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Collective excitations at the boundary of a four-dimensional quantum Hall droplet
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In this work we investigate collective excitations at the boundary of a recently constructed four-dimensional
(4D) quantum Hall state. Local bosonic operators for creating these collective excitations can be constructed
explicitly. Massless relativistic wave equations with helicggan be derived exactly for these operators from
their Heisenberg equation of motion. For tBe 1 andS=2 cases these equations reduce to the free Maxwell
and linearized Einstein equations respectively. These collective excitations can be interpreted as hydrodynami-
cal modes at the boundary of the 4D quantum Hall effect droplet. Outstanding issues are critically discussed.
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The two-dimensional quantum Hall liquid stagrovided However, it should be warned that these relativistic
us with much insight into the novel and surprising organiza-bosons are noninteracting at the current level, and their in-
tion principles of matter. Recently a four-dimensional quan-teractions with each other and with the fermionic part of the
tum Hall liquid state has been constructethe system con- 4D QHE droplet need to be carefully studied in the future.
sists of nonrelativistic fermions moving on a four- On the other hand, our experience with the zero-sound mode
dimensional Sphers4, interacting with a background $2) in the Ordinary Fermi ||qU|d teaches us that the hydrOdynam|'
gauge field. The gauge field is created by the(8U cal modes are usually highly robust against both interactions
monopole®* which can be obtained by a conformal and reorganization of the Fermi sea. For example, when a

transformatioft® of the Belavin-Polyakov-Schwartz-Tyupkin SuPerconducting gap opens up in the single-particle Fermi

instantor in the four-dimensionadD) Euclidean space. The spectrum, the collect!ve sound. mc_)de IS corT_]pIeter unaf-
fermions are in thdth representation of the SP) gauge fected by this dramatic reorganization. For this reason, we

) . . . ; §hall concentrate on the collective modes first and address
field, and all eigenstates form irreducible representations o

the SQ5) group, which is the isometry group of the four- the fermionic parts of the excitations at a later stage. In fact,

h In the | 9 lized Landau level. th we believe that there are many possible quantum liquid
sphere. In the lowest S6) or generla|ze andau level, the phases in this model, and only after a proper reorganization
ground-state degeneracy B(p)=5(p+1)(p+2)(p+3),

i ) > _ of the Fermi spectrum can a fully relativistic theory be ob-

with p=2I. The simplest many-body system to consider isi5ined in the low-energy sector.

when the filling factorv=N/D(p)=1. Our findings might be important for the idea that massless
A surface boundary can be introduced in a fashion similake|ativistic particles can be composite, rather than elemen-

to the edge states of the 2D quantum Hall efl@HE)* ™™  tary. If one starts from a relativistic system, the Weinberg-

by applying a confining potentiaf(xs), which confines the ~ Witten theoren'? states that it is not possible to describe a

fermions in a region close to the north pole. The resulting 3bhigher-helicity particle withS>1 as a composite object. In

surface of the 4D QHE droplet can be visualized in a wayour case, we actually start from noninteracting, nonrelativis-

similar to a Fermi surface, but withl 2 1 distinct copies in  tic fermions, where this theorem does not apply. However, it

real space, one for each isospin direction of the underlying

fermions(see Fig. 1 for an illustration Elementary excita-

tions of this 4D QHE droplet can be described in different

ways. In principle, the fermion operators offer a full descrip-

tion of the excitations. On the other hand, we are also inter-

ested in finding a particular class of particle-hole excitations,

defined bylocal bosonic particle-hole operators, which de-

scribe hydrodynamical distortions of the droplet surface.

Since there arel2+ 1 different copies of the droplet surface,

we expect 2+ 1 different hydrodynamical modes. In the 2D ‘

QHE, these two descriptions are fully equivalent to each

other, thanks to the bosonization ir-1 dimensions. In our

case, because of the higher dimensionality, there are also

other, fermionic excitations besides the hydrodynamical

modes. A key finding of our work is that these collective

excitations can be created lhycal bosonic operators which

obey massless relativistic wave equations with helicity 0

<S=<I. In the case 06=1 andS=2, these relativistic wave  FIG. 1. An illustration of the boundary surface of a 4D QHE

equations are exactly free Maxwell and linearized Einsteirdroplet. There is one surface for every isospin direction, indicated

equations, respectively. by an arrow.
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is counter to our intuition that one can form a bound state out m
of noninteracting particles. The basic argument runs as fol- v
1
]
]
1

q+n p gq+n )
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lows. Let us consider a particle-hole operator A
ot '
Pq.k= Cqro+kC—qr2+k

