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Collective excitations at the boundary of a four-dimensional quantum Hall droplet

Jiangping Hu and Shou-Cheng Zhang
Department of Physics, Stanford University, Stanford, California 94305
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In this work we investigate collective excitations at the boundary of a recently constructed four-dimensional
~4D! quantum Hall state. Local bosonic operators for creating these collective excitations can be constructed
explicitly. Massless relativistic wave equations with helicityScan be derived exactly for these operators from
their Heisenberg equation of motion. For theS51 andS52 cases these equations reduce to the free Maxwell
and linearized Einstein equations respectively. These collective excitations can be interpreted as hydrodynami-
cal modes at the boundary of the 4D quantum Hall effect droplet. Outstanding issues are critically discussed.
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The two-dimensional quantum Hall liquid state1 provided
us with much insight into the novel and surprising organi
tion principles of matter. Recently a four-dimensional qua
tum Hall liquid state has been constructed2. The system con-
sists of nonrelativistic fermions moving on a fou
dimensional sphereS4, interacting with a background SU~2!
gauge field. The gauge field is created by the SU~2!
monopole,3,4 which can be obtained by a conform
transformation5,6 of the Belavin-Polyakov-Schwartz-Tyupki
instanton7 in the four-dimensional~4D! Euclidean space. The
fermions are in theI th representation of the SU~2! gauge
field, and all eigenstates form irreducible representation
the SO~5! group, which is the isometry group of the fou
sphere. In the lowest SO~5! or generalized Landau level, th
ground-state degeneracy isD(p)5 1

6 (p11)(p12)(p13),
with p52I . The simplest many-body system to consider
when the filling factorn5N/D(p)51.

A surface boundary can be introduced in a fashion sim
to the edge states of the 2D quantum Hall effect~QHE!,8–11

by applying a confining potentialV(x5), which confines the
fermions in a region close to the north pole. The resulting
surface of the 4D QHE droplet can be visualized in a w
similar to a Fermi surface, but with 2I 11 distinct copies in
real space, one for each isospin direction of the underly
fermions~see Fig. 1 for an illustration!. Elementary excita-
tions of this 4D QHE droplet can be described in differe
ways. In principle, the fermion operators offer a full descr
tion of the excitations. On the other hand, we are also in
ested in finding a particular class of particle-hole excitatio
defined bylocal bosonic particle-hole operators, which d
scribe hydrodynamical distortions of the droplet surfa
Since there are 2I 11 different copies of the droplet surfac
we expect 2I 11 different hydrodynamical modes. In the 2
QHE, these two descriptions are fully equivalent to ea
other, thanks to the bosonization in 111 dimensions. In our
case, because of the higher dimensionality, there are
other, fermionic excitations besides the hydrodynami
modes. A key finding of our work is that these collecti
excitations can be created bylocal bosonic operators which
obey massless relativistic wave equations with helicity
<S<I . In the case ofS51 andS52, these relativistic wave
equations are exactly free Maxwell and linearized Einst
equations, respectively.
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However, it should be warned that these relativis
bosons are noninteracting at the current level, and their
teractions with each other and with the fermionic part of t
4D QHE droplet need to be carefully studied in the futu
On the other hand, our experience with the zero-sound m
in the ordinary Fermi liquid teaches us that the hydrodyna
cal modes are usually highly robust against both interacti
and reorganization of the Fermi sea. For example, whe
superconducting gap opens up in the single-particle Fe
spectrum, the collective sound mode is completely un
fected by this dramatic reorganization. For this reason,
shall concentrate on the collective modes first and add
the fermionic parts of the excitations at a later stage. In fa
we believe that there are many possible quantum liq
phases in this model, and only after a proper reorganiza
of the Fermi spectrum can a fully relativistic theory be o
tained in the low-energy sector.

Our findings might be important for the idea that massl
relativistic particles can be composite, rather than elem
tary. If one starts from a relativistic system, the Weinbe
Witten theorem12 states that it is not possible to describe
higher-helicity particle withS.1 as a composite object. In
our case, we actually start from noninteracting, nonrelativ
tic fermions, where this theorem does not apply. Howeve

FIG. 1. An illustration of the boundary surface of a 4D QH
droplet. There is one surface for every isospin direction, indica
by an arrow.
©2002 The American Physical Society01-1



ou
fo

nt
d

e
e

em

a

o

re

is
c
n
it

es
he
fi

e
ll

ng

te
t

2
e
a
e

s

rd

th
e
s
u-

the
the
s in
ole
a-

dis-
ns

ally

ith
re-
ar-
on-
in-
ld.
rely
ave
ro

ul-
s as
eep

of
ac-
d-
we

or

JIANGPING HU AND SHOU-CHENG ZHANG PHYSICAL REVIEW B66, 125301 ~2002!
is counter to our intuition that one can form a bound state
of noninteracting particles. The basic argument runs as
lows. Let us consider a particle-hole operator

rq,k5cq/21k
† c2q/21k

5(
x,y

ei (q/21k)xe2 i (2q/21k)ycx
†cy

5(
Z,z

eiqZeikzcZ1z/2
† cZ2z/2 , ~1!

