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The Luttinger liquid kink
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Spin-charge separation in the one dimensional electron gas should give rise to two peaks in the sin-
gle hole spectral function. However, unambiguous detection of these two peaks has proven difficult,
since the combined effects of interactions, thermal broadening, and finite experimental resolution
can suppress the spin peak. Nevertheless, a telltale kink in the dispersion remains, and the system-
atic temperature dependence of this kink can be used to detect spin-charge separation. Although
the two peaks separate at higher binding energies, interactions and temperature strongly suppress
the spin peak for repulsive interactions. As a result, the measured peak will disperse with the charge
velocity at high energy. This gives rise to a kink in the effective electronic dispersion as derived
from measured spectral functions.

PACS numbers: 71.10.Pm,79.60.-i,71.27.+a

One of the most dramatic consequences of confining
electrons to one spatial dimension is the prediction of
spin-charge separation. That is, due to many-body in-
teractions the electron is no longer a stable quasiparticle,
but decays into separate spin and charge modes [1, 2, 3].
A direct experimental observation of spin-charge sepa-
ration has proven difficult although evidence for Lut-
tinger liquid behavior has been reported in many 1D
systems, via, e.g., a suppression of the density of states
near the Fermi level in ropes of carbon nanotubes[4] or
power law behavior in the conductance vs. temperature
in edge states of the fractional quantum Hall effect[5, 6]
and carbon nanotubes[7]. Until now, very limited direct
evidence for spin-charge separation has been reported.
Tunneling measurements later provided evidence for ex-
plicit spin-charge separation in 1D systems, via real-
space imaging of Friedel oscillations using scanning tun-
neling microscopy on single-walled carbon nanotubes[8]
and momentum- and energy-resolved tunneling between
two coupled quantum wires[9], both of which observed
multiple velocities indicative of spin-charge separation.
More direct evidence of spin-charge separation would
be to measure separate spin and charge dispersions in
a single-particle spectral function.[10] Despite much ef-
fort in this area, this has only been achieved recently
in an unambiguous way in the Mott-Hubbard insulator
SrCuO2.[10] Other claims of the detection of separately
dispersing spin and charge peaks with ARPES[11, 12]
have been overturned[13, 14], or lack independent verifi-
cation of the spin and charge energy scales.[15]

Part of the difficulty in directly measuring spin and
charge dispersions through measurements proportional
to the single particle spectral function is that within Lut-
tinger liquid theory, the spinon branch is muted com-
pared to the holon branch. Finite temperature and ex-
perimental resolution only compound the problem, mak-
ing direct detection of the spinon branch in, e.g., angle-
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FIG. 1: (Color online) Schematic diagram of peak broaden-
ing due to interactions and finite temperature in the Luttinger
liquid spectral function. The dotted lines denote the zero tem-
perature dispersion tracking the charge part with velocity vc

and the spin part with velocity vs. At T 6= 0, the peaks be-
come thermally broadened as indicated by the shaded regions.
In this case the effective dispersion now tracks the solid red
line, so that the low energy part tracks the sum of the two
broad spin and charge peaks, resulting in a low energy veloc-
ity vl which is between the spin and charge velocities. Note
the high energy dispersion is parallel to the charge part but
displaced, an effect due to finite temperature and interactions.
This results in the high energy part extrapolating back to a
value kex 6= kF .

resolved photoemission spectroscopy (ARPES) difficult.
In this Letter, we show how spin-charge separation can
nevertheless be detected via the systematic temperature
dependence of a kink in the electronic dispersion, even in
cases where the spin peak is not directly resolvable.

Although the electron is not an elementary excitation of
the Luttinger liquid because it is unstable to spin-charge
separation, an effective electronic dispersion may still be
defined by the existence of (generally broad) peaks in the
spectral function. At zero temperature in one dimension,
there are two sharp peaks in the electronic spectral func-
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tion, one dispersing at the velocity vs of the collective
spin modes (spinons) and the other at the velocity vc

of the collective charge modes (holons)[16, 17]. How-
ever, at finite temperature, the spin and charge peaks
are broadened, as shown schematically in Fig. 1. At low
binding energy, this causes the two to merge into one
broad peak with a dispersion which lies between the spin
velocity vs and the charge velocity vc. Although the two
peaks separate at higher binding energies, interactions
and temperature strongly suppress the spin peak for re-
pulsive interactions. As a result, the dominant (and most
easily measurable) peak will disperse with the charge ve-
locity at high energy. This gives rise to a kink in the
effective electronic dispersion. Since the Luttinger liq-
uid is quantum critical, the kink energy scales linearly
with temperature, Ekink ∝ a(r, γc)T , where a is a func-
tion of the velocity ratio r = vs/vc and the interac-
tion strength γc = 1

