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Dirac Notation

» Quantum systems: (Hilbert Space)

W, (x1),E}={|n>E}

Y(x) = chan (X) <Y >= ch IBd Completeness!

e Orthornormal condition:

jdxw*n (X, (X) =1le<n|n>=1
Jdx %, (O (X) = 6, S<nm>=05,,

|>, ket-space, <| bra-space:




Quantum Operator

Quantum Operators: PN n .
Q Y (x) —> ¥, (x) =Q¥(x) |\.IJ>_)Q|LIJ>

<Q>= [dx¥*(x)Q¥(x) <Q>=<¥|Q|¥>

Matrix representation of quantum operator: {NISl=Ng:

é|n>:ZQnm|m>

Q.. =<m|Q|n>

For given an orthornomal basis, Q matrix is fixed.




Observables: Hermitian Operators

 Observables are Hermitian Operators

The expectation values of observables must be real in any states:

MW |QY>) =0l < ¥ |Q|P'>=< ¥ Q| P'>*

Im(< a¥ +b¥'|Q|a¥ +b¥'>) =0

Take: a=i,b=1
a=b=1
Prove it.

» Hermitian conjugate: BVl é K% >:<(§+x1;| Ps=<\P| ©+ [P >*

iy iy _ -\ _ A+ _ r
« Hermitian Operator: Qun =<m[Q[n>=<Q"M|n>=(Q"mn)*




Example of Hermitian Operators
« Momentum operators:

<Y|P|¥'>= deqf*(x)(—ih i)\P'(x)
Y dx

=—in|¥*(x)[", +_]O dx((in %)‘P*(X))‘P'(X)
_ T dx((=in %)‘P(x))*\l"(x) =< PY|¥'>
« Position Operator
(QQ,)" =Q"Q"

If A, B are Hermitian operator, AB in general is not Hermitian if [A,B] is not zero.
However, AB+BA is Hermitian Operator.




Eigenvalue problems

« Eigenvalues of Hermitian operator Is real.

Q W >=q|¥ >
q=<¥[Q|¥>
. Eigenfunctions belonging to distinct eigenvalues are orthogonal
<\P'|(§‘P>:q<\P'|\P>
—< QY| ¥ >=<Q¥'| ¥ >
=0'<¥'|¥Y >

 Handle Degeneracy: Gram-Schmidt Orthogonalization Procedure




Continuous Spectra
e Position:

X | X>=X|X> LIJ(X) =<X|qj>

<X'|x>=0(x—x")

e Momentum: [T

OX

Pk >=7k |k >
<k'|k >=S(k —k")

e Identical Operator:

[dk[k><k|=T

jdx|x><x|:IA




Unitary transformation

« Unitary Matrix: Ut = *
— nm
 Unitary Operator:

« Quantum Systems: (Hilbert Space)

jdxw*n Xy, (X) =le<n|n>=1
[, Oy () =5, S<n|M>=5,,

« Form Another Basis n'>=U |n>}
<n|m'>=o,,.

All completed bases can by connected by a unitary transformation.




Operators and representations

» Position base: > —in < Tk(x):<x|k>=\/;e
T

X | X >=X| x> ~ ~ B
PWY(x) =< x| PY¥Y >=-1h—¥Y(X
<X'|x>=0(x—x") () | OX ()

e Momentum base: EHIE LS
<k'|k >=5(k -k op

P(k)=<k|¥ >

XW(K) =<k | X¥ >= j dxx——— e (x)

J2r

=iijdx<k|x><x|\y>ziiqj(k)
ok ok