whereq andk are the center-of-mass and relative mome
respectively.x andy label the coordinates of the particle an
hole, while Z5(x1y)/2 andz5x2y label their center-of-
mass and relative positions. This operator is an exact eig
operator of the noninteracting Hamiltonian, which satisfi
the equation of motion ] trq,k5(eq/21k1e2q/21k)rq,k ,
wheree(q) is the energy of a plane-wave state. The probl
is that this operator is notlocal. From Eq.~1! one can see
that this state is constructed from a particle-hole pair with
relative positionsz, each with equal weightueikzu51. There-
fore, this operator does not create alocal or particlelike ex-
citation in the system. One can form a local operatorr(Z)
5(q,ke

iqZrq,k , but the problem is that this operator does n
propagate at a well-defined energy, since differentk compo-
nents carry different energies. Therefore, if one initially c
ates a local excitation atZ by using ther(Z) operator, the
wave packet will spread over time, until all energies are d
sipated. For this reason it is impossible to construct any lo
bosonic operators which obey well-defined wave equatio
It is of course possible to construct such local operators w
well-defined dispersion in an interacting system, but th
operators in general do not have well-defined, nontrivial
licities. Throughout this work, we use the conventional de
nition of the helicity asS"qÕzqz, whereS is the spin rotation
operator andq is the linear momentum. A special form of th
spin-orbit coupling is required to construct states with we
defined helicities. The special form of the spin-orbit coupli
is the central point of this paper.

The above argument breaks down if the fermionic sta
are not ordinary plane-wave states, but eigenstates of
SU~2! magnetic translation group

@Xm ,Xn#54i l 0
2hmn

i I i

I
, ~2!

which is the central algebraic structure identified in Ref.
Throughout this paper, we shall use notations and conv
tions introduced in Ref. 2. In particular, in the above equ
tion, Xm denotes the coordinate of a particle, expand
around the north poleX55R of the four-sphereS4 with ra-
diusR. Because of this structure, one can construct a clas
extremal dipole operators, which arelocalizedto the maxi-
mal possible extent in the three-dimensional relative coo
natesX1 ,X2 ,X3 of the particle and hole, butstretchedto the
maximal possible extent in the relative coordinate in
fourth dimensionX4; see Fig. 2 for an illustration. Thes
dipoles are closely analogous to the particle-hole dipole
the 2D QHE.10,13–15Even though the particles are not mut
12530
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ally interacting, a bound state can be formed because
force due to the confining potential is counterbalanced by
Lorentz force when the dipole is propagating. Edge state
the 2D integer QHE can be understood in terms of this dip
picture.10 In that case, the dipole description is fully equiv
lent to the hydrodynamical description.9 In our case, only the
extremal dipole states correspond to the collective shape
tortion at the boundary; there are other fermionic excitatio
are the boundary as well. We shall prove a mathematic
precise result which states that theselocal operators obey
exactly the massless relativistic bosonic wave equations w
helicity S. For theS50,1, and 2 cases, these equations
duce to the Klein-Gordon, the free Maxwell, and the line
ized Einstein equations, respectively. In this case, the n
trivial helicities are obtained because of the underlying sp
orbit coupling imposed by the background monopole fie
At this stage, this result should be considered as a pu
mathematical statement that these free relativistic w
equations can be derived from a single nonrelativistic Sch¨-
edinger equation. On the other hand, in view of the diffic
ties with other approaches mentioned above, we view thi
an interesting and remarkable result. It also reveals the d
algebraic structure encoded in Eq.~2!, which we are just
beginning to understand. The full physical significance
this kinematic result can only be understood when inter
tions are fully considered, and we will comment on outstan
ing problems towards the end of this paper. In this paper,
shall follow the notations and conventions of Ref. 2.

We parametrize the four sphereS4 by the following coor-
dinate system:

x15sin u sin
b

2
sin~a2g!, ~3!

x252sinu sin
b

2
cos~a2g!, ~4!

x352sinu cos
b

2
sin~a1g!, ~5!

FIG. 2. An illustration of the extremal dipole configuration. F
a given center-of-mass momentumq, the dipole separation in the
extra dimension is given byql0

2. Here, SO~4! quantum numbers of
the particle and hole are also indicated.DX denotes the dipole
separation perpendicular to the three-dimensional momentum.
1-2
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x45sinu cos
b

2
cos~a1g!, ~6!

x55cosu, ~7!

where u,bP@0,p) and a,gP@0,2p). The direction of the
isospin is specified bya I ,b I and g I . In the lowest SO~5!
level the kinetic energy is constant and can be taken to z
The Hamiltonian is simply given by the confining potentia

H5cR(̂
m&

~m31m42m12m2!c^m&
† c^m& , ~8!

where ^m&5^m1 ,m2 ,m3 ,m4&, (ama5p, and c^m&
† creates

a state in the lowest SO~5! level. The single-particle wave
function for the^m& state is given by

C
k1zk2z

k1 ,k2 ,I z8~u,a,b,g,a I ,b I ,g I !

5 f k1 ,k2
~u!Gk1z ,k2z

k1 ,k2 ,I z8~a,b,g,a I ,b I ,g I !, k11k25I , ~9!

where

f k1 ,k2
~u!5~21!k12k2~2I 213I 11!

3F ~ I 11!~2I !!

~2k1!! ~2k211!! G
1/2 ~11cosu!2I 13/22k1

sinu~12cosu! I 11/22k1

~10!

and

G
k1z ,k2z

k1 ,k2 ,I z8~a,b,g,a I ,b I ,g I !