_ E el (@/2+Kxg—i(—a/2+ k)yCICy
Xy

_ i9Zaikzt
—ZEZ e'9°€™C . 1tz 22, (1)

whereq andk are the center-of-mass and relative momenta
respectl\{elyx andy label the coordinates of thg particle and FIG. 2. An illustration of the extremal dipole configuration. For
hole, whileZ=(x+y)/2 andz=x—y label their center-of-  , giyen center-of-mass momentumthe dipole separation in the
mass and relative positions. This operator is an exact eigefRira dimension is given bgl2. Here, S®4) quantum numbers of
operator of the noninteracting Hamiltonian, which satisfiesihe particle and hole are also indicatesiX denotes the dipole
the equation of motion dipq k= (€q2+kT €-qr2+K)Pgks  separation perpendicular to the three-dimensional momentum.
wheree(q) is the energy of a plane-wave state. The problem
is that this operator is ndocal. From Eq.(1) one can see g|ly interacting, a bound state can be formed because the
that this state is constructed from a particle-hole pair with alkgrce due to the confining potential is counterbalanced by the
relative positions, each with equal weighe'*?|=1. There- | grentz force when the dipole is propagating. Edge states in
fore, this operator does not creatdoaal or particlelike ex-  the 2D integer QHE can be understood in terms of this dipole
citation in the system. One can form a local opergt@f) picturel® In that case, the dipole description is fully equiva-
=3q.k€'9pq ., but the problem is that this operator does notjent to the hydrodynamical descriptidrin our case, only the
propagate at a well-defined energy, since diffelenbmpo-  extremal dipole states correspond to the collective shape dis-
nents carry different energies. Therefore, if one initially cre-tortion at the boundary; there are other fermionic excitations
ates a local excitation & by using thep(Z) operator, the are the boundary as well. We shall prove a mathematically
wave packet will spread over time, until all energies are disprecise result which states that thdseal operators obey
sipated. For this reason it is impossible to construct any locabxactly the massless relativistic bosonic wave equations with
bosonic operators which obey well-defined wave equationsselicity S For theS=0,1, and 2 cases, these equations re-
It is of course possible to construct such local operators withyyce to the Klein-Gordon, the free Maxwell, and the linear-
well-defined dispersion in an interacting system, but thesgzed Einstein equations, respectively. In this case, the non-
operators in general do not have well-defined, nontrivial hetrivial helicities are obtained because of the underlying spin-
licities. Throughout this work, we use the conventional defi-orbit coupling imposed by the background monopole field.
nition of the helicity asS-g/|q|, whereS is the spin rotation At this stage, this result should be considered as a purely
operator andj is the linear momentum. A special form of the mathematical statement that these free relativistic wave
spin-orbit coupling is required to construct states with well-equations can be derived from a single nonrelativistic Schro
defined helicities. The special form of the spin-orbit couplingedinger equation. On the other hand, in view of the difficul-
is the central point of this paper. ties with other approaches mentioned above, we view this as
The above argument breaks down if the fermionic stategin interesting and remarkable result. It also reveals the deep
are not ordinary plane-wave states, but eigenstates of th@igebraic structure encoded in E@®), which we are just

SU(2) magnetic translation group beginning to understand. The full physical significance of
| this kinematic result can only be understood when interac-
[X,,X,]=4il g’li,wTI, ) tions are fully considered, and we will comment on outstand-

ing problems towards the end of this paper. In this paper, we
shall follow the notations and conventions of Ref. 2.

We parametrize the four sphe by the following coor-
inate system:

which is the central algebraic structure identified in Ref. 2.
Throughout this paper, we shall use notations and conveny
tions introduced in Ref. 2. In particular, in the above equa-
tion, X, denotes the coordinate of a particle, expanded 5
a_round the north polg(5=R of the four-spheres* with ra- X, =Sin @ sin=sin(a— ), (3)
diusR. Because of this structure, one can construct a class of 2

extremal dipole operatorsvhich arelocalizedto the maxi-

mal possible extent in the three-dimensional relative coordi- B

natesX,,X,, X5 of the particle and hole, butretchedo the Xo=—singsin;cosa—7y), 4
maximal possible extent in the relative coordinate in the
fourth dimensionX,; see Fig. 2 for an illustration. These 8
dipoles are closely analogous to the particle-hole dipoles in . :

thg 2D QHE1.°'13‘1)5/Even t%ough the pSrticIes are notpmutu- X3=—sing cos;sin(a+y), ®
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(6)

X4=sin@ cos'gcos{ atvy),

()

where 0,8e[0,) and a,ye[0,27). The direction of the
isospin is specified by, ,8, and y,. In the lowest S(b)

X5=C0S6,
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level the kinetic energy is constant and can be taken to zero.
The Hamiltonian is simply given by the confining potential | nhere Ky=2(Li+P) and Ky=21(L;—P)+1, are SQ4)

H=cR<§m‘,> (Mg+My— My —My) i Cirmy (8
where(m)=(my,m,,mz,my), $,m,=p, andc,, creates

a state in the lowest §6) level. The single-particle wave

function for the(m) state is given by

ky K
W 0,08, 7,018, m)
Ky ok
=fiy k(G L Z(CY,B voar,Brm), kKitke=1, (9)
where

fie i, (0)=(— 1) *2(21%+31 +1)

(1+1)(21)!
(2ky)! (2kp+1)!

