Computational
Physics using
MATLAB®

Computational
Phusics

Kevin Berwick

Pagel



Table of Contents

=7 = Tol eSO P PO PPPPPPPPRPTPP 6
1. UFGNIUM DECAY.......iiiiiiiiiiiite ettt e ettt e e e e ettt e e e e e e e e e e s e an e e e e e e e e e nnnennees 7
T I 1= =T oo 1111 o PP PO PPTOTPPPPPPPPPPS 9
3.1 Solution using the Euler Method.............oooooo e 9
3.1.1 Solution using the EulerCromer method. ... 10
3.1.2 Simple Harmonic motion example using a variety of numerical approaches............ 11
3.2 Solution for a damped pendulum using the Euler-Cromer method. .........ccccceeeeeieennnnn. 16
3.3 Solution for a non-linear, damped, driven pendulum : - the Physical pendulum, using
the Euler-Cromer MEtNOM. ........coooiiiiiieeeee e e e e e e e 18
3.4 Bifurcation diagram for the pendulum ...........cccoii e 24
I T o =10 40 1V o To [ PP PPP PP 26
o N T IS0 = T V£ 1= 1 1P 28
4.1 Kep|l . Brb. S L@ WS e 28
4.1.1 Ex 4.1 Planetary motion results using different time Steps.........ccccccceeeiiiiiiiiiiieninnns 30
4.2 Orbits using different fOrce [aWs ............oooviiiiiiiiiiie e 35
4.3 Precession of the perihelion of MErCury. ...........ooovviiiiiiiiiiie e 40
4.4 The three body problem and the effect of Jupiter on Earth ..........ccccccoiiiiiiiiiiiiiniiins 48
4.6 Chaotic tumbling of HYPEIiON .......oovviiiiicee e 53
5. Potentials @and FIEIAS. ........cuuiiiiiieiiee e e e eees 60

51Sol ution of Laplacedbds equati on..u.s.i.ng..6he Jaco

5.1.1 Solution of Lapl adcgpism with@ sodd; nnetaltic infieo r a ho
(o0 0o (U o1 (o] SRR PP T PP TPTPPPPPPPPPPIY 63
5.1. 2 Solution of Laplaceds..eg.uat.i.o.n.. .f.&r a fi
5.1.3 Exercise 5.7 and the Successive Over Relaxation Algorithm..............ccceevvveiiiiennn. 70
5.2 Potentials and fields near..El.ec.t.r.i.c.75char ges
B. WBIVES. ...ttt e e e e e e e e e e renns 78
LT ATV = 1YL o = 1 1 o T EURPPR 78
6.1.1 Waves on a string With fre@ @NdS............uueeiiiiiiiiiiiii e 81
6.2 Frequencyspectrum of Waves 0N @ SIHNG......ccuuiiieiiiiiiiiiiiiiii e 83
A 2 =TT (o] 0 g Y= (=] 0 87
7.1 Randomwalk SIMUIALION ........ooiiiiiiiiiiii e 87
7.1.1 Random walk simulation with random path lengths. ..............ccccciiiie e, 89
10. QUANTUM IMECNANICS.....ciiiii e e e e s e e e e et e e e e e e et s e e e e ranaeaaeeens 91
10.2 Time independent Schrodinger equation. Shooting method............ccccccvviiiiiiiinnns 91

Kevin Berwick Page2



10.5 Wavepacket CONSITUCTION........cooiii i e e e e e e e e e eeaaaaaees 93
10.3 Time Dependent Schrodinger equation in One dimension. Leapfrog method............ 95

10.4 Time Dependent Schrodinger equation in two dimensions. Leapfrog method........... 99

Kevin Berwick Page3



Table of Figures

Figure 1. Uranium decay as a function of time..........ccccceiiiiiiiiii e, 8
Figure 2. Simple Pendulum - Euler Method .........ccoooviiiiiiiiiec e 9
Figure 3. Simple Pendulum: Euler - Cromer method.............uueiiiiiiiiiiiiiineeee 10
Figure 4. Simple pendulum solution using Euler, Euler Cromer, Runge Kutta and Matlab

L0 1D R0 1Y U 15
Figure 5. The damped pendulum using the Euler-Cromer method ..............ccccoooviiiiiennee 17

Figure 6. Results from Physical pendulum, using the Euler-Cromer method, F_drive =0.5 19
Figure 7.Results from Physical pendulum, using the Euler-Cromer method, F_drive =1.2..20
Figure 8. Results from Physical pendulum, using the Euler-Cromer method, F_drive =0.5 21
Figure 9. Results from Physical pendulum, using the Euler-Cromer method, F_Drive=1.2 .21
Figure 10. Increase resolution with npoints=15000.Results from Physical pendulum, using

the Euler-Cromer method, F DHVE=L1.2 ......oo oot e et e et e eeeeenes 22
Figure 11.Poincare section (Strange attractor) Omega as a function of theta. F_Drive =1.2.23
Figure 12. Bifurcation diagram for the pendulu M ...........cccoooiiiiiiiii e 25
Figure 13. Variation of z as a function of time and corresponding strange attractor.............. 27
Figure 14. Simulation of Earth orbit around the Sun ...............ccciie s 29
Figure 15. Simulation of Earth orbit with time step 0f 0.05 .........cooviviiiiiiiiiiii e, 31
Figure 16. Simulation of Earth orbit, initial y velocity of 4, time step is 0.002. .........ccccceunn... 32
Figure 17 Simulation of Earth orbit, initial y velocity of 4, time step is 0.05 ......................... 33
Figure 18. Simulation of Earth orbit, initial y velocity of 8, time step is 0.002. 2500 points
and Runge Kutta MEtNOd. ..o e e 33
Figure 19.Plot for an initial y velocity of 8, dt is 0.05, npoints=2500. The Runge Kutta
MEthOd IS USEA NEIE.... ..o e e e e e e e e e e e 35

Figure 20. Orbit for a force | aw..wi.t.h..az2r.
Figure 21. Orbit for a force | aw..wi.t.h..3a739.
Figure 22. Orbit four..a.flor.ce.. . l.aw. . wi.t.h. . ;a=8.

Figure 23. Orbit orientation as a function of tiMe ... 45
Figure 24. Calculated precession rate Of MerCUrY............oovuuiiuiiiiiiiiiie e 47
Figure 25. Simulation of solar system containing Jupiter and Earth. Actual mass of Jupiter
0T OO 50
Figure 26. Simulation of solar system containing Jupiter and Earth. Jupiter mass is 10 X
2o (1 F= LI 7= 11U 51
Figure 27.Simulation of solar system containing Jupiter and Earth. Jupiter mass is 1000 X
actual value, ignoring perturbation of the Sun. ... 52

Figure 28.Motion of Hyperion. The initial velocity in the y direction was 1 HU/Hyperion

year. This gave a circular orbit. Note from the results that the tumbling is not chaotic under

L TSTST I o0 o {11 To] o TP PPRRUSPTR 56
Figure 29.Motion of Hyperion. The initial velocity in the y direction was 5 HU/Hyperion

year. This gave a circularorbit. Note from the results that the tumbling is chaotic under these
(o0 0 {1110 1S TSP PPPPPPRPPRR 59
Figure 30. Equipotential surface for geometry depicted in Figure 5.2 in the book ................ 62

Kevin Berwick Page4

5.