5(
mIz

^k1 ,m;I ,I zuk2 ,k2z&

3Dm,k1z

k1 ~a,b,g!DI z ,I
z8

I
~a I ,b I ,g I !. ~11!

Here ^k1 ,m;I ,I zuk2 ,k2z& are the Clebsch-Gordon coeffi
cients, and

Dm,k
k1 ~a,b,g!5^k1 ,mue2 iaSze2 ibSye2 igSzuk1 ,k& ~12!

is the standard SU~2! representation matrix for the Eule
anglesa,b,g andSx ,Sy ,Sz are the standard SU~2! spin ma-
trixes in representationk1. Because the SU~2! group mani-
fold and the three-sphereS3 are isomorphic, it can also b

viewed as the spherical harmonics onS3. Here G
k1z ,k2z

k1 ,k2 ,I z8

forms a representation of the SO~4! group, which is the natu-
ral isometry group on the boundary sphereS3. It satisfies the
following differential equations:

K̂1
2G

k1z ,k2z

k1 ,k2 ,I z85k1~k111!Gk1z ,k2z

k1 ,k2 ,I z8 ,

K̂2
2G

k1z ,k2z

k1 ,k2 ,I z85k2~k211!Gk1z ,k2z

k1 ,k2 ,I z8 ,
12530
o.

Î 2G
k1z ,k2z

k1 ,k2 ,I z85I ~ I 11!Gk1z ,k2z

k1 ,k2 ,I z8 ,

K̂1zGk1z ,k2z

k1 ,k2 ,I z85k1zGk1z ,k2z

k1 ,k2 ,I z8 ,

K̂2zGk1z ,k2z

k1 ,k2 ,I z85k2zGk1z ,k2z

k1 ,k2 ,I z8 , ~13!

where K̂1i5
1
2 (L̂ i1 P̂i) and K̂2i5

1
2 (L̂ i2 P̂i)1 Î i are SO~4!

generators withL̂ i52 i e i jkxj]k and P̂i52 i (x4] i2xi]4).
The relationship between the^m& quantum numbers and th
SO~4! quantum numbers (k1 ,k2) are given by

k15
m31m4

2
, k25

m11m2

2
. ~14!

G
k1z ,k2z

k1 ,k2 ,I z8 , as given in Eq.~11!, is the most general solution t

the differential equations~13!. The isospin direction can be
normally specified by two anglesa I and b I . Here we fol-
lowed the trick first introduced in Ref. 7 which embeds t
SU~2! isospin gauge group into a SO~4! gauge group, so as
to make the spatial and isospin parts fully symmetric. T
trick is not necessary, but it makes our discussion most g
eral. At the end of our calculations we will project back
thea I andb I angles only. In this sense,I z8 is simply a gauge
index. Different values ofI z8 solve the same differentia
equations~13! and correspond to the same physical state
we takeI z85I in Eq. ~13! and using the correspondence r
lation ~14!, this single-particle wave function reduces exac
to the coherent states in Ref. 2. The functionf k1 ,k2

(u) local-

izes the fermion on a given latitudex5, which is given by
px55m11m22m32m4.

We now form the particle-hole operator

r̂~u,a,b,g,a I ,b I !

5 (
^m&,^m8&

C̄

m11m2

2 ,

m12m2

2 ,

m31m4

2
m32m4

2

~u,a,b,g,a I ,b I ,g I !

C

m
181m

28
2 ,

m
182m

28
2 ,

m
381m

48
2

m
382m

48
2

~u,a,b,g,a I ,b I ,g I !c^m&
1 c^m8& , ~15!

where C (m12m2)/2, (m32m4)/2
(m11m2)/2, (m31m4)/2(u,a,b,g,a I ,b I ,g I) is the

single-particle wave function given by Eq.~9!. Although the
single-particle wave function depends ong I , r̂ does not.
This particle-hole operator is basically similar to Eq.~1!; the
only difference is that the single-particle eigenstates are
ordinary plane waves. Just as in Eq.~1!, we are going to
perform a series of transformations from the single-parti
coordinates to center-of-mass and relative coordinates. S
1-3
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SO(4)5SU(2)3SU(2), themathematical tools for accom
plishing this task is the standard angular momentum addi
and decoupling. Because all single-particle eigenstates
also eigenstates ofx5, we first transform into the center-of
mass and relative coordinatesq andn in thex5 direction, by
performing the following substitution of variables:

m15
p

4
1

q

2
1

n

2
1k1z , m25

p

4
1

q

2
1

n

2
2k1z ,

m35
p

4
2

q

2
2

n

2
1k2z , m45

p

4
2

q

2
2

n

2
2k2z ,
12530
n
re

m185
p

4
1

q

2
2

n

2
1k1z8 , m285

p

4
1

q

2
2

n

2
2k1z8 ,

m385
p

4
2

q

2
1

n

2
1k2z8 , m485

p

4
2

q

2
1

n

2
2k2z8 ,

wherek1z ,k2z ,k1z8 , andk2z8 are SO~4! quantum numbers.
The energy of the particle-hole pair is given by the dipo

separation along thex5 direction. E^m&,^m8&52cn/R. With
this transformation, the particle-hole operator now takes
following explicit form:
rs
r̂~u,a,b,g,a I ,b I !5(
n,q

gq,n~u! (
k1z ,k2z ,k1z8 ,k2z8

cp,q,n,k1z ,k2z

† cp,q,n,k
1z8 ,k

2z8

(
m K p

4
2

q1n

2
,m;

p

2
,~k2z2m!Up4 1

q1n

2
,k2zL D2m,2k1z

p/42(q1n)/2~a,b,g!D2(k2z2m),2sz

p/2 ~a I ,b I ,g I !

