamiltonian composed of Eq.~10! and Eq.~16!,
we can calculate the dynamic spin correlation function,

G~x,t !52 i ^FuT@ ta~x,t !b1~x,t !ta
1~0,0!b~0,0!#uF&. ~19!

Taking the mean-field value onb and using the self-
consistent perturbation which sums only noncrossing d
grams, we obtain the following Dyson’s equation:

G~k,v!5
cos2~u!

v2E0~k,u!2(
q

F~k,q,u!G„k2q,v2e~q!…

,

~20!

where
10050
e

of

-

F~k,q,u!5sin2~2u!ug~k2q!u~q!1g~k!v~q!u2. ~21!

In this approximation, the vertex is neglected, which is sm
according to the calculation in Ref. 15 for the single-ho
problem. We numerically solve the above integral equatio
to obtain the spectrum,A(k,v)52(1/p)G(k,v), and in
particular the minimum position of the dispersion in th
broad range of parameters. We first observe that the b
dispersion of magnon,Eb(k), can be removed in Eq.~20! by
shifting v. Moreover, ify is large, it is better to rescalee(q)
in numerical calculation, which can narrow the energy ran
required to find a solution. Combining these two obser
tions, the numerical convergence is rather fast.

Throughout the numerical calculation, a sharp coher
peak is found in all momentum space. The spectral funct
can be generally written as

A~k,v,u,y!5cos2~u!Z~k,u,y!d„v2V~k,u,y!…1A8 ~22!

where A8 is the incoherent part andV(k,u,y) defines the
energy dispersion. From our numerical result, we find t
the energy dispersion,V, can be written as

V~x,k,u,y!5V0~x,0,u,y!1@Eb~k,u!2Eb~0,u!#

2dV~k,u,y!, ~23!

where the first term is the energy atk5(0,0), the second one
is the bare dispersion, and the third is the relative ene
shift contributed by fluctuation correction. Based on the sy
metry of our model,dV(k,r,y)5dV(k,12r,y). We find
thatdV(k,u) fits very well a product of two separated fun
tions, h(u,y) and g(k), whereh(u,y) is independent ofk.
Considering the symmetry of the lattice, we find the functi
g(k) can be well fitted to the following form:

g~kx ,ky!50.128@sin2~kx!1sin2~ky!#

10.054@cos~kx!2cos~ky!#2. ~24!

Thus, the minimum ofV can be analytically determined b
plugging Eq.~24! into Eq.~23!. The global minimum always
occurs along the diagonal (p,p) direction. However, along
the (p,0) direction, there is a local minimum. The global an
local minimum positions start to shift from (0,0) at a com
mon critical densityr I which is approximately determine
by the equation

cos~2u I !20.512h~u I ,y!2x50. ~25!

In Fig. 2, we show the global minimum position, (km ,km),
and local minimum, (km,0), as the function of the density. I
Fig. 3, we also show the full dispersion of thep mode at the
densityr50.4.

There is another important density in the problem. With
the pSO~5! model, the uniform SC state can only exist f
densities exceedingrc . Ignoring small quantum corrections
rc is given by

rc5
r 2ds10.5~12x!

0.5y1r 11
, ~26!
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wherer 5Js /(Js1V) andds5Ds /(Jsz1Vz). Therefore, de-
pending on the parameters,r I could be larger or smaller tha
rc . For example, atx50, y50.5, andr 50.25, rc.r I for
ds,0.3 andrc,r I for ds.0.3. At r50, we have a pure AF
state, while forr.rc , we have a pure SC state. In the i
termediate density regime where 0,r,rc , a mixed state
between the AF and SC state is obtained. If the transi
from the pure SC state to the mixed state is of second or
our theory can actually predict the nature of the mixed st
The second-order transition usually occurs through a ‘‘mo
softening’’ mechanism. Ifr I.rc , the lowest energy mag
netic fluctuations are commensurate at the transition, th
fore, a uniform mixed state between commensurate AF
SC is obtained. On the other hand, ifr I,rc , the lowest
magnetic excitations are incommensurate at the transitio
mixed state of incommensurate AF and SC is obtained. S
a state can alternatively be interpreted as a stripe state.
nomenologically, the Y-Ba-Cu-O materials of highTc super-
conductors seem to fall into the first class, while the La-
Cu-O materials seem to fall into the second class.

Finally we would like to compare our results with tw
classes of theory of thep resonance, one based on t
particle-particle picture2,1 and the other based on the particl
hole picture.16 Since all calculations are carried out in the S
state, where these two channels mix, distinctions can onl
made meaningfully by comparing the final physical pred

FIG. 2. The minimum momentum positionkm as the function of
densityr at parametersx50, y50.5. The solid line reflects (p,p)
direction and dashed line represents (p,0) direction@we have made
a shift back (0,0) to (p,p) in all figures in this paper#.
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tions. In this work, the intensity of the peak is determined
cos2(u)Z(k,u), whereZ(k,u) is basically independent of th
density parameteru. Therefore, the intensity of the magnet
collective mode is cos2(u)512r5u^n1&u2/r, where^n1& is the
SC order parameter. This result agrees exactly with the
diction of the particle-particle picture.2,17 The energy of the
collective mode is independent of the SC energy gap, an
expected to be temperature independent. Both these pro
ties are in contrast with the predictions based on the parti
hole picture, where the mode intensity is insensitive to
SC order, and the mode energy is always less than the
pairing gap. The particle-hole based pictures16 can also ex-
plain the downward dispersion, however, the mode ter
nates at a certain wave vector due to Landau damping.
the other hand, our current work predicts a minimum in t
dispersion. The energy at the minimum is the spin gap in
system. Our present theory does not predict a sharp varia
of the intensity with respect to momentum. This is becau
we restricted ourselves to the single mode approximat
Scattering between these collective excitations is expecte
change the momentum dependence of the intensity. H
ever, a proper treatment of this effect is beyond the scop
the current paper.
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FIG. 3. The full dispersion ofp mode,Ep , as a function of
kx ,ky at density r50.4 with the parametersx50, y50.5, z
50.5, ds51.
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