The t
The



Figure 31.Equipotential surface for hollow metallic prism with a solid metallic inner

(oo] o [0Tox (o) g 0 T=1 (o = N i PP TPPPPPP 66
Figure 32.Equipotential surface for a finite sized capacitor. ................cvviiiiiiiiiieeerieeeeiiiinnd 69
Figure 33. Equipotential contours near a finite sized CapacCitor. ...........ccvvvveveeiiiieeeeeieiiieeeeeen, 69

Figure 34.Equipotential surface in region of a simple capacitor as calculated using the SOR
code for a 60 X 60 grid. The convergence criterion was that thesimulation was halted when
the difference in successively calculated surfaces was less than 10per site................ooeeee 73
Figure 35.Number of iterations required for Jacobi method vs L for a simple capacitor. The
convergence criterion was that the simulation was halted when the difference in successively
calculated surfaces was less than 1O Per Site. ........ccooiiiiiiiiiiiiie e 74
Figure 36.Number of iterations required for SOR method vs L for a simple capacitor. The
convergence criterion was that the simulation was halted when the difference in successively
calculated surfaces was 1eSs than 1O Per SIte. ......viviiiiiiiiiii e 74
Figure 37. Equipotential surface near a point charge at the cener of a 20X20 metal box. The
Jacobi relaxation method was used . The plot on the right compares the numerical and
anal ytical (as obtained...f.r.am.Coul.amb.é.s..L3&w) .
Figure 38. Waves propagating on a string with fixed ends...........cccccoceeeeiiiiii e, 79
Figure 39. Signal from a vibrating string and Power spectrum. Signal excited with Gaussian
pluck centred at the middle of the string and the displacement 5% from the end of the string

LTz RS (=TT 0] o [= o 1O PSPPI 86
Figure 40. x"2 as a function of step number. Step length = 1. Average of 500 walks. Aso
shown is a linear fit to the data. ............eevuiiiiiiii e 88
Figure 41. x"2 as a function of step number. Step length = random value betwen +/-1.
Average of 500 walks. Also shown is a linear fit to the data................vciiiiiiiiiiviiiieeiiiis 90

Figure 42. Calculated wavefunction using the shooting method. The wall(s) of the box are at
x=(-)1. The value of Vo used was 1000 giving grounestate energy of 1.23. Analytical value is
1.233. Wavefunctions are not NOMMAlISEd. ...........eeiiiiiiiieeeiiiiiiie e 93
Figure 43. Composition of wavepacket. ko = 500, x0=0.4, sigma”2=0.001. .........cccceeeernn.... 94
Figure 44. Wavepacketreflection from potential cliff at x=0.6. The potential was V=0 for
x<0.6 and V=-1e6 for x>0.6. Values used for initial wavepacket were x_0=0.4,C=10,
sigma_squared=1e 3, k_0=500. Simulation used delta_x=1e -3, delta_t=5e-8. Time
Progresses IEft 10 MGNTL. . ... e e e eas 98
Figure 45. Wavepacket reflection from potential wall at x=0.6. The potential was V=0 for
x<0.6 and V=1e6 for x>0.6. Values usedfor initial wavepacket were x_0=0.4,C=10,
sigma_squared=1e-3, k_0=500. Simulation used delta_x=1e -3, delta_t=5e-8. Time
Progresses 1eft 10 Mg, .. ..o e 98
Figure 46.Wavepacket reflection from potential cliff at x=0.5. The potential was V=0 for

x<0.5 and V=-1e3 for x>0.5. Values used for initial wavepacket were x_0=0.25,
y_0=0.5,C=10, sigma_squared=0.01, k_0=40. Simulation used delta_x=0.0 05,

delta t=0.00001. ...ooeeiiiiiiiiiee e e e e e e e e e e e e e e e e e e e —————aa————————aaaaaaaann 102
Figure 47. Wavepacket reflection from potential wall at x=0.5. The potential was V=0 for
x<0.5 and V=1e3for x>0.5. Values used for initial wavepacket were x_0=0.25,
y_0=0.5,C=10, sigma_squared=0.01, k_0=40. Simulation used delta_x=0.005,

delta t=0.00001. .....ooeiiiiiiiieee e et e e e e e e e e e aeaa e e e e e e e a e ———ar et araraaaaaaens 103

Kevin Berwick Page5



Preface
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to thank the U.S. Department of Education and the European Commission's Directorate
Generd for Education and Culture for funding the Atlantis Programme , and a particular
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Finally, | would like to thank my family, who tolerated my absencewhen, largely self imposed,
deadlines loomed.
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USA,
September 2012

Kevin Berwick Page6

ual cu

' tivat|



1. Uranium Decay

%

% 1D radioactive decay

% by Kevin Berwick,

% based on '‘Computational Physics' book by N Giordano and H Nakanishi
% Section 1.2 p2

% Solve the Equation dN/dt =-N/tau

N_uranium_initial = 1000; %initial number of uranium atoms
npoints = 100; %Discretize time into 100 intervals

dt = le7; % time step in years

tau=4.4e9; % mean lifetime of 238 U

N_uranium = zeros(npoints,1); % initializes N_uranium, a vector of dimension npoints X 1,to being
all zeros
time = zeros(npoints,1); % this initializes the vector time to being all zeros

N_uranium(1) = N_uranium_initial; % the initial condition, first entry in the vector N_uranium is
N_uranium_initial
time(1) = 0; %lnitialise time

for step=1:npoints-1% loop over the timesteps and calculate the numerical solution
N_uranium(step+1) = N_uranium(step) - (N_uranium(step)/tau)*dt;

time(step+1) = time(step) + dt ;

end

% For comparison , calculate analytical solution

t=0:1e8:10e9;

N_analytical=N_uranium_initial*exp( -t/tau);

% Plot both numerical and analytical solution

plot(time,N_uranium, 'r',t,N_analytical, 'b"); %plots the numerical solution in red and the analytical
solution in blue

xlabel('Time in years')

ylabel('Number of atoms")
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Figure 1. Uranium decay as a function of time

Note that the analytical and numerical solution are coincident in this diagram. It
uses real data on Uranium and so the scales are slightly different than those used in
the book.
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3. The Pendulum

3.1 Solution using the Euler method
Here is the code forthe numerical solution of the equations of motion for a simple
pendulum using the Euler method. Note the oscillation s grow with time. !!