(
m8

K p

4
2

q2n

2
,m8;

p

2
,~k2z8 2m8!Up4 1

q2n

2
,k2z8 L Dm8,k

1z8
p/42(q2n)/2

~a,b,g!Dk
282m8,sz

p/2
~a I ,b I ,g I !, ~16!

where

gq,n~u!5~21!p22p~p! !~p12!2~p11!2S p

2
11D sin22~u!~11cosu!p12F11cosu

12cosuGq11

3F 1

S p

2
2q2nD ! S p

2
2q1nD ! S p

2
1q1n11D ! S p

2
1q2n11D ! G 1/2

and sz is a gauge index similar toI z8 discussed earlier. To obtain the particle-hole operator which is independent ofsz , we
define the projection

r̂~u,a,b,g,a I ,b I !5(
S

K p

2
,~2sz!;

p

2
,szUS,0L r̂S~u,a,b,g,a I ,b I !. ~17!

HereS is the isospin of the combined particle-hole pair andr̂S is independent ofsz . We now need to transform the operato
into a basis with well-defined center-of-mass momentum along the boundaryS3. Let ap,q,n,T1t1z ,T2t2z

be a particle-hole

operator with total SO~4! quantum numbers (T1t1z ,T2t2z), which is defined as

ap,q,n,T1t1z ,T2t2z
5 (

k1zk2zk1z8 k2z8
K S p

4
1

q1n

2 D ,2k2z ;S p

4
1

q2n

2 D ,k2z8 UT2 ,t2zL K S p

4
2

q1n

2 D ,

2k1z ;S p

4
2

q2n

2 D ,k1z8 UT1 ,t1zL cp,q,n,k1zk2z

† cp,q,n,k
1z8 k

2z8
. ~18!

The Clebsch-Gordon coefficients are only nonvanishing ifT1>n andT2>n. Reversing the expansion, we obtain

cp,q,n,k1zk2z

† cp,q,n,k
1z8 ,k

2z8
5 (

T1t1z ,T2t2z
K T2 ,t2zUS p

4
1

q1n

2 D ,2k2z ;S p

4
1

q2n

2 D ,k2z8 L K T1 ,t1zUS p

4
2

q1n

2 D ,

2k1z ;S p

4
2

q2n

2 D ,k1z8 L ap,q,n,T1t1z ,T2t2z
. ~19!

Using this operator, we can simplify the particle-hole operator to
1-4
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r̂S~u,a,b,g,a I ,b I !5 (
T1t1z ,T2t2z ,n

r̂T1t1z ,T2t2z ,n
S ~u,a,b,g,a I ,b I !, ~20!

where

r̂T1t1z ,T2t2z ,n
S ~u,a,b,g,a I ,b I !5S 4p

2S11D 1/2

GT1t1z ,T2t2z

S ~a,b,g,a I ,b I !(
q

gq,n~u! ~21!

3S S p

4
2

q1n

2
,
p

2D p

4
1

q1n

2
;S p

4
2

q2n

2
,
p

2D p

4
1

q2n

2
;~T1 ,S!T2Dap,q,n,T1t1z ,T2t2z

3GT1t1z ,T2t2z

S ~a,b,g,a I ,b I !5(
m

^T1 ,m;S,t2z2muT2 ,t2z&Dm,t1z

T1 ~a,b,g!Yt2z ,2m
S ~b I ,a I !,

~22!
ng

in

n
and
whereYsz

S (b I ,a I) is the SO~3! spherical harmonics and

S S p

4
2

q1n

2
,
p

2D p

4
1

q1n

2
;

S p

4
2

q2n

2
,
p

2D p

4
1

q2n

2
;~T1 ,S!T2D

is the transformation coefficient between two coupli
schemes of four angular momenta

S p

4
2

q1n

2
,
p

2
,
p

4
2

q2n

2
,
p

2D .

In the first coupling scheme,

S p

4
2

q1n

2
,
p

2D
couple to form

p

4
1

q1n

2
,

S p

4
2

q2n

2
,
p

2D
couple to form

p

4
1

q2n

2
,

and

S p

4
1

q1n

2
,
p

4
1

q2n

2 D
couple to formT2. In the second coupling scheme,

S p

4
2

q1n

2
,
p

4
2

q2n

2 D
couple to formT1,
12530
S p

2
,
p

2D
couple to formS, and (T1 ,S) couple to formT2. The follow-
ing formula is used in above derivation:

^ j ,n; j 8,n8uL,~n1n8!&DM ,n1n8
L

~A!

5 (
m,m8

^ j ,m; j 8,m8uL,M &Dmn
j ~A!Dm8n8

j 8 ~A!. ~23!