1/2 (1+ COS&)ZI +3/2— k.

sin@(1—cosh)' T2k

(10)
and
By By )
:%‘,Z (ke m; 1,1, kg, kay)
XD (@B.y)D, i(ay.By.7). (1D

Here (ky,m;l,l,/k,,ko,) are the Clebsch-Gordon coeffi-

cients, and

D':l’k(a,ﬂ,’)’):<k1,m|eiiaszeii’88)’eiiysz|k1,k> (12)

is the standard S@) representation matrix for the Euler

anglesa, B,y andS,,S, ,S, are the standard §p) spin ma-
trixes in representatiol;. Because the S@) group mani-

fold and the three-spher® are isomorphic, it can also be

Ky k
viewed as the spherical harmonics &3. Here G, b i

forms a representation of the $f) group, which is the natu-
ral isometry group on the boundary sph& It satisfies the
following differential equations:

k1 .,k kq .,k
G vl (ky+1)GEY §2 ,
G"1 k2 k2(k2+1)Gk1 kalz

2

generators WithL; = —i€;jX;d and Py=—i (X4 —X;ds).
The relationship between tHen) quantum numbers and the
SO(4) quantum numberskg ,k,) are given by

ms+m, m;+m,

Ki=—%— k=5

(14)

th Ko lz , as given in Eq(11), is the most general solution to
1272z

the differential equation§l3). The isospin direction can be
normally specified by two angles, and B,. Here we fol-
lowed the trick first introduced in Ref. 7 which embeds the
SU(2) isospin gauge group into a $0 gauge group, So as
to make the spatial and isospin parts fully symmetric. This
trick is not necessary, but it makes our discussion most gen-
eral. At the end of our calculations we will project back to
the o, and B, angles only. In this sensk, is simply a gauge
index. Different values ofi, solve the same differential
equationg(13) and correspond to the same physical state. If
we takel, =1 in Eq. (13) and using the correspondence re-
lation (14), this single-particle wave function reduces exactly
to the coherent states in Ref. 2. The functfgn, () local-

izes the fermion on a given latitude;,, which is given by
pX5= ml+ m2_ m3_ m4.
We now form the particle-hole operator

p(6,a,B,7,a,B)

= > v 2z

m;—my m3

m3+m4

(9 a,B,v,a1,6,,7)

2 2
m’+mé mé-%—ml’1
\If 2 rl myzm,(07aiﬁiyvaliﬂl 17I)C<+m)c(m’): (15)

1”2 3Ty
2 2

(m1+my)/2, (Mmg+my)/2 .
\I,(m —my)/2, (mg— m4)/2(0 o B vV, ﬁ| ’)’|) is the

single-particle wave function given by E(R). Although the

single-particle wave function depends on, p does not.
This particle-hole operator is basically similar to Egj); the

only difference is that the single-particle eigenstates are not
ordinary plane waves. Just as in Ed), we are going to
perform a series of transformations from the single-particle
coordinates to center-of-mass and relative coordinates. Since

where

125301-3



JIANGPING HU AND SHOU-CHENG ZHANG

SO(4)=SU(2)x SU(2), themathematical tools for accom-

plishing this task is the standard angular momentum addition
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and decoupling. Because all single-particle eigenstates are

also eigenstates ofg, we first transform into the center-of-
mass and relative coordinatg@ndn in the x5 direction, by
performing the following substitution of variables:

P q P q
ml—Z+§+2+klz, my Z+2+ klZ!
p g n p g n

>

kiz.k2z 'k:,Lz ’kéz

;)( 01a1B17!a| vﬁl):% gq,n( 0)

+
p.q.n.ky, Ko,

! p q n ! ! p q n !
ml__Z+§_§+klZ' m2=Z+§ 2 klzv
, P g _n P a,.n_

My=g~ o T3 Tkes M=y =5+ 5 ke,

whereky,,k,,,k;,, andk;, are S@4) quantum numbers.