%

% Euler calculation of motion of simple pendulum

% by Kevin Berwick,

% based on '‘Computational Physics' bookby N Giordano and H Nakanishi,
% section 3.1

%

clear;

length= 1, %pendulum length in metres
0=9.8 % acceleration due to gravity
npoints = 250; %Discretize time into 250 intervals
dt =0.04; % time step in seconds

omega = zeros(npoints,1); % initializes omega, a vector of dimension npoints X 1,to being all zeros
theta = zeros(npoints,1); % initializes theta, a vector of dimension npoints X 1,to being all zeros
time = zeros(npoints,1); % this initializes the vector time to being all zeros

theta(1)=0.2; % you need to have some initial displacement, otherwise the pendulum will
not swing

for step = 1:npoints-1% loop over the timesteps
omega(step+1) = omega(step)- (g/length)*theta(step)*dt;
theta(step+1) = theta(step)+omega(step)*dt
time(step+1) = time(step) + dt;

end

plot(time,theta, 'r' ); %plots the numerical solution in red
xlabel('time (seconds));
ylabel('theta (radians)");

1.5 3 3 3 3 3 T 3 3 T

0.5

-0.5

theta (radians)
o
</

_15 r r r r r r
0 1 2 3 4 5 6 7 8 9 10

time (seconds)

Figure 2. Simple Pendulum - Euler Method
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3.1.1 Solution using the Euler -Cromer method.
This problem with growing oscillations is addressed by performing the solution using
the Euler - Cromer method. The code is below

%

% Euler_cromer calculation of motion of simple pendulum

% by Kevin Berwick,

% based on '‘Computational Physics' book by N Giordano and H Nakanishi,
% section 3.1

%

clear;

length=1; %pendulum length in metres
0=9.8; % acceleration due to gravity
npoints = 250; %Discretize time into 250 intervals

dt =0.04; % time step in seconds

omega = zeros(npoints,1); % initializes omega, a vector of dimension npoints X 1,to being all zeros
theta = zeros(npoints,1); % initializes theta, a vector of dimension npoints X 1,to being all zeros
time = zeros(npoints,1); % this initializes the vector time to being all zeros

theta(1)=0.2; % you need to have some initial displacement, otherwise the pendulum will
not swing

for step = 1:npoints-1% loop over the timesteps
omega(step+1) =omega(step) - (g/length)*theta(step)*dt;
theta(step+1) = theta(step)+omega(step+1)*dt; %note that
% this line is the only change between

% this program and the standard Euler method
time(step+1) = time(step) + dt;

end;

plot(time,theta, 'r' ); %plots the numerical solution in red
xlabel(‘'time (seconds) );
ylabel('theta (radians)");

0.25 T T T T T T T T T
0.2 7
0.15 ﬁ /

0.1f | | / .
0.05 |- .

L
il \// TRUATE

_025 r r r L r r r
0 1 2 3 4 5 6 7 8 9 10

time (seconds)

theta (radians)
o
7

1

Figure 3. Simple Pendulum: Euler - Cromer method
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3.1.2 Simple Harmonic motion example using a variety of numerical approaches

In this example | use a variety of approaches in order to solve the following, very simple,

equation of motion. It is based on Equation 3.9, with kand U =1 .
Qw ,
Qo ©

| take 4 approaches to solving the equation, illustrating the use of the Euler, Euler
Cromer, Second order RungeKutta and finally the built in MATLAB @ solver ODE23.

The solution using the built in MATLAB @ solver ODE23 is somewhat less
straightforward than those using the other techniques. A discussion of the technique
follows.

The first step is to take the second order ODE equation and split it into 2 first order
ODE equations.

These are — 0 — )

Next you create aMATLAB® function that describes your system of differential
equations. You get back a vector of times, T, and a matrix Y that has the values of
each variable in your system of equations over the times in the time vector. Each
column of Y is a different variable.

MATLAB® has avery specific way to define a differential equation, as a function that
takes one vector of variables in the differential equation, plus a time vector, as an
argument and returns the derivative of that vector. The only way that MATLAB®
keeps track of which variable is which inside the vector is the order you choose to use
the variables in. You define your differential equations based on that ordering of
variables in the vector, you define your initial conditions in the same order, and the
columns of your answer are also in that order.

In order to do this, y ou create astate vector y. Let element 1 be the vertical
displacement, y1,and element 2 is the velocity,v. Next, we write down the state
equations, dyl and dy2 These are

dyl=v;
dy2=-y1

Next, we create a vector dy, with 2 elements, dyl and dy2Finally we call the
MATLAB® ODE solver ODE23. We take the output of thefunction called my_shm .
We perform the calculation for time values range from 0 to 100. The initial velocity is
0, the initia | displacement is 10. The code to do this is here

[t,y]=0de45(@my_shm,[0,100],[0,10]);

Finally, we need to plot the second column of the y matrix, containing the
displacement against time. The code to do this is
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plot(t,y(:,2),);
Here is the top level code to do the comparison

%

% Simple harmonic motion - comparison of Euler, Euler Cromer

% and 2nd order Runge Kutta and built in MATLAB Runge Kutta

% function ODE45to solve ODEs.

% by Kevin Berwick,

% based on 'Computational Physics' book byN Giordano and H Nakanishi,
% section 3.1

% Equation is d2y/dt2 = -y

% Calculate the numerical solution using Euler method in red
[time,y] = SHM_Euler (10);

subplot(2,2,1);
plot(time,y, 'r' );

axis([0 100 -100 100));
xlabel('Time");
ylabel('Displacement');
legend (Euler method");

% Calculate the numerical solution using Euler Cromer method in blue
[time,y] = SHM_Euler_Cromer (10);

subplot(2,2,2);

plot(time,y, 'b");

axis([0 100 -20 20));
xlabel('Time");
ylabel('Displacement');

legend (Euler Cromer method');

% Calculate the numerical solution using Second order Runge Kutta method in green
[time,y] = SHM_Runge_Kautta (10);

subplot(2,2,3);

plot(time,y, 'g");

axis([0 100 -20 20));
xlabel('Time");
ylabel('Displacement');

legend (Runge-Kutta method');

% Use the built in MATLAB ODEA45 solver to solve the ODE

% The function describing the SHM equations is called my_shm
% The time values range from 0 to 100

% The initial velocity is 0, the initial displacement is 10

[t,y]=0de23(@SHM_ODE45_fun ction,[0,100],[0,10]);

% We need to plot the second column of the y matrix, containing the
% displacement against time in black

subplot(2,2,4);
plot(t,y(:,2), 'k');

axis([0 100 -20 20));
xlabel('Time");
ylabel('Displacement');
legend (ODE45 Solver);
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Here are the functions to do the individual calculations