The transformation coefficient can be explicitly written
terms of the 9j symbol:16

S S p

4
2

q1n

2
,
p

2D p

4
1

q1n

2
;S p

4
2

q2n

2
,
p

2D p

4

1
q2n

2
;~T1 ,S!T2D

5F S p

2
1q1nD S p

2
1q2nD ~2T111!~2S11!G1/2

35
p

4
2

q1n

2

p

2

p

4
1

q1n

2

p

4
2

q2n

2

p

2

p

4
1

q2n

2

T1 S T2

6 . ~24!

GT1t1z ,T2t2z

S is the exact eigenfunction with SO~4! quantum

numbers (T1 ,T2), where the SO~4! generators are defined i
terms of the center-of-mass coordinates of the particle
the hole,T̂15(L̂1 P̂)/2 andT̂25(L̂2 P̂)/21Ŝ. Therefore, it
satisfies the following equations:

~ L̂21 P̂2!GT1t1z ,T2t2z

S 54T1~T111!GT1t1z ,T2t2z

S , ~25!
1-5
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~ L̂•Ŝ2 P̂•Ŝ!GT1t1z ,T2t2z

S

5@T2~T211!2T1~T111!2S~S11!#GT1t1z ,T2t2z

S .

~26!

At the boundary, we take a fixed value foru. In the limit of
largep, using the asympotic formula of the 9j symbol, one
can show that, up to a constant factor,

r̂T1t1z ,T2t2z ,n
S ~u,a,b,g,a I ,b I !

5GT1t1z ,T2t2z

S ~a,b,g,a I ,b I !e
2 l 0

2(n/R)2
b̂n,T1t1z ,T2t2z

,

~27!

where

b̂n,T1t1z ,T2t2z
5(qe2 l 0

2(q/R)2
âp,q,n,T1t1z ,T2t2z

.

We are now in a position to define the concept ofextremal
dipole operatorswithin the operators defined in Eq.~27!. In
general,T1>n and T2>n. Extremal dipole are these one
for which

T25T12S5n or T22S5T15n ~28!

with S50,1,2, . . . . For agiven pair (T1 ,T2), we choose the
smallest possible value ofS5uT12T2u. Higher values ofS
for a given helicity uT12T2u simply correspond to highe
derivatives of a fundamental field. Here (T1 ,T2) are the
physically observable quantum numbers; different poss
values ofS for a given pair (T1 ,T2) represent the same he
licity state. Since (T1 ,T2) is basically the momentumq
along the three-dimensional boundary andn is the dipole
distance along the extra fourth dimension, these opera
have a well-defined relationship between the momentumq
and the dipole distanceDx55uqu l 0

2. This is the maximally
allowed value of the dipole moment for fixedq. The time
evolution of these operators is given by the quantum m
chanical Heisenberg equation of motion

]

]t
r̂T1t1z ,T2t2z ,n

S 5 i @H,r̂T1t1z ,T2t2z ,n
S #52 i

2cn

R
r̂T1t1z ,T2t2z ,n

S .

~29!

Equations~25!, ~26!, ~28!, and~29! are the desired relativis
tic equations onS3.

One can also show explicitly that the extremal dipole co
structed above is well localized in the three-dimensional
ordinates (a,b,g) of the particle and hole. The localizatio
length is determined by the magnetic lengthl 0. To prove this
statement, let the coordinates of the particle be (a,b,g) and
the coordinates of the hole be (a1Da,b1Db,g1Dg). The
wave function of state (T1t1z ,T2t2z) now also depends on
the relative angles (Da,Db,Dg) between particle and hole
which is explicitly given byDmm8

p/42(q1n)/2(Da,Db,Dg). In
the limit of R→`, the amplitude is determined by the dia
onal term of the matrix which is proportional t

e(2p/8)(Db)2
}e2DX2/4l 0

2
, where DX is relative distance be

tween particle and hole in flat space. For the extremal dip
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states, the separation between the particle and hole in thX5

coordinate is given byuqu l 0
2, where linear momentum of the

pair is q in the three-dimensional flat space.
We now show that they reduce to the familiar massl

relativistic equations in the flat space limit, whereR→`, and
the three-sphere becomes the three-dimensional Euclid
space. We take flat space limit on Eqs.~25! and~26!. For the
extreme dipole operators, we define the wave functio
cS,1(x,t) and cS,2(x,t) to be the flat space limit of
Gn1Smz ;nnz

S , andGnmz ;n1Snz

S , respectively. In the flat spac

limit, we expand the operators around the north pole po
(0,0,0,R). Compared with the eigenvalues of the momentu
operatorP̂ andT1 ,T2, which are of the order ofR, the an-
gular momentum operatorsL̂ i and the fixed isospin valueS
are of the order of 1. Therefore,L̂ i and S(S11) vanish in
this limit. Equations~25! and ~26! then become

P̂2cS,6~x,t !5
Ê2

c2
cS,6~x,t !, ~30!

Ŝ

S
P̂cS,6~x,t !56ÊcS,6~x,t !56 i ] tcS,6~x,t !. ~31!

These are exactly the massless relativistic wave equat
with helicity S. The operatorŜ was originally introduced as a
differential operator with respect toa I and b I . But for a
given S, it can also be implemented as a (2S11)3(2S
11) matrix, acting on a (2S11) component tensor field.