8
(Kc + K−1

c − 2) where Kc is the
charge Luttinger parameter. For γc = 0.15 − 0.30 and
r = 0.2 − 0.4, the range of a is a = 3.3 − 3.9. The kink
is stronger for lower values of r, but diminishes again
for strong enough interaction strength. Moreover, the
high energy linear dispersion extrapolates to the Fermi
energy at a wavevector kex 6= kF which is shifted from
the Fermi wavevector by an amount which scales linearly
with temperature. Recently explicit analytic expressions
for correlation functions in the Tomonaga-Luttinger liq-
uid at finite temperature were obtained under various
conditions[18]. We consider here the single hole spectral
function, A<(k, ω), since it is directly proportional to the
intensity observed in ARPES experiments. In the spin-
rotationally invariant case, the finite-temperature single
hole spectral function[18] may be written in terms of the

scaled variables k̃ = vsk
πT

and ω̃ = ω
πT

with the Boltzmann
constant kB = 1,

A<(k̃, ω̃) ∝

∫

∞

−∞

dq h 1

2

(k̃ − 2rq)×

hγc+
1

2

[

ω̃−k̃
2

+ (1 + r)q

]

hγc

[

ω̃−k̃
2

− (1 − r)q

]

(1)

where r = vs/vc is the ratio between the spin velocity and
the charge velocity and hγ is related to the beta function,

hγ(k) = ℜe

[

(2i)γB

(

γ − ik

2
, 1 − γ

)]

. (2)

The charge interaction strength γc is related to the charge
Luttinger parameter Kc by γc = 1

8
(Kc + K−1

c − 2), i.e.

γc = 0 in the noninteracting case, and γc increases with
increasing interaction strength. Because of spin rotation
invariance, we use Ks = 1 and γs = 0.

In order to define a single-hole dispersion, we use mo-
mentum distribution curves (MDC’s), i.e. the single hole
spectral function A<(k, ωo) considered as a function of k
at a given value of the frequency ωo. The dispersion is
identified by the position ko = ko(ωo) of the maximum

(a) A<(k, ω) at γc = 0.15
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FIG. 2: (Color online) Intensity of the spectral function
A<(k, ω) and effective dispersions at an interaction strength
γc = 0.15. (a) The intensity of A<(k, ω) is shown for three
different ratios of the spin to charge velocity, r = 0.2, 0.3, and
0.4. The black lines are the effective electronic dispersions de-
rived from MDC peaks, as described in the text. The dashed
line in the first panel shows that the high energy part of the
dispersion does not extrapolate back to the Fermi wavevector,
kF . (b) Comparison of the dispersions at different values of
the velocity ratio, r = 0.2, 0.3, and 0.4. In all cases the spin
velocity vs = 1eV-Å and the temperature kBT = 14meV .

of A<
max(k, ωo) with respect to k. This gives an implicit

equation for the effective single hole dispersion ωo(ko).
This method gives a more reliable definition of the ef-
fective dispersion than using energy distribution curves
(EDC’s), i.e. the spectral function considered as a func-
tion of frequency at a given momentum ko, A<(ko, ω).
Whereas EDC’s can become quite broad with increas-
ing interaction strength, MDC’s are always sharp due to
kinematic constraints,[19] so that there is less experimen-
tal uncertainty in identifying the location of a peak in the
MDC.

Fig. 2(a) shows representative intensity plots of the spec-
tral function, A<(k, ω). In the figure, we have used
an interaction strength γc = 0.15, temperature kBT =
14meV, and velocity ratios r = 0.2, 0.3, and 0.4. Fig 3
shows the corresponding MDC’s for r = 0.2, plotted as a
function of momentum k at a few representative energies.
The red triangles show the position of the maximum of
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FIG. 3: (Color online) MDC’s for γc = 0.15. The spin velocity
vs = 1eV-Å and the temperature kBT = 14meV . The ratio
of spin to charge velocity is r = 0.2.

the MDC curves. The resulting effective dispersion is de-
noted by the solid black lines in Fig. 2(a). As is evident
from the figure, the dispersion is linear as expected at
low energy and also at high energy, but with different
velocities. This gives rise to a “kink” in the dispersion,
i.e. a change in the effective velocity. While at zero tem-
perature, there are two well-defined peaks in the MDC’s,
one dispersing with the charge velocity and the other
with the spin velocity, when the temperature is finite,
the width of these MDC peaks is thermally broadened.
(See Fig. 1.) At low energies and finite temperatures, the
sum of the two broad peaks is itself one broad peak, as
can be seen in panels (a)-(c) in Fig. 3, and the maximum
in the MDC will track a velocity vl which is between the
spin and charge velocities, vs < vl < vc. At high enough
energies, the temperature broadened singularities due to
the spin and charge part become sufficiently separated,
and the spin peak is sufficiently muted, that the MDC
peak tracks the charge velocity. The separation of the
muted spin peak from the stronger charge peak can be
seen in panels (d) and (e) of Fig. 3. In panels (f)-(i), the
charge and spin peaks have moved sufficiently apart that
the peak in the MDC will track the charge part. Aside
from the presence of a kink in the effective dispersion, the
position of the high energy linear dispersion is another
signature of Luttinger liquid behavior. In Fig. 2(a), the
dotted line is an extrapolation of the high energy linear
part of the effective dispersion back to the Fermi energy.
As can be seen from the figure, the dotted line extrapo-
lates to E = EF at a wavevector kex = kF + α(r, γc)T
which is shifted from the Fermi wavevector by an amount
which scales linearly with temperature.