%

% Simple harmonic motion - Euler method

% by Kevin Berwick,

% based on '‘Computational Physics' book by N Giordano and H Nakanishi,
% section 3.1

% Equation is d2y/dt2 = -y

function [tim e,y] = SHM_Euler (initial_displacement);

npoints = 2500; %Discretize time into 250 intervals
dt = 0.04; % time step in seconds

v = zeros(npoints,1); % initializes v, a vector of dimension npoints X 1,to being all zeros
y = zeros(npoints,1); % initializes y, a vector of dimension npoints X 1,to being all zeros
time = zeros(npoints,1); % this initializes the vector time to being all zeros
y(1)=initial_displacement; % need some initial displacement

% Euler solution

for step = 1:npoints-1% loop over the timesteps
v(step+1) = v(step) - y(step)*dt;

y(step+1) = y(step)+v(step)*dt;

time(step+1) = time(step) + dt;

end;

%

% Simple harmonic motion - Euler Cromer method

% by Kevin Berwick,

% based on 'Computational Physics' book by N Giordano and H Nakanishi,
% section 3.1

% Equation is d2y/dt2 = -y

function [time,y] = SHM_Euler_Cromer (initial_displacement);

npoints = 2500; %Discretize time into 250 intervals
dt = 0.04; % time step in seconds

v = zeros(npoints,1); % initializes v, a vector of dimension npoints X 1,to being all zeros
y = zeros(npoints,1); % initializes y, a vector of dimension npoints X 1,to being all zeros
time = zeros(npoints,1); % this initializes the vector time to being all zeros
y(1)=initial_displacement; % need some initial displacement

% Euler Cromer solution

for step = 1:npoints-1% loop over the timesteps
v(step+1) = v(step) - y(step)*dt;

y(step+1) = y(step)+v(step+1)*dt;

time(step+1) = time(step) + dt;

end;

%

% Simple harmonic motion - Second order Runge Kutta method

% by Kevin Berwick,

% based on 'Computational Physics' book by N Giordano and H Nakanishi,
% section 3.1

Kevin Berwick
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% Equation is d2y/dt2 = -y
function [time,y] = SHM_Runge_Kutta(initial_displacement);

% 2nd order Runge Kutta solution

npoints = 2500; %Discretize time into 250 intervals
dt = 0.04; % time step in seconds

v = zeros(npoints,1); % initializes v, a vector of dimension npoints X 1,to being all zeros
y = zeros(npoints,1); % initializes y, a vector of dimension npoints X 1,to being all zeros
time = zeros(npoints,1); % this initializes the vector time to being all zeros
y(1)=initial_displacement; % need some initial displacement

v = zeros(npoints,1); % initial izes v, a vector of dimension npoints X 1,to being all zeros

y = zeros(npoints,1); % initializes y, a vector of dimension npoints X 1,to being all zeros
v_dash = zeros(npoints,1); % initializes y, a vector of dimension npoints X 1,to being all zeros
y_dash = zeros(npoints,1); % initializes y, a vector of dimension npoints X 1,to being all zeros
time = zeros(npoints,1); % this initializes the vector time to being all zeros

y(1)=10; % need some initial displacement

for step = 1:npoints-1 % loop over the timesteps

v_dash=v(step)-0.5*y(step)*dt;
y_dash=y(step)+0.5*v(step)*dt;

v(step+1) = v(step)-y_dash*dt;

y(step+1) = y(step)+v_dash*dt;

time(step+1) = time(step)+dt;
end;

%

% Simple harmonic motion - Built in MATLAB ODE45 method

% by Kevin Berwick,

% based on 'Computational Physics' book by N Giordano and H Nakanishi,
% section 3.1

% Equation is d2y/dt2 = -y

function dy = SHM_ODE45_function(t,y);
% y is thestate vector

yl=y(1); %yl isdisplacement
v=y(2); %y2is velocity

% write down the state equations

dyl=v;
dy2=-y1;

% collect the equations into a column vector, velocity in column 1,
% displacement in column 2
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dy = [dyl;dy2];

100 20
Euler method

Euler Cromer method

= 50F ‘W = 10°
o ‘ o
S 5
g oYY g 0
o1 ‘ o
R R
A -50r i 0O -10r

-100 - -20+- ;
0 50 100 0 50 100
Time Time
20 20
Runge-Kutta method ODE45 Solver
2 10- 1= 107
Q Q
IS S
Eé o Eé 0
Q. o
2 %)
A -10+ o -10r
-20 - -20 = -
0 50 100 0 50 100
Time Time

Figure 4. Simple pendulum solution using Euler, Euler Cromer, Runge Kutta and
Matlab ODE45 solver.
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3.2 Solution for a damped pendulum using the Euler -Cromer method.

This solution uses g=1

%

% Euler_cromer calculation of motion of simple pendulum with damping

% by Kevin Berwick,

% based on 'Computational Physics' book by N Giordano and H Nakanishi,
% section 3.2

%

clear;

length= 1, %pendulum length in metres
0=9.8; % acceleration due to gravity
g=1; % damping strength

npoints = 250; %Discretize time into 250 intervals
dt = 0.04; % time stepin seconds

omega = zeros(npoints,1); % initializes omega, a vector of dimension npoints X 1,to being all zeros
theta = zeros(npoints,1); % initializes theta, a vector of dimension npoints X 1,to being all zeros
time = zeros(npoints,1); % this initializes the vector time to being all zeros

theta(1)=0.2; % you need to have some initial displacement, otherwise the pendulum will
not swing

for step = 1:npoints-1% loop over the timesteps
omega(step+1) = anega(step) - (g/length)*theta(step)*dt -g*omega(step)*dt;
theta(step+1) = theta(step)+omega(step+1)*dt;

% In the Euler method, , the previous value of omega

% and the previous value of theta are used to calculate the new values of omega and theta.
% In the Euler Cromer method, the previous value of omega

% and the previous value of theta are used to calculate the the new value

% of omega. However, the NEW value of omega is used to calculate the new

% theta

%

time(step+1) = time(step) + dt;

end;

plot(time,theta, 'r' ); %plots the numerical solution in red
xlabel('time (seconds) );
ylabel('theta (radians)");
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3.3 Solution for anon  -linear, damped, driven pendulum : - the Physical pendulum,
using the Euler -Cromer method.

All of the next five plots were produced using the code below with slight modifications in
either the input parameters or the plots.