The energy of the particle-hole pair is given by the dipole
separation along thes direction. E ) my=2cn/R. With
this transformation, the particle-hole operator now takes the
following explicit form:

C ’ ’
p.a.n, I(12 k22

p _gtn p P q
Em: <Z_T’ §§,(k2z_m)‘4+_ k2z>Dp/4 (q+n)/2(a,3 y)D /(kzz m)fs(al Bian)
p g-n P NP a-n .,
%<Z‘Tm,5.(kzz—m>z+7,k2z>Dﬂf‘qu @B VD s (e B ) (10
where
0 1)P27P(ph)(p+2)%(p+1 ( +1sin"2(0)(1+ 9P+2—1+Cosaq+l
Jq.n(0)=(—1)P27P(p!)(p+2)*(p+1) Sin%(0)(1+c0s6)P*? T—
1 1/2
8 P P p p
——a— | —— | — I — — |
> q n).(z q+n|! 2+q+n+l ! 2+q n+1j!

ands, is a gauge index similar tb, discussed earlier. To obtain the particle-hole operator which is independept wfe

define the projection

;)(G!QIB!Y!QI!BI):ES < ( SZ) SZ

17

SO> S(a.a,,gy’)"m iﬂl)'

HereSis the isospin of the combined particle-hole pair éﬁds independent o$,. We now need to transform the operators

into a basis with well-defined center-of-mass momentum along the bourgfariet Qp,q.n,T

1ty Toty, be a particle-hole

operator with total S@!) quantum numbersT(;t,,,T»t5,), which is defined as

p . g+n P g-n p g+n
Ap,q,n,Tyty, Toty, E <(Z+ > ,—kzz;(z+ 5 K, T2,t2z> < <4 7 ),
kle2Zklzk22

p q—nm

klzv( -3 ) K1, Tlatlz> Cp.un.ky ko, O K Kb - (18)

The Clebsch-Gordon coefficients are only nonvanishing,#n andT,=n. Reversing the expansion, we obtain
p, g+n p, g—n p g+n
T ’
Cp.a.nkyk,,Cp.ank], kéZ_Tltlz 4 s <T21t22 (4_1+ ] —ka, ,(— ) k2z> <T1,t1z (Z_ T) ;

p g-n} |

klz -(_ - 2 ) vklz> ap,q,n,Tltlz,thZZ- (19)

Using this operator, we can simplify the particle-hole operator to
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pS(0,a, B y,a1,8)= > ﬁ%ltlz,thh‘n( 0,a,8,v.a,,8), (20)
1t12.Totpz 0
where
A 1/2
s _
PRis, Tz n( BBy B)=| 557 | Gy, (B B')E Ganl? “
p g+n p\p qg+tn (p g—n p\p qg—n
e R E R LI
X G, (@ Bry.a, B)= 2 (T miS ey~ MTo t) DRy (@,B.7)Ye, -l By,
(22)

whererZ(,BI ,a)) is the S@3) spherical harmonics and

+n +n
((g_q_ B)Bﬂ_.

P 9g—npip g—n
<Z‘T-z)4 (T ST )

is the transformation coefficient between two coupling

schemes of four angular momenta

P atnpp a-np
4 2 '2'4 2 '2)°

In the first coupling scheme,

p_arnp

4 2 2
couple to form

p +n

it

b_anp

4 2 2
couple to form

P g—n

A

and

p g+n p g—n
<Z+T’Z+T)

couple to formT,. In the second coupling scheme,

couple to formT,,

55

couple to formS, and (T,S) couple to formT,. The follow-
ing formula is used in above derivation:

(,mj" 'L, (n+n"))Dy o (A)

M,n+n’

—E (j,m;j’,m’|L,M)DL (AD! (A). (23

The transformation coefficient can be explicitly written in
terms of the § symbol®

P_gtn pp, a+n (p g-n p|p
4 2 '2 4 2 4 2 '2/4
+qL<T1,s>T2)
p p 1/2
5+a+n || S +a-n|@T i+ D@S+1)
4 2 2 4 2
x{p_g-n p p_g-n (24)
4 2 2 4 2
T, S T,

G-?ltlz'thZz is the exact eigenfunction with 38 quantum
numbers T4,T,), where the S@) generators are defined in
terms of the center-of-mass coordinates of the particle and
the hole,T,=(L+ P)/2 andT,=(L— P)/2+S. Therefore, it
satisfies the following equations:

(L4 PG 1,0, =4Tu(T1+1)G? (25

1t12 ’T2t22 !
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(L-5-P-9GcS, states, the separation between the particle and hole iKghe
1z T2tz coordinate is given byq|l3, where linear momentum of the
=[Ty(T,+1)—Ty(T;+1)—S(S+ 1)]G$1tlz'T2t22_ pair isq in the three-dimensional flat space. N
We now show that they reduce to the familiar massless
(26)  relativistic equations in the flat space limit, whéte»«, and
At the boundary, we take a fixed value fér In the limit of the three-sphere becomes the three-dimensional Euclidean
large p, using the asympotic formula of thg $ymbol, one ~ SPace. We _take flat space limit on E@S) and(26). For the_
can show that, up to a constant factor, extreme dipole operators, we define the wave functions
gy(x ,t) and s _(x,t) to be the flat space limit of