Fig. 2(b) shows the effective dispersion for each of the
three values of r, overlaid for comparison. As one might
expect, as r → 1, the kink vanishes, since then the charge
and spin pieces disperse with the same velocity. As r is
decreased, so that now vc > vs, a kink appears, and
strengthens as r is further decreased. One can see the
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FIG. 4: (Color online) Temperature variation of the effective
dispersion. The temperature varies from kBT = 4meV to
kBT = 14meV, starting from the lower curve and moving to
the upper curve. The interaction strength γc = 0.15, the spin
velocity vs = 1eV-Å, and the ratio of spin to charge velocity
r = 0.3.

general features that the low energy part disperses with
a velocity vl which is between the spin and charge ve-
locities, vs < vl < vc, and that the high energy part
disperses with the charge velocity. However, this high en-
ergy dispersion extrapolates back to the Fermi energy at
a wavevector kex 6= kF . At higher interaction strengths,
EDC’s broaden significantly, so that kex is smaller and
the kink diminishes in strength. However, Ekink moves
to deeper binding energy as the interaction strength is
increased.

In Fig. 4 we show how the effective dispersion changes
with temperature. Because the Luttinger liquid is quan-
tum critical, the spectral function has a scaling form, and
the only energy scale in the dispersion is the temperature
itself. As a result, the kink energy depends linearly on
the temperature, Ekink ∝ T . As can be seen in the fig-
ure, varying only the temperature merely moves the kink
to deeper binding energy, leaving the low energy velocity
vl (and therefore the strength of the kink) unchanged.
in addition, as temperature is increased, the high energy
part extrapolates back to the Fermi energy at a higher
value of kex.

Up until now, we have studied the Luttinger kink in
a phenomenological manner, allowing γc and r to vary
independently of each other. It is also useful to con-
sider the systematics of the kink strength and energy
within the context of a microscopic model. As an ex-
ample, we show in Fig. 5 results for a Luttinger liquid
derived from an incommensurate repulsive 1D Hubbard
model. We take the density to be away from half filling,
n = 0.3. For a given value of U/t, renormalized val-
ues of γ∗

c and r∗ are taken from Ref. [20], where Bethe-
ansatz was used to find the renormalized values of K∗

c ,
v∗c , and v∗s . In Fig. 5, we show the intensity plots of
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(a) A<(k, ω) as U varies
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FIG. 5: (Color online) Intensity of the spectral function
A<(k, ω) and effective dispersions for U = 16, 8, and 4 in
units of the hopping integral t. The density n = 0.3. (a)
The intensity of A<(k, ω). The black lines are the effective
electronic dispersions derived from MDC peaks, as described
in the text. (b) Comparison of the dispersions at different
values of U/t. In all cases the spin velocity vs = 1eV-Å and
the temperature kBT = 14meV .

the spectral function along with the effective dispersion,
for the values U/t = 16, 8, and 4 of the repulsive Hub-
bard model. This corresponds to renormalized values of
γ∗

c = 0.05, 0.04, 0.02, and r∗ = 0.1, 0.2, 0.4, respectively.
Upon increasing the Hubbard interaction strength U , the
strength of the kink is enhanced due to the change in the
renormalized velocity ratio r∗. Notice that in this case,
the kink is more pronounced, and there is a sharper dis-
tinction between the low energy and high energy linear

parts.

It is worth noting that behavior reminiscent of this
physics was recently reported in ARPES experiments
on the quasi-one-dimensional Mott-Hubbard insulator
SrCuO2.[10] Being an insulating material, SrCuO2 is
gapped, whereas the Luttinger spectral functions pre-
sented here are not. Nevertheless, the effective disper-
sion (measured by EDC’s) shows a single peak at energies
close to the gap, which then separates into two peaks at
higher binding energy.

In conclusion, we have shown the existence of a
temperature-dependent kink in the effective electronic
dispersion of a spin-rotationally invariant Luttinger liq-
uid, due to spin-charge separation. At low energies, the
effective dispersion is linear, with a velocity between the
spin and charge velocities, vs < vl < vc. At high ener-
gies, the MDC peak disperses with the charge velocity.
Because the Luttinger liquid is quantum critical, the kink
between the high energy and low energy behavior has an
energy set by temperature, Ekink ∝ T . In addition, the
high energy dispersion extrapolates back to the Fermi en-
ergy at a wavevector kex 6= kF which is shifted from the
Fermi wavevector by an amount which is proportional to
temperature. As interactions are increased, the kink di-
minishes in strength, and moves to higher binding energy.
In cases where finite temperature and interactions along
with experimental uncertainties obscure the detection of
two separate peaks in the dispersion, the kink analysis
presented here can be used as a signature of spin-charge
separation in Luttinger liquids.
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