Now we show that these two equations together
equivalent to the Maxwell equation in the case ofS51 and
the linearized Einstein equation in the case ofS52. When
S51, cS,6(x,t) is a vector denoted byfm

6(x,t), which sat-

isfies Ŝsfm
6(x,t)5 i emsafa

6(x,t). In the case ofS52,
cS,6(x,t) is a rank-2 symmetric traceless tensor denoted
fmn

6 (x,t), which satisfies Ŝsfmn
6 (x,t)5 i emsafan

6 (x,t)
1 i ensafma

6 (x,t). Thus they satisfy

@~Ŝ• P̂!22 P̂2#fm50, @~Ŝ• P̂!224P̂2#fmn50. ~32!

The above equations can be simplified to the following for

]m¹•f650, ]m~]gfgn
6 !1]n~]gfgm

6 !2
2

3
dmn]g]sfgs

6 50.

~33!

Since there is no constant source, the above two equat
are equivalent to

¹•f650, ]afam
6 50. ~34!

Together with Eq.~31!, which can be explicitly written for
by fm

6 andfmn
6 as

emab]afb
656

i

c
] tfm

6 ,

emab]afbn
6 1enab]afmb

6 562
i

c
] tfmn

6 , ~35!
1-6
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the above two equations give the complete free Maxw
equation and linearized Einstein equation.fm

6 is nothing but
the linear combinationEm6 iH m of the electric and magneti
fields. We can also introduce a vector potentialAm and a
symmetric tensor potentialhmn , respectively, to describe th
Maxwell and linearized Einstein equations. The explicit
lations between them are given by

fm
652

1

c
] tAm6 i emab]aAb , ~36!

fmn
6 52

1

c
] thmn6

i

2
~emab]ahbn1enab]ahmb!. ~37!

We have now shown that the extremal dipole operat
are local in space and satisfy massless relativistic equat
with well-defined helicities. In this precise sense, both
Maxwell and Einstein equations~37! have been derived a
operator equations of motion from a single nonrelativis
Hamiltonian ~8!, with single-particle eigenstates given b
Eq. ~9!.

After proving this exact mathematical result we no
make some physical observations and give a critical disc
sion of what lies ahead.

~1! The extremal dipole operators can be naturally ide
fied with operators which create shape distortions at
boundary of the incompressible 4D QHE droplet. The eq
librium shape of the droplet is a perfect sphereS3. However,
this sphere is composed of 2I 11 different copies, one for
each isospin directionn̂, all with exactly the same radiu
x5

F(a,b,g;n̂)5x5
F . This is somewhat similar to the ferm

surface of electrons, which has two different sheetskF( k̂,s
56) for up and down spins. Once the droplet shape is d
torted, every isospin can have its own, and in general dif
ent, shape of the surface. Therefore, there are in generaI
11 different collective isospin modes for a given spat
harmonics of the distortion. The scalar mode is created
the extremal dipole operator withS50, which uniformly av-
erages over all different isospin sheetsx5

F(a,b,g;n̂) at a
given spatial position (a,b,g). TheS51,2 modes single ou
the dipolar and quadrupolar distortions of the different is
pin sheets. If amplitudes for all the different helicity mod
are obtained, the shape of the dropletx5

F(a,b,g;n̂) for every

isospin directionn̂ can be reconstructed exactly. In th
sense, the extremal dipole operators create the hydrodyn
cal modes of the droplet.

Since extreme dipole operators are local in space, one
define their correlation functions and the imaginary pa
contain onlyd function peaks. However, considered as p
of the full density correlation function, their energy lies o
the upper edge of the continuum. The continuum also
contributions from the nonextremal dipoles. These nonex
mal dipoles are best described in terms of the original fer
ons. If one turns on a repulsive interaction among the fer
ons, it will lead to an attractive force between the parti
and hole of the dipole. Since the extremal dipole pairs
maximally localized already in their relative coordinates, o
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expects that they will be furtherstabilizedby interactions,
similar to the zero-sound mode of the Fermi liquid. In ge
eral we expect a rich phase diagram of possible phases in
model. Among the possible phases are liquid states whe
full or partial energy gap opens up in the fermionic part
the spectrum. According to our experience with superc
ductivity, the collective modes is expected to be unaffect
In this case, the collective modes found in this work are w
separated from the fermionic continuum, and we can c
struct an effective theory for these bosonic collective mod

~2! Bosonic particles occur with both helicities. This
different from the edge states of the 2D QHE droplet, wh
are chiral.8–11 This fact can be understood through the d
crete symmetries of the model. The SU~2! monopole field
imposes an isospin-orbit coupling, of the typeL•S, which
preserves time reversal symmetryT. The three-dimensiona
parity operationP can be defined as an interchange of t
SO~4! quantum numbers (k1 ,k2); therefore, the fermionic
states generally breakP. One can also define a charge co
jugation operationC, which interchanges a particle with
hole. If the droplet is filled up to the equator,CP is an exact
symmetry of the Hamiltonian. In general, this is an excelle
symmetry when only states close to the droplet surface
considered. The bosonic dipole states are formed fr
particle-hole pairs, the charge conjugation operation a
trivially on the pair. Therefore, these states have to form
representation of parityP, which explains why both helicity
states occur. Parity violating effects can only be observed
operators with nonzero fermion number.