% Euler Cromer Solution for non-linear, damped, driven pendulum

% by Kevin Berwick,

% based on '‘Computational Physics' book by N Giordano and H Nakanishi,
% section 3.3

%

clear;

length=9.8; %pendulum length in metres
0=9.8; % acceleration due to gravity
g=0.5;

F_Drive=1.2; % damping strength
Omega_D=2/3;

npoints =15000; %Discretize time

dt = 0.04; % time step in seconds

omega = zeros(npoints,1); % initiali zes omega, a vector of dimension npoints X 1,to being all zeros
theta = zeros(npoints,1); % initializes theta, a vector of dimension npoints X 1,to being all zeros
time = zeros(npoints,1); % this initializes the vector time to being all zeros

theta(1)=0.2; % you need to have some initial displacement, otherwise the pendulum will
not swing
omega(1)=0;

for step = 1l:npoints-1;

% loop over the timesteps

% Note error in book in Equation for Example 3.3
omega(step+l)=omega(step)+(-(g/length)*sin(theta(step)) -
g*omega(step)+F_Drive*sin(Omega_D*time(step)))*dt;
temporary_theta_step_plus_1 = theta(step)+omega(step+1)*dt;

% We need to adjust theta after each iteration so as to keep it between +pi

% The pendulum can now swing right around the pivot, corresponding to theta>2*pi.

% Theta is an angular variable so values of theta that differ by 2*pi correspond to the same position.
% For plotting purposes it is nice to keep (-pi<theta<pi).

% So, if theta is <pi, add 2*pi.If theta is > pi, subtract 2*pi

% If the lines below between the ****** gre commented out you get 3.6 (b)% bottom

% *kkkkkkkkhk *k%k *kkkkkk *kkkk *kkkkkkkkhkkkkhkk *kkkkkkkkkkkkk ** *kkkkk *kkkk

if (temporary_theta_step plus_1 < -pi)
temporary_theta_step _plus_1=temporary_theta_step_plus_1+2*pi;
elseif (temporary_theta_step_plus_1 > pi)
temporary_theta_step_plus_1=temporary_theta_step_plus_1 -2*pi;
end;

Kk Kk * * * *% K% *
0

% Update theta array
theta(step+1)=temporary_theta_step_plus_1;

%%9%%% %% %% %% %% %% %% % %% %% %% %% % % %% %% % %% %% %% % %% %% % %% % %% %% % % %
%%%%% %% %% %% %% %% %%

% In the Euler method, , the previous value of omega
% and the previous value of theta are used to calculate the new values of omega and theta.
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% In the Euler Cromer method, the previous value of omega

% and the previous value of theta are used to calculate the the new value

% of omega. However,the NEW value of omega is used to calculate the new
% theta

%

time(step+1) = time(step) + dt;

end;

plot (theta,omega,'r' ); %plots the numerical solution

xlabel('theta (radians)");
ylabel('omega (seconds));
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Figure 6. Results from Physical pendulum, using the Euler -Cromer method , F_drive
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If you want higher resolution, simply increase the resolution by changing npoints .
Note that this figure was produced using npoints = 15000. F_Drive =1.2.

2.5¢
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o
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2 f
_25 C r r r r r r r
-4 -3 -2 -1 0 1 2 3 4
theta (radians)
Figure 10. Increase resolution with npoints=15000. Results from Physical pendulum,

using the Euler -Cromer method, F_Drive=1.2

% Euler Cromer Solution for non-linear, damped, driven pendulum

% by Kevin Berwick,

% based on 'Computational Physics' book by N Giordano and H Nakanishi,

% section 3.3

%I modified the code in order to produce the Poincare section shown in Fig 3.9.

% It uses a little MATLAB trick in order to prevent plotting of any points that were not in
% phase with the driving force.

clear;

length= 9.8; %pendulum length in metres
0=9.8; % acceleration due to gavity
g=0.5;

F_Drive=1.2; % damping strength
Omega_D=2/3;

npoints =1500000; %Discretize time

dt = 0.04; % time step in seconds

omega = zeros(npoints,1); % initializes omega, a vector ofdimension npoints X 1,to being all zeros
theta = zeros(npoints,1); % initializes theta, a vector of dimension npoints X 1,to being all zeros
time = zeros(npoints,1); % this initializes the vector time to being all zeros

theta(1)=0.2; % you need to have some initial displacement, otherwise the pendulum will
not swing

omega(1)=0;

for step = 1:npoints-1;
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% loop over the timesteps

% Note error in book in Equation for Example 3.3
omega(step+1)=omega(step)+((g/lengt h)*sin(theta(step)) -
g*omega(step)+F_Drive*sin(Omega_D*time(step)))*dt;
temporary_theta_step_plus_1 = theta(step)+omega(step+1)*dt;

if (temporary_theta_step_plus_1 < -pi)
temporary_theta_step_plus_1=temporary_theta_step_plus_1+2*pi;
elseif (temporary_theta step _plus_1 > pi)
temporary_theta_step_plus_1= temporary_theta_step_plus_1 -2*pi;
end;

% Update theta array
theta(step+1)=temporary_theta_step_plus_1;
time(step+1) = time(step) + dt;
end;

% Only plot omega and theta point when omega is in phase with the driving force Omega_D
I=find(abs(rem(time, 2*pi/Omega_D)) > 0.02);

omega(l)=NaN;

theta(l)=NaN;

scatter (theta,omega,2 ); %plots the numerical solution

plot (theta,omega, 'k’ ); %plots the numerical solution
xlabel('theta (radians)");
ylabel('omega (radians/second)’);
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Figure 11 Poincare section (Strange attractor) Omega as a function of theta. F_Drive
=1.2

Kevin Berwick Page23



3.4 Bifurcation diagram for the pendulum

% Program to perform Euler_cromer calculation of motion of physical pendulum
% by Kevin Berwick, and calculate the bifurcation diagram. You need to

% have the function 'pendulum_function' available in order to run this.

% based on 'Computational Physics' book by N Giordaro and H Nakanishi,

% section 3.4.

Omega_D=2/3;

for F_Drive_step=1:0.1:13;

F_Drive=1.35+F_Drive_step/100;

% Calculate the plot of theta as a function of time for the current drive step
% using the function :- pendulum_function

[time,theta]= pendulum_function(F_Drive, Omega_D);

%Filter the results to exclude initial transient of 300 periods, note
% that the period is 3*pi.

