Stationary Solution of
Schrodinger Equation
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Schrodinger Eguation

» Separation of Variables

= I TVED v

 (X,1) = p(X)g(t)




Solving Schrodinger Eq

e Stationary solution:

p(x,t) = p(x)e"™"

For constant E

Ho(x) = Ep(x)




General solution

 Find all of eigenvalues of H

A K% 0°
H=-""9_4V(x
2m ox? (%)

Ho, (X) = E,@,(X)

—iE t/ 7

v, (X1) =@, (X)e

General solution:

oy (xt) _h_28_2
in PR = (- 2V () ()

p(x1)=2 CWaxt)




Examples

e Particle in an infinite square well
* Free Particle

e Particle in a harmonic oscillator

 Particle in a finite square well

« Particle in a delta function potential




nfinite Quantum Well

General solution:

@, (X) = a, cos(nx) + b, sin(nx)
h*n?
2m

E =

n

Boundary Condition:

¢n(L/2) :(Dn(_l—/z) =

a, cos(nL/2)+b,sin(nL/2) =a,cos(nL/2)—b, sin(nL/2) = Even solution

Solution:

= — ko k = 2 (2k-1 nx (2k=1)?
(Da, =0,nL/2=kz,k =12,... (1)¢k(x):\ﬁcos(( )y g B2k Ground state:
(2)b, =0,nL/2 = (k+1/2)7,k =12... 2mL

Qg (x) = \/73|n(2k—”x) E, _7727;2(22‘02
mL
k=123..

Odd solution




Infinite Quantum Well

1. Orthogonal condition: General solution:

L/2
o e |2 k=D, #*x’(2k-1)°
J.dX(P (e,o)k,(x)(p(e,O)k (X) — §kk' De k(X)—\/:COS(L ), E, =

-L/2 2 2 2
sin(2kﬂx), E - W (22k)
L/2 L 2mL

[ dxp ™ () (x) =0
-L/2
Oy = O,’gf- Kronecker delta
2. Complete: Any function F(x) with a boundary condition F(L/2)=F(-L/2)=0 can be
expanded as:

F(x)= Z (C%k@°k (X) +C°k@°k (X))

Ll Dirichlet’'s Theorem:
ceO = j dXF (X) "% (X) Fourier Series

-L/2

3. General Solution: ek (K2,
l//(X,t):Z(Cek(ﬁek(X)e 2am’4c% % (X)e 2 )
k

2P+l ) =1
k

<H>=3(ciFEl+|c) [ EY)
k

|IC,|>: Describe the probability of the particle in the state k




Example

* A particle in the infinite square Well has the initial wave function,
w(x,0) = A(x—L/2)(x+L/2)

For some constant A. Find VA%,

Solution: 0,2 (2k — 1) Mz(ritzl)
y(X1) = \/7( )Z(Zk 1) os(———)e




General Properties of Wavefunction

* In general, eigenvalues of Hamiltonian is real.

» Wavefunctions with diffferent eigenvalues are orthogonal to each other

p(x,t) w(x 1)

« Wavefunctions in the space is continous. MR (w*(x,t)gw(x,t)_y,<x,t)§y,*(x,t))

C2m

9pt) | 6 3y 1y-0
ot ox

» The derivative of wavefunctions with respect to space is continuous if there is
no singularity in potential energy.




Harmonic oscillator

Ho(x) = Ep(X)

Classical solution:

d?x

ma)2x=—m—2
dt

X(t) = Asin(wt) + B cos(wt)

* Most important quantum system

» Exact solvable

« Complex guantum system can be approximated by a combination
of multi-Harmonic oscillators




Solution of Harmonic Oscillator

» Algebraic method: Step3: let ¥,(x) be the ground state with

eigenvalue E . E >0.

Step4: Solve:
1

(i 2+ maxyy, () =0

N2imew  OX

Step2: if ¥(x) is an eigenstate with eigenvalue H w,(X)= h_a)l//g (x)

=

w(X)=Ew(X) ) h_a)

E, ;

@w (X)) = (E +ho)@ (X))
H Ay (x)) = (E —ho) @y (X))




Solution of Harmonic Oscillator

o Step 5: Excited states:

Mo >

_ MO yys 5%
X)=(——) €
Wy (X) (hﬂ)

Ay, (x) =h7“’wg (%)

R

o2

él//n (X) — \/HWn—l(X)
é\‘+l)”n (X) =N +1Wn+1(x)

Ay, (0= (1 + oy, (9

v (x) =%(é+)“wg (%)




Solution of Harmonic Osclillator (differenatial
equations)

» Consider the boundary condition (vanish at infinite) | (x): Hermite Polynomials
A(X):

o’ .df .
o 2§d§+(|< )¢ =0

w(&)=e* (&)
¢(§) = chgj