~3! The most nontrivial feature of the theory is the heli
ity. It is known from the representation theory of the Poi
carégroup that massless relativistic particles only form re
resentations of the U~1! helicity group, but not the spin
SU~2! group. This feature is very hard to produce in an
dinary nonrelativistic system. In this model, particles ca
SU~2! isospin labels, but the independent isospin rotation
not a symmetry of the Hamiltonian. Only a combined isosp
and space rotation is a symmetry of the Hamiltonian. It
this property which enables the extremal dipole states
have exactly the same symmetry as the massless relativ
particles with nontrivial helicities.

~4! There is another way in which we can view the d
ferent branches of the hydrodynamical modes. As mentio
in Ref. 2, the total configuration space of the 4D QHE
locally S43S2. The configuration space at the droplet boun
ary is S33S2. Viewed from this five-dimensional configura
tion space, there is only a single scalar hydrodynam
mode. However, when projected onto the three-dimensio
base space, different modes on the isospin spaceS2 appear as
different branches in the base three-dimensional sp
Originally, S2 was introduced as a isospin degree of freed
over S4; however, the unit tangent bundle of the bounda
surfaceS3 is alsoS2. Therefore, different modes of distortio
on the isospin sphereS2 can be naturally identified with the
spin degree of freedom at the boundary.

~5! Since the dimension of the total configuration space
higher than the dimension of the base space, this theory b
similarities to Kaluza-Klein theory, but with two importan
differences. First, the total configuration space is a topolo
1-7
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cally nontrivial fiber bundle. Second, the isospin space d
not have a small radius. This leads to the ‘‘embarrassmen
riches’’ problem mentioned in Ref. 2. In order to solve th
problem, we need to find a mechanism where higher isos
states obtain mass gaps dynamically, through interacti
This way, the low-energy degrees of freedom would sc
correctly with the dimension of the base space.

In condensed matter physics, there are actual exam
where this type of phenomena occurs. Consider a vale
bond solid state, where higher spin degrees of freedomS
reside on lattice points with coordination numberZ.17 A
higher spin degree of freedom can be viewed as a sym
trized product of 2S spin-1/2 objects. In a valence-bond co
figuration, most of the spin-1/2 degrees of freedom are ‘‘c
tracted’’ with the other spin degrees of freedom on t
neighboring sites to form spin singlets. In the valence-bo
solid ground state, there are only 2S2nZ effective spin-1/2
degrees of freedom left on each site, wheren is the largest
integer such that 2S2nZ is non-negative. Therefore, while
noninteracting system can have an arbitrarily large spin
gree of freedom 2S on each site, the strong-coupling fixe
point only has a small effective spin degree of freedom
each site. The small spin degree of freedom is separated
the higher-spin excitations by finite energy gaps. By a sim
mechanism of forming spin singlets, the effective spin d
gree of freedom can be lowered in our model.

This comment applies in particular to the fermionic stat
which are not well understood in the current version of
theory. Since they carry large isospin quantum numbers,
cannot be identified with any familiar relativistic particles.
order to obtain a sensible low-energy theory with a full re
tivistic spectrum, one needs to find a mechanism so that
fermionic states become fully or partially gapped, wh
leaving the collective modes unaffected. This is exactly w
happens when a fermionic system becomes superconduc
The spin-gap mechanisms mentioned above could also
possibility here. It is important to identify all strong-couplin
fixed points of the system and identify the fermionic spe
trum at these fixed points. Interesting strong-coupling fix
points are those where higher-spin states have higher-en
gaps.

~5! The underlying mathematical structure of the curre
approach is the noncommutative geometry18 defined by Eq.
~2!. Unlike previous approaches,19 this relation treats all four
Euclidean dimensions on equal footing. If we interpretX4 as
energy, which is dual to time, this quantization rule seem
connect space, time, spin, and the fundamental length unl 0
in a unified fashion. In the lowest SO~5! level, there is no
ordinary nonrelativistic kinetic energy. All the single-partic
states are representations of this algebra. The nontrivial
tures identified in this work all have their roots in this alg
bra.

~6! This work may have many connections with relat
ideas. Our approach is motivated by the idea
‘‘emergence’’20 and could in particular be related to Volov
ik’s approach based on momentum-space topology.21,22 The
problem of higher-spin massless particles has been inv
gated extensively in field theory. Recently, an algebr
structure of noncommutative geometry has been identi
12530
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for this problem.23 It would be interesting to investigate it
connection to our work. The general connection between
quantum Hall effect and the brane solutions of the str
theory24 is also worth exploring for our 4D QHE model.
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G. Volovik for many stimulating discussions. This work
supported by the NSF under Grant No. DMR-9814289.

APPENDIX

We have shown that the Heisenberg equation of mot
for the extremal dipole operators satisfies relativistic wa
equations with nontrivial helicities. It is also possible
show directly that these operators reduce exactly to the
lutions of relativistic wave equations in the flat-space lim
The mathematical tools needed for this demonstration
called the contraction limit of the SO~4! group when the
representations are large, and these tools are provide
Refs. 25 and 26.

We shall show that the extremal dipole wave functio
given in Eq. ~22!, Gn,t1z ;n1S,t2z

S (a,b,g,a I ,b I) and

Gn1S,t1z ;n,t2z

S (a,b,g,a I ,b I), are the wave functions of par

ticles with helicities6S in the flat-space limit. In the follow-
ing, a normalization factor is added to the definition of t
wave functions; i.e., we define

GT1t1z ,T2t2z

S ~a,b,g,a I ,b I !