I=find (time< 3*pi*300);
time(I)=NaN;
theta(l)=NaN;

%Further filter the results so that only results in phase with the driving force
% F_Drive are displayed.
% Replace all those values NOT in phase with NaN

Z=find(abs(rem(time, 2*pi/Omega_D)) > 0.01);
time(Z)=NaN;
theta(Z)=NaN;

% Remove all NaN values from the array to reduce dataset size

time(isnan(time)) = [J;
theta(isnan(theta)) = [J;

% Now plot the results

plot(F_Drive,theta, 'k');
hold on;

axis([1.35 1.5 1 3));
xlabel('F Drive');
ylabel('theta (radians)");
end;

% Euler_cromer calculation of motion of physical pendulum

% by Kevin Berwick,

% based on 'Computational Physics' book by N Giordano and H Nakanishi,
% section 3.3

function [time,theta] = pendulum_function(F_Drive,Omega_D);

length=9.8; %pendulum length in metres
0=9.8; % acceleration due to gravity
g=0.5; % damping strength

npoints =100000; %Discretize time

dt = 0.04; % time step in seconds

omega = zeros(npoints,1); % initializes omega, a vector of dimension npoints X 1,to being all zeros
theta = zeros(npoints,1); % initializes theta, a vector of dimension npoints X 1,to being all zeros
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time = zeros(npoints,1); % this initializes the vector time to being all zeros

theta(1)=0.2; % you need to have some initial displacement, otherwise the pendulum will
not swing
omega(1)=0;

for step = 1:npoints-1;

% loop over the timesteps

omega(step+1)=omega(step)+((g/length)*sin(theta(step)) -

g*omega(step)+F_Drive*sin(Omega_D*time(step)))*dt;

temporary_theta_step_plus_1 = theta(step)+omega(step+1)*dt;

% Make corrections to keep theta between pi and-pi

if (temporary_theta_step plus_1 < -pi)

temporary_theta_step_plus_1=temporary_theta_step_plus_1+2*pi;

elseif (temporary_theta_step_plus_1 > pi)
temporary_theta_step_plus_1=temporary_theta_step _plus_1 -2*pi;

end;

% Update theta array

theta(step+1)=temporary_theta s tep_plus_1;

% Increment time

time(step+1) = time(step) + dt;

end;
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Figure 12. Bifurcation diagram for the pendulum
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3.6 The Lorenz Model

The equations arethe same as thoseas in 3.29

Qw o
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%

% Euler calculation of Lorenz equations

% by Kevin Berwick,

% based on 'Computational Physics' book by N Giordano and H Nakanishi,

% section 3.6

%

clear

a=10;

b=8/3;

r=25;

sigma=10;

npoints =500000; %Discretize time

dt = 0.0001; % time step in seconds

x = zeros(npoints,1); % initializes x, a vector of dimension npoints X 1,to being all zeros
y = zeros(npoints,1); % initializes y, a vector of dimension npoints X 1,to being all zeros
z = zeros(npoints,1); % initializes z, a vector of dimension npoints X 1,to being all zeros
time = zeros(npoints,1); % this initializes the vector time to being all zeros

x(1)=1,;

for step = 1:npoints-1

% loop over the timesteps and solve the difference equations
X(step+1)=x(step)+sigma*(y(step) -x(step))*dt;
y(step+1)=y(step)+(-x(step)*z(step)+r=x(step) -y(step))*dt;
z(step+1)=z(step)+(x(step)*y(step) -b*z(step))*dt;

% Update time array

time(step+1) = time(step) + dt;
end,;

subplot (2,1,1);
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plot(time,z, 'b");
xlabel(‘time");
ylabel('z");
subplot (2,1,2);
plot (x,z,'9");
xlabel('x");
ylabel('z")
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Figure 13. Variation of z as a function of time and corresponding strange attractor
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4. The Solar System

41Kepl erdés Laws

%

% Planetary orbit using Euler Cromer methods.

% by Kevin Berwick,

% based on '‘Computational Physics' book by N Giordano and H Nakanishi
% Section 4.1

%

npoints=500;

dt = 0.002; % time step in years

x=1; % initialise position of planet in AU
:0;

v_x=0; % initialise velocity of planet in AU/yr

V_y=2*pi;

% Plot the Sun at the origin

plot(0,0, 'oy','MarkerSize',30, '‘MarkerFaceColor','yellow");
axis([-1 1-1 1));

xlabel('x(AU)");

ylabel('y(AU)");

hold on;

for step = 1:npoints-1;

% loop over the timesteps

radius=sqrt(x"2+y"2);

% Compute new velocities in the x and y directions
V_X_new=v_Xx - (4*pi"2*x*dt)/(radius"3);
V_y_hew=v_y - (4*pir2*y*dt)/(radius”3);

% Euler Cromer Step- update positions using newly calculated velocities

X_New=x+v_x_new*dt;
y_new=y+v_y new*dt;

% Plot planet position immediately
plot(x_new,y_new, '-k');
drawnow;

% Update x and y velocities with new velocities
V_X=V_X_new;

V_Y=V_y nNew;

% Update x and ywith new positions

X=X_hew;

y=y_new;

end;
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Figure 14. Simulation of Earth orbit around the Sun

Here is the code using a second order Runge Kutta methodjiving the same results.

%
%

% Planetary orbit using second order Runge-Kutta method.

% by Kevin Berwick,

% based on 'Computational Physics' book by N Giordano and H Nakanishi

% Section 4.1
%
%

npoints=500;

dt = 0.002; % time step in years

t=0;

x=1; % initialise position of planet in AU

y=0;

v_x=0; % initialise x velocity of planet in AU/yr
V_y=2*pi; % initialise y velocity of planet in AU/yr

% Plot the Sun at the origin

plot(0,0, 'oy','MarkerSize',30, ‘MarkerFaceColor','yellow");
axis([-1 1-1 1]);

xlabel('x(AU)");

ylabel('y(AU)");

hold on;

for step = 1:npoints-1;

% loop over the timesteps
radius=sqrt(x"2+y"2);

% Compute Runge Kutta values for the y equations

y_dash=y+0.5*v_y*dt;
v_y dash=v_y - 0.5*(4*pir2*y*dt)/(radius"3);

% update positions and new y velocity
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y_new=y+v_y dash*dt;
V_y new=v_y -(4*pi*2*y_dash*dt)/(radius"3);

% Compute Runge Kutta values for the x equations
X_dash=x+0.5*v_x*dft;
v_X_dash=v_x - 0.5*(4*pi"2*x*dt)/(radius"3);

% update positions using newly calculated velocity

X_hew=x+v_X_dash*dt;

V_X_new=v_Xx -(4*pi"2*x_dash*dt)/(radius"3);
% Plot planet position immediately
plot(x_new,y_new, '-k');

drawnow;

% Update x and y velocities with new velocities
V_X=V_X_New;

V_Y=V_y new;

% Update x and y with new positions
X=X_hew;

y=y_new;

end;

4.1.1 Ex 4.1 Planetary motion results using different time steps

In Exercise 4.1 we are asked to change the time step to show that for dt > 0.01 years,
you get an unsatisfactoryresult. | chose dt=0.05 and got the Figure below. Clearly
the orbit is unstable. This is in accordance with the rule of thumb that the time step
should be less than 1% of the characteristic time scale of the problem.
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Figure 15. Simulation of Earth orbit with time step of 0.05

| also looked at changing the velocity to look at the effect of increasing the value of
the initial velocity, while returning the time step to 0.002. Here is the plot , below,

Kevin Berwick

Page3l



with an initial y velocity of 4 , dt is 0.002.

y(AU)

Figure 16. Simulation of Earth orbit,

Here is the plot with the same initial y velocity of 4, but dt is increased to 0.05.
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Clearly, the instability is apparent.

initial y velocity of 4,

time step is 0.002.
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Figure 17.Simulation of Earth orbit, initial y velocity of 4, time step is 0.0

Here is the result for an initial y velocity of 8, dt is 0.002., npoints=2500. The Runge
Kutta Method is used here. Note the relative stability of t he orbit.
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Figure 18. Simulation of Earth orbit, initial y velocity of
points and Runge Kutta method

8, time step is 0.002

. 2500

Here is the code and Plotfor an initial y velocity of 8, dt is 0.05, npoints=2500. The

Runge Kutta Method is used here.
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%

%

% Planetary orbit using second order Runge Kutta method.