PRy, Tty (0@ B 7,1, BY) Grrsmyinn, andGyy, sy, respectively. In the flat space
2 limit, we expand the operators around the north pole point
2~ . .
=G? T, T, (@B Y. B I5(n/R) BTyt o, (0,0,0R). Compared with the eigenvalues of the momentum

) operatorP and T, T,, which are of the order oR, the an-
@7 gular momentum operatofs and the fixed isospin valug

where are of the order of 1. Thereforé; and S(S+1) vanish in
. this limit. Equations(25) and(26) then become

2 2A
— —I5(a/R
_qu o(q ) ap,q,nT

b .
r"'Tltlz ’T2t22 Ttz 'T2t22

=2
We are now in a position to define the concepteafremal |52¢S,i(x,t)= _2¢Sli(x,t), (30)
dipole operatorswithin the operators defined in ER7). In c
general,T;=n and T,=n. Extremal dipole are these ones
for which

S. .
§Pl/fs,:(xlt) =*E¢s . (X,t)=xidys(x,). (3
T2:T1_S:n or T2—S=T1=n (28)

with S=0,1,2 . . .. For agiven pair (T1,T,), we choose the
smallest possible value &=|T,—T,|. Higher values ofS

These are exactly the massless relativistic wave equations
with helicity S The operatofs was originally introduced as a

for a given helicity|T,—T,| simply correspond to higher d?fferentia_ll operator With_respect ta, and B,. But for a
derivatives of a fundamental field. Herd ,(,T,) are the given S, ",[ can .also be implemented as aS{Ql)x.(ZS
physically observable quantum numbers; different possible™ 1) matrix, acting on a (8+1) component tensor field.

values ofSfor a given pair T;,T,) represent the same he-  NOW we show that these two equations together are
licity state. Since T;,T,) is basically the momentung equivalent to the Maxwell equation in the caseSsf1 and

along the three-dimensional boundary amds the dipole the linearized Einstein equation in the caseSef2. When
distance along the extra fourth dimension, these operatore=1 (,//S+(x t) is a vector denoted by, (x,t), which sat-
have a well-defined relationship between the momentum isfies S(,qﬁ (x,t)= '6M0a¢ (x,t). In the case ofS=2,

and the dipole d|stanch5—|q||2 This is the maximally s +(X,t) is a rank-2 symmetric traceless tensor denoted by
allowed value of the dipole moment for fixefl The time ¢W(x t), which satisfies s(rqsw(x,t) |ewa¢w(x,t)
evolution of these operators is given by the quantum me+|ewm¢ L(x,1). Thus they satisfy

chanical Heisenberg equation of motion

[(é IS)Z_ |52]¢#:O, [(é |A3)2—4|52]¢)#V=0. (32

1% .2cn.

E;%ltlz,thzz,n: i[H ,13$1t12 ,T2t22,n] =1 ?Pitlz Toty, N The above equations can be simplified to the following form:
(29 2

Equations(25), (26), (28), and(29) are the desired relativis- 7xV* ¢~ =0, 9,(d,$5,)+,(3,$5,) = 5 8,,0,75¢,,=0.

tic equations ors3. (33

One can also show explicitly that the extremal dipole con-
structed above is well localized in the three-dimensional cosince there is no constant source, the above two equations
ordinates &, 3,y) of the particle and hole. The localization &re equivalent to
length is determined by the magnetic lengthTo prove this Vb =0, 0,45, =0 (34)
statement, let the coordinates of the particle bed, y) and PoePap T
the coordinates of the hole be ¢ Ae, B+AB, y+Ay). The Together with Eq (31), which can be explicitly written for
wave function of state;t;,,T,t,) now also depends on py ¢ andqs
the relative anglesX«,AB,Ay) between particle and hole,
which is explicitly given byD”* (4""2(Aq,AB,A ). In
the limit of R— o0, the amplitude is determined by the diag-
onal term of the matrix which is proportional to

2 . . .
e(PBAA o g~ AXHAG \here AX is relative distance be-
tween particle and hole in flat space. For the extremal dipole

+ [ +
e,u,aﬁ(gad)ﬁ = i6(9t¢_ ’