5
~2T111!1/2

A2p
(
m

^T1 ,m;S,t2z2muT2 ,t2z&

3Dm,t1z

T1 ~a,b,g!Yt2z2m
S ~b I ,a I !. ~A1!

First, we considerS50. In this case,Gnt1z ,nt2z

0 (a,b,g)

only depends on the spatial coordinates. The coordin
space fora,b andg is S3 which is isomorphic to the SU~2!
group manifold. LetV be an element in SU~2! group.V can
be parametrized as

V5x4I 1 ix is i5S x41 ix3 2x21 ix1

x21 ix1 x42 ix3
D , ~A2!

which defines a one-to-one mapping from the SU~2! group to
S3. We define (R,R8) to be a pair of elements in SU~2!,
which creates the following rotation on the SU~2! group,
V85RVR821. The whole set of pairs (R,R8) forms a SO~4!
group defined in terms of the above operations. The s
group (R,R) leavesx4 as an invariant rotation. It describe
the SO~3! rotation group in spacex1 ,x2, andx3. Let g(c)
5cos(c)1i sin(c)sz denote a special element of SU~2!,
which defines a rotation by an anglec in both of thex3-x4
and x1-x2 planes. Then, any SU~2! elementsV can be gen-
erated by performing a rotation (R,R) on g(c); i.e.,V can be
decomposed into the formV5Rg(c)GR21, where G
5(21 0

0 1 ) is chosen for convenience. Thus,
1-8
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Gnt1z ,nt2z

0 ~V!5
~2l 11!1/2

A2p

3 (
s1 ,s2

Dt2zs1

n ~R!Ds1s2

n
„g~c!G…Ds2t1z

n ~R21!.

~A3!

Since the total angular momentum in three-dimensional
space is a good quantum number, we define a set of b
wave functionsGJM,n

0 (V),

GJM,n
0 ~V!5 (

t1z ,t2z

^n,t1z ;n,t2zuJM&Gnt1z ,nt2z

0 ~V!.

~A4!

Applying Eq. ~23!, we obtain

GJM,n
0 ~V!5

~2n11!1/2

A2p
(

M8t1zt2z

^n,s1 ;n,s2uJM8&

3DMM8
J

~R!Ds1s2

n
„g~c!G…. ~A5!

The D„g(c)G… matrix has a very simple form

Ds1s2

n
„g~c!G…5~21!n2s1ds1 ,2s2

exp~22is1c!. ~A6!

Thus, we obtain the following result:

GJM,n
0 ~V!5

~2n11!1/2~2J11!1/2

A2p
i JHn,J~c!YM

J ~u,f!,

~A7!

where

Hn,J~c!5
1

~2J11!1/2i J (
s

~21!n2s^n,s;n,2suJ0&

3exp~22isc! ~A8!

andu,f are corresponding coordinates of the rotation (R,R)
parametrized in (x1 ,x2 ,x3) space. From Eq.~A12! below,
we can see thatG0 reduces to the usual solution of the sca
equation in the spherical coordinate system of the flat sp

Now we consider arbitrary helicity valuesS. We define
the following wave functions:

GJM,n
S,† ~V,b I ,a I !5 (

t1zt2z

^n1S,t1z ;n,t2zuJM&

3Gn1S,t1z ;n,t2z

S ~V,b I ,a I !. ~A9!

Using the 6j symbol which is involved with the sum of thre
angular momenta (n,n,S), we can readily obtain

GJM,n
S,† ~V,b I ,a I !

5 (
Ls1s2

~21!2n1S1J~2L11!1/2~2n12S11!1/2

3H n n L

S J n1SJ ^L,s1 ;S,s2uJM&
12530
t
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GLs1 ,n
0 ~V!Ys2

S ~b I ,a I !

5(
L

S 2

p D 1/2

i L~21!2n1S1J~2L11!1/2

3~2n12S11!1/2H n n L

S J n1SJ Hn,L~c!

3S (
s1s2

^Ls1 ;Ss2uJM&Ys1

L ~u,f!Ys2

S ~b I ,a I ! D . ~A10!

Taking the flat space limit, (n→` andc→2px/2n),

H n n L

S J n1SJ 5H J S L

n n n1SJ
→ ~21!S1n

~2n!1/2 S J S L

S 2S 0 D , ~A11!

~2n!21/2Hn,JS 2px

2n D→ j J~px!, ~A12!

where j J(x) is the spherical Bessel function of orderJ, de-
fined as

j J~x!5~2x!JS 1

x

d

dxD
JS sinx

x D . ~A13!

Therefore, in the flat limit, up to a constant normalizati
factor, we obtain

GJM,n
S,† ~V,b I ,a I !→

1

~2J11!1/2 (
L

i L~2L11!1/2

3^S,S;L0uJ,S& j L~px!CLS
JM~u,f,b I ,a I !,

~A14!

where

CLS
JM~u,f,u I ,f I !5(

ls
^L,l ;S,suJM&Yl

L~u,f!Ys
S~b I ,a I !.

~A15!

The right side of Eq.~A14! is exactly the wave function of a
bosonic particle with helicityS, momentump, and total an-
gular momentum (J,M ). The derivation for helicity2S
wave functionGJM,n

S,2 (V,b I ,a I) follows the same procedure
For S561, the wave function reduces to the usual expa
sion of the Maxwell field in the spherical coordinate syste
1-9
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