% by Kevin Berwick,

% based on 'Computational Physics' book by N Giordano and H Nakanishi
% Section 4.1

%

%

% npoints=500;

npoints=2500;

dt = 0.05; % time step in years

t=0;

x=1; % initialise position of planet in AU

y=0;

v_x=0; % initialise x velocity of planet in AU/yr

% v_y=2*pi; % initialise y velocity of planet in AU/yr
v_y=8; % initialise y velocity of planet in AU/yr

% Plot the Sun at the origin

plot(0,0, 'oy','MarkerSize',30, 'MarkerFaceColor','yellow');

% axis([-1 1-1 1]); remove in order to see effect of changing time step
xlabel('x(AU)");

ylabel('y(AU)");

hold on;

for step = 1l:npoints-1;

% loop over the timesteps
radius=sqrt(x"2+y"2);

% Compute Runge Kutta values for the y equations

y_dash=y+0.5*v_y*dt;
v_y dash=v_y - 0.5*(4*pir2*y*dt)/(radius”"3);

% update positions and new Yy velocity

y_new=y+v_y_dash*dt;
V_y new=v_y -(4*pi*2*y_dash*dt)/(radius"3);

% Compute Runge Kutta values for the x equations
X_dash=x+0.5*v_x*dt;
v_x_dash=v_ x - 0.5*(4*pi*2*x*dt)/(radius"3);

% update positions using newly calculated velocity

X_new=x+v_x_dash*dt;

V_X_new=v_Xx -(4*pi"2*x_dash*dt)/(radius"3);
% Plot planet position immediately
plot(x_new,y new, '-k');

drawnow;

% Update x and y velocities with new velocities
V_X=V_X_Nnew;

V_Y=V_y_new;

% Update x and y with new positions
X=X_Nnew;

y=y_new;

end;
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Figure 19.Plot for an initial y velocity of 8, dt is 0.05, npoints=2500. The Runge Kutta
Method is used here

4.2 Orbits using different force laws

Here is the code to calculate the elliptical
step is 0.001 years.

%

%

% Planetary orbit using second order Runge Kutta method.

% by Kevin Berwick,

% based on'Computational Physics' book by N Giordano and H Nakanishi
% Section 4.2

%

%

npoints=1000;

dt =0.001; % time step in years

t=0;

x=1; % initialise position of planet in AU

y=0;

v_x=0; % initialise x velocity of planet in AU/yr

% v_y=2*pi, % initialise y velocity of planet in AU/yr
v_y=5; % initialise y velocity of planet in AU/yr

% Plot the Sun at the origin
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plot(0,0, 'oy','MarkerSize',30, 'MarkerFaceColor','yellow');
title( 'Beta = 2')

axis([-1 1-1 1]);

xlabel('x(AU)");

ylabel('y(AU)");

hold on;

for step = 1:npoints-1;

% loop over the timesteps
radius=sqrt(x"2+y"2);

% Compute Runge Kutta values for the y equations

y_dash=y+0.5*v_y*dt;
v_y_dash=v_y - 0.5*(4*pi*2*y*dt)/(radius"3);

% update positions and new y velocity

y_new=y+v_y dash*dt;
V_y_hew=v_y -(4*pi*2*y_dash*dt)/(radius"3);

% Compute Runge Kutta values for the x equations
X_dash=x+0.5*v_x*dt;
v_x_dash=v_x - 0.5*(4*pi*2*x*dt)/(radius”3);

% update positions using newly calculated velocity

X_hew=x+v_x_dash*dt;

V_X_hew=v_X -(4*pi"2*x_dash*dt)/(radius”3);
% Plot planet position immediately
plot(x_new,y new, '-k');

drawnow;

% Update x and yvelocities with new velocities
V_X=V_X_New;

V_Y=V_y_new;

% Update x and y with new positions
X=X_New;

y=y_new;

end;
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Figure 20.0r bit for a force | aw with a=2.

Here is the code to calcul at e

step is 0.001 years.

% Planetary orbit using second order Runge Kutta method.

% by Kevin Berwick,

% based on 'Computational Physics' book by N Giordano and H Nakanishi
% Section 4.2

%

%

npoints=1000;

dt =0.001; % time step in years

t=0;

x=1; % initialise position of planet in AU

y=0;

v_x=0; % initialise x velocity of planet in AU/yr

% v_y=2*pi, % initialise y velocity of planet in AU/yr
V_y=5; % initialise y velocity of planet in AU/yr

% Plot the Sun at the origin

plot(0,0, 'oy','MarkerSize',30, 'MarkerFaceColor','yellow");
title('Beta = 2.5

axis([-1 1-1 1]);

xlabel('x(AU)");

ylabel('y(AU)");

hold on;

for step = 1l:npoints-1;
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% loop over the timesteps
radius=sqrt(x"2+y"2);

% Compute Runge Kutta values for the y equations

y_dash=y+0.5*v_y*dt;
v_y dash=v_y - 0.5*(4*pi"2*y*dt)/(radius"3.5);

% update positions and new Yy velocity

y_new=y+v_y dash*dt;
V_y new=v_y -(4*pi*2*y_dash*dt)/(radius”"3.5);

% Compute Runge Kutta values for the x equations
X_dash=x+0.5*v_x*dt;
v_x_dash=v_x - 0.5*(4*pi*2*x*dt)/(radius”"3.5);

% update positions using newly calculated velocity

X_new=x+v_x_dash*dt;

V_X_hew=v_Xx -(4*pi"2*x_dash*dt)/(radius”"3.5);
% Plot planet position immediately
plot(x_new,y new, '-k');

drawnow;

% Update x and y velocities with new velocities
V_X=V_X_New;

V_Y=V_y new;

% Update x and y with new positions
X=X_New;

y=y_new;

end;

Kevin Berwick

Page38



Beta = 2.5
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Figure 21.0Orbit f or a force |l aw with a=2.5. The time step is

Here is the Figur e panetbeing ege&tedfr@htieecsdar system!! t h e
The Sun is at the origin
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Figure 22.0r bit for a forxe | aw with as=s

4.3 Precession of the perihelion of Mercury.

Letds do the Maths here.