,uuzﬁ& ¢By+6vaﬁa d)M,B —2 a'[(vb,u.v’ (35)
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the above two equations give the complete free Maxwelkexpects that they will be furthestabilizedby interactions,
equation and linearized Einstein equatioﬁri is nothing but  similar to the zero-sound mode of the Fermi liquid. In gen-
the linear combinatioi,, +iH , of the electric and magnetic eral we expect a rich phase diagram of possible phases in this
fields. We can also introduce a vector poten#lg] and a model. Among the possible phases are liquid states where a
symmetric tensor potentidl,,, respectively, to describe the full or partial energy gap opens up in the fermionic part of
Maxwell and linearized Einstein equations. The explicit re-the spectrum. According to our experience with supercon-
lations between them are given by ductivity, the collective modes is expected to be unaffected.
In this case, the collective modes found in this work are well
. ] separated from the fermionic continuum, and we can con-
bu=" EﬁtAui | €uapdaPg, (36 struct an effective theory for these bosonic collective modes.
(2) Bosonic particles occur with both helicities. This is
1 i differerjt from thg edge states of the 2D QHE droplet, which
== = 0N 5 (€uapdalput €rapdah,g). (37 are chira~ This fact can be understood through the dis-
¢ 2 crete symmetries of the model. The @Y monopole field
_ imposes an isospin-orbit coupling, of the typeS, which
We have now shown that the extremal dipole operatorgreserves time reversal symmeffy The three-dimensional
are local in space and satisfy massless relativistic equationsyity operationP can be defined as an interchange of the
with well-defined helicities. In this precise sense, both theso(4) quantum numberskg,k,): therefore, the fermionic
Maxwell and Einstein equation@7) have been derived as giates generally break. One can also define a charge con-
operator equations of motion from a single nonrelativisticjugatiOn operatiorC, which interchanges a particle with a
Hamiltonian (8), with single-particle eigenstates given by e |f the droplet is filled up to the equat@p is an exact
Eq. (9). . . . symmetry of the Hamiltonian. In general, this is an excellent
After proving this exact mathematical result we Now gymmetry when only states close to the droplet surface are
rr_1ake some p'hyS|caI observations and give a critical discUssonsidered. The bosonic dipole states are formed from
sion of what lies ahead. __particle-hole pairs, the charge conjugation operation acts
~ (1) The extremal dipole operators can be naturally identivjyiajly on the pair. Therefore, these states have to form a
fied with operators which create shape distortions at thggpresentation of pariti, which explains why both helicity
boundary of the incompressible 4D QHE droplet. The equitates occur. Parity violating effects can only be observed for
librium shape of the droplet is a perfect sph&fe However, operators with nonzero fermion number.
this sphere is composed of 21 different copies, one for (3) The most nontrivial feature of the theory is the helic-
each isospin directiom, all with exactly the same radius ity. It is known from the representation theory of the Poin-
xg(a”g,y; ﬁ):xg, This is somewhat similar to the fermi caregroup that massless relativistic particles only form rep-

surface of electrons, which has two different shdetk, o  r€sentations of the (@) helicity group, but not the spin

= +) for up and down spins. Once the droplet shape is diS_SU(Z) group. This feature is very hard to produce in an or-

torted, every isospin can have its own, and in general diﬁerginary nonrelativistic system. In this model, particles carry

ent, shape of the surface. Therefore, there are in genéral 2>J(2) iSospin labels, but the independent isospin rotation is
+1 different collective isospin modes for a given spatial not a symmetry of the Hamiltonian. Only a combined isospin

harmonics of the distortion. The scalar mode is created b hnd space rotatri](_)nh is a E?/mmﬁtry of the :—|3_milt|onian. It is
the extremal dipole operator wit= 0, which uniformly av- Is property which enables the extremal dipole states to

I diff . i sh A have exactly the same symmetry as the massless relativistic
erages over all different isospin sh eats(,B,y;n) at a particles with nontrivial helicities.
given spatial position, 8, y). TheS=1,2 modes single out "~ (4 There is another way in which we can view the dif-

the dipolar and quadrupolar distortions of the different iS0Stgrent pranches of the hydrodynamical modes. As mentioned
pin sheets. If amplitudes for all the dlfferentAhehuty modes;, Ref. 2, the total configuration space of the 4D QHE is
are obtained, the shape of the drople¢a, 8, y;n) for every  |ocally S*x S2. The configuration space at the droplet bound-
isospin directionn can be reconstructed exactly. In this ary is S*x S%. Viewed from this five-dimensional configura-
sense, the extremal dipole operators create the hydrodynaniion space, there is only a single scalar hydrodynamical
cal modes of the droplet. mode. However, when projected onto the three-dimensional
Since extreme dipole operators are local in space, one carase space, different modes on the isospin spaeppear as
define their correlation functions and the imaginary partgdifferent branches in the base three-dimensional space.
contain onlys function peaks. However, considered as partOriginally, S* was introduced as a isospin degree of freedom
of the full density correlation function, their energy lies on over S* however, the unit tangent bundle of the boundary
the upper edge of the continuum. The continuum also hasurfaceS® is alsoS?. Therefore, different modes of distortion
contributions from the nonextremal dipoles. These nonextreen the isospin spher®? can be naturally identified with the
mal dipoles are best described in terms of the original fermispin degree of freedom at the boundary.
ons. If one turns on a repulsive interaction among the fermi- (5) Since the dimension of the total configuration space is
ons, it will lead to an attractive force between the particlehigher than the dimension of the base space, this theory bears
and hole of the dipole. Since the extremal dipole pairs arsimilarities to Kaluza-Klein theory, but with two important
maximally localized already in their relative coordinates, onedifferences. First, the total configuration space is a topologi-