N @ O | . Qw O Qw O
O p — i € — —

i i Qo U Qo U

‘@ 0 U ,
O; ‘| p I—Q)SI—OI AN QW™ Qi woxdi — i €
. ‘@ 0 w |
Or ‘ P

i i

. ‘@ 0 P U U
Or ‘| P Q¢ — 0Ol saﬂ)QQwQumﬁei—ls
. @0 0
Or P

Now, write each 2nd order differential equations as two, first order, differential
equations.
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So, the difference equation setusing the Euler Cromer method is
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VIS Op —30p —
® W OLf 30

We could go ahead and code this, but what about if we chosé¢o attack the problem
using the Runge Kutta method. The relevant equations are

, 30
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C
0 0p —— p —
() w UL 30
VI Vp —30p —
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Il n the case of the y equations for exampl e,

at —. Then to get the new values of y and v, we simply use the Euler method but using
y6 and vO0 in the equations.

So, here is the code for an alpha value of 0.0008
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%

%

% Precession of mercury using second order RungeKutta method.

% by Kevin Berwick,

% based on '‘Computational Physics' book by N Giordano and H Nakanishi
% Section 4.3

%

%

npoints=30000;

dt = 0.0001; % time step in years

time = zeros(npoints,1); % initializes time, a vector of dimension npoints X 1,to being all zeros
anglelnDegrees = zeros(npoints,1); % initializes anglelnDegrees, a vector of dimension npoints X 1,to
being all zeros

x=0.47; % initialise x position of planet in AU

y=0; % initialise x position of planet in AU

v_x=0; % initialise x velocity of planet in AU/yr

v_y=8.2; % initialise y velocity of planet in AU/yr

alpha=0.0008;

for step = 1:npoints-1; % loop over the timesteps
time(step+1) = time(step) + dt; % Increment total elapsed time
radius=sqrt(x"2+y"2); % Calculate radius

relativity _factor=1+alpha/radius”2;
% Compute Runge Kutta values for the y equations

y_dash=y+0.5*v_y*dt;
v_y dash=v_y - 0.5*(4*pir2*y*dt)*relativity _factor/(radius”3);

% Update positions and new y velocity

y_new=y+v_y_dash*dt;
V_y_new=v_y -(4*pi*2*y_dash*dt)*relativity factor/(radius”"3);

% Compute Runge Kutta values for the x equations

X_dash=x+0.5*v_x*dt;
v_x_dash=v_x - 0.5*(4*pi*2*x*dt)*relativity_factor/(radius"3);

% Update positions using newly calculated velocity

X_hew=x+v_x_dash*dt;
V_X_nhew=Vv_Xx -(4*pi*2*x_dash*dt)*relativity_factor/(radius"3);

% Update x and y velocities with new velocities
V_X=V_X_new;
V_Y=V_y_new;

% Identify semi-major axes in the planetary orbit and draw them on the

% plot. | need to monitor the time derivative of the radius and identify when it
% changes from positive to negative. Then calculate the angle made

% by the vector joining the origin and this point with the x axis.

new_radius=sqrt(x_new”"2+y new"2);
time_derivative=(new_radius -radius)/dt;
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% Update x and y with new positions
X=X_hew;
y=y_new;

if abs(time_derivative) <0.0025; % This is away of identifying the long axis of the orbit. Note that

if this is not the case,the value
% angle_In_Degrees will remain zero

[theta,rho] = cart2pol(x_new,y_new); %Convert Cartesian coordinates to polar, noting that

the result is in radians
anglelnDegrees(step)= 180*(theta/pi); % convert to degrees

end;

end;

% Plot Orbit orientation versus time. Remove data with angles = zero or
% less, this means we only plot the angles of the long axes of the orbit

I=find(angleInDegrees < 0.01);
time(l)=NaN;
anglelnDegrees(l)=NaN;

% Remove all NaN values from the array to reduce dataset size

time(isnan(time)) = [J;
anglelnDegrees(isnan(angleinDegrees)) = [];

axis([0 3 0 20));
xlabel('time(year)");
ylabel('theta(degrees));

hold on;

scatter (time, angleinDegrees, 'or');

% Perform a linear fit to the data, degree N=1,
% returning the coefficient, or slope, to the variable slope

poly_matrix = polyfit(time,angleInDegrees,1) ;

slope=poly_matrix(1);
title([ 'Orbit orientation versus time for alpha=' ,num2str(alpha), ' and slope ="', num2str(slope)]);

% Plot the fit

time_for_fit=[0:0.1:3];

Polynomial_values = polyval(poly_m atrix,time_for_fit);
0to25

plot(time_for_fit,Polynomial_values, 'g', 'LineWidth' ,2);

% Evaluate the polynomial at times from
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Orbit orientation versus time for alpha=0.0008 and slope = 8.5115
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Figure 23. Orbit orientation as a function of time

If we rerun the code for various values of alpha. All we do is change one line in the code
above, circled red. We note the value of the slope each time. The slope is just theiine
derivative of theta. We get the following values.

alpha Time derivative of theta (precession
rate )

0.0005 5.3

0.0007 7.4

0.001 10.7

0.002 21.9

0.003 33.6

0.004 45.9

We can use thisnext script to plot this data and then do a fit to finally calculate the
precessionrate of Mercury.
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%
%
% Precession of mercury using second order RungeKutta method.
% Data plotting and fitting routines
% by Kevin Berwick,
% based on 'Computational Physics' book by N Giordano and H Nakanishi
% Section 4.3
%
%
alpha_relativity=1.1e-8; % predicted alpha value from General Relativity

% Load up data
alpha=[0.0005 0.0007 0.001 0.002 0.003 0.004];
precession_rate=[5.3 7.4 10.7 21.9 33.6 45.9];

% Format graph
axis([0 0.004 0 40));
xlabel('alpha');
ylabel('Precession rate (degrees/year));
hold on;

% Plot graph

scatter(alpha, precession_rate, 'ko")

% Perform a linear fit to the data, degree N=1,
% returning the coefficient, or slope. Note you can't use the MATLAB function polyval as the
% intercept value of the fitted line would dominate the precession rate.
%
poly_matrix = polyfit(alpha, precession_rate, 1); % Perform the fit
% Plot the fit on the data
alpha_for_fit=[0:0.0001:0.004];
Polynomial_values = polyval(poly_matrix,alpha_for_fit); % Evaluate the polynomial at points in
the vector
plot(alpha_for_fit,Polynomial_