125301-7



JIANGPING HU AND SHOU-CHENG ZHANG PHYSICAL REVIEW B56, 125301 (2002

cally nontrivial fiber bundle. Second, the isospin space doefor this problen??® It would be interesting to investigate its
not have a small radius. This leads to the “embarrassment afonnection to our work. The general connection between the
riches” problem mentioned in Ref. 2. In order to solve this quantum Hall effect and the brane solutions of the string
problem, we need to find a mechanism where higher isospitheory is also worth exploring for our 4D QHE model.
states obtain mass gaps dynamically, through interactions. We would like to thank Professor B. J. Bjorken, S. Di-
This way, the low-energy degrees of freedom would scalénopoulos, M. Freedman, D. Gross, R. B. Laughlin, A. Lud-
correctly with the dimension of the base space. wig, C. Nayak, J. Polchinski, A. Polyakov, L. Susskind, and
In condensed matter physiCS, there are actual examp|&. \Volovik for many St|mu|at|ng discussions. This work is
where this type of phenomena occurs. Consider a valencé&lpported by the NSF under Grant No. DMR-9814289.
bond solid state, where higher spin degrees of free®m
reside on lattice points with coordination numbgr’ A APPENDIX
higher spin degree of freedom can be viewed as a symme- . . .
trized product of 3 spin-1/2 objects. In a valence-bond con-  We have shown that the Heisenberg equation of motion
figuration, most of the spin-1/2 degrees of freedom are “confor the extremal dipole operators satisfies relativistic wave
tracted” with the other spin degrees of freedom on the€quations with nontrivial helicities. It is also possible to
neighboring sites to form spin singlets. In the valence-bonghow directly that these operators reduce exactly to the so-
solid ground state, there are onl2nZ effective spin-1/2 lutions of relatlylsnc wave equations |n.the flat—space_ limit.
degrees of freedom left on each site, wharis the largest The mathematical _tools n.eeded for this demonstration are
integer such that 8 nZ is non-negative. Therefore, while a Called the contraction limit of the S@) group when the
noninteracting system can have an arbitrarily large spin deléPresentations are large, and these tools are provided in
gree of freedom $ on each site, the strong-coupling fixed R€fS: 25 and 26. _ _
point only has a small effective spin degree of freedom on We s.hall show that thg extremal dipole wave functions
each site. The small spin degree of freedom is separated frofiven in Eq. (22), Gy .nisy, (@.B,7,1.8) and
the higher-spin excitations by finite energy gaps. By a similarGf+ S,tlz;mzz(a,ﬁ, v,a,,B,), are the wave functions of par-

mechanism of forming spin singlets, the effective spin devjcles with helicities* S in the flat-space limit. In the follow-

gree of freedom can be lowered in our model. ing, a normalization factor is added to the definition of the
This comment applies in particular to the fermionic states,yaye functions: i.e.. we define

which are not well understood in the current version of the

theory. Since they carry large isospin quantum numbers, they:s (@,B8,7,,8)

cannot be identified with any familiar relativistic particles. In 'tz Tatzz =72 7251

order to obtain a sensible low-energy theory with a full rela- 1/2

o . . (2T1+1)

tivistic spectrum, one needs to find a mechanism so that the =-———— 2 (T1,m;S;ty,—m|Ty,t5,)
fermionic states become fully or partially gapped, while V2 m

leaving the collective modes unaffected. This is exactly what T s

happens when a fermionic system becomes superconducting. X Dml,tlz(aﬁ’ 7)Yt227 m(Bi,ay).
The spin-gap mechanisms mentioned above could also be a

possibility here. It is important to identify all strong-coupling  First, we consideiS=0. In this case,Gﬂtlzymzz(a,B,y)
fixed points of the system and identify the fermionic spec-only depends on the spatial coordinates. The coordinate
trum at these fixed points. Interesting strong-coupling fixedspace fore, 8 and y is S® which is isomorphic to the S@2)
points are those where higher-spin states have higher-energy,,n manifold. Letv be an element in S@) group.V can

gaps. _ _ be parametrized as
(5) The underlying mathematical structure of the current

approach is the noncommutative geom¥tyefined by Eq.
(2). Unlike previous approachéSthis relation treats all four V=x4l +ixjo;= _ _
Euclidean dimensions on equal footing. If we interpfetas XaFTIX1  Xg—IX3

energy, which is dual to time, this quantization rule seem to hich defi ing f h
connect space, time, spin, and the fundamental length ginit Which defines a one-to-one mapping from the(S\group to

in a unified fashion. In the lowest $8 level, there is no 83._We define R,R’) to be a pair of elements in Sp),
ordinary nonrelativistic kinetic energy. All the single-particle Which creates the following rotation on the & group,
states are representations of this algebra. The nontrivial fed’ =RVR ~* The whole set of pairsR,R’) forms a S@4)
tures identified in this work all have their roots in this alge-9group defined in terms of the above operations. The sub-
bra. group R,R) leavesx, as an invariant rotation. It describes

(6) This work may have many connections with relatedthe SA3) rotation group in spacg;,x,, andxs. Let g(#)
ideas. Our approach is motivated by the idea of=cos@)+isin()o, denote a special element of &),
“emergence® and could in particular be related to Volov- which defines a rotation by an angfein both of thexz-x,
ik's approach based on momentum-space topofdg§The  andx;-x, planes. Then, any S©) elementsV can be gen-
problem of higher-spin massless particles has been investgrated by performing a rotatiofR(R) ong(#); i.e.,V can be
gated extensively in field theory. Recently, an algebraigdecomposed into the formV=Rg(#)TR™*, where T
structure of noncommutative geometry has been iderwtified:(_o1 10) is chosen for convenience. Thus,

(A1)

XgtiXg —Xo+iXy (A2)
, A2
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(21+1)%2
G? V)= ————
r"’(12 ntZZ( ) \/5’77
X 2> DY (RIDL. (@(#)T)D, (RY).
S1,52

(A3)

Since the total angular momentum in three-dimensional flat
space is a good quantum number, we define a set of basis

wave functionsGJy, (V),

G\?M,n(v) tz <n t1Zvn t22|‘]M>Gnt1 Nnty, (V)
12127
(Ad)
Applying Eq. (23), we obtain
(2n+1)Y?
V)= ——— n,s;;n,s,|JM’
JM n( ) \/577 M’tZthZ < 1 2| >
XDy (RIDL 6, @()T). (A5)

The D(g(#)I") matrix has a very simple form
DL ,(@(#T)=(~1)""%8, g exp(—2is; ). (A6)

Thus, we obtain the following result:

0 (2n+1)YA23+1)"2 o Vo
mn(V)= on na()Yu(6,0),
(A7)
where
Hoo(#) = 2 (=1)""¥n,s;n,—s|J0)

(23+1)Y37 5
X exp( —2is) (A8)

and#, ¢ are corresponding coordinates of the rotatiBnR)

parametrized in X;,X,,X3) space. From Eq(A12) below,
we can see thab® reduces to the usual solution of the scalar

PHYSICAL REVIEW B66, 125301 (2002
le n(V)YS (,3| ,a|)

2 1/2
:2 (;) iL(_1)2n+S+J(2L+1)l/2
L

L
X (2n+2S+ 1)1’2‘ i ]Hn,L(w)

S J mS

X| 2 (Ls1iSSIIM)YS (6,4)YS (B ,a.>) (A10)

S1S2

Taking the flat space limit,f—~ and ¢— —px/2n),

n n L J S L
S J mS| |n n n+S

(_1)S+n J S L)
~ o ls _s o) (A11)
N L PPN

wherej;(x) is the spherical Bessel function of ord&rde-
fined as

1d sinx
Ja(x)=(— x)( )(—) (A13)

X dx X

Therefore, in the flat limit, up to a constant normalization
factor, we obtain

> it2eL+1)t?

Gln(V.Bi,a)— 2010 %

equation in the spherical coordinate system of the flat space.

Now we consider arbitrary helicity valued We define

the following wave functions:

JM (VLB ay) = E (n+S,ty,;n,t5,|IM)

12422

><Gn+5t1Z ntzZ(VwBI vap).  (A9)

Using the § symbol which is involved with the sum of three

angular momentan(;n,S), we can readily obtain

JM i a (VLB )

= > (—1)2ST2L+1)Y2n+28+1) Y2

Ls;s,

n n L
X S J s (L,sl,S,sz|JM)

X(S,S;L0|3,9)j L (pX)VI¥(0,¢,8),a)),

(A14)

where

Wi¥(6,,6 ,¢.>:IES (L1;S,s|IMYY[(8, ) YS(By ).
(A15)

The right side of Eq(A14) is exactly the wave function of a
bosonic particle with helicitys, momentump, and total an-
gular momentum {,M). The derivation for helicity—S
wave functionGJS*,vl_’n(V,m ,«,) follows the same procedure.
For S=+*1, the wave function reduces to the usual expan-
sion of the Maxwell field in the spherical coordinate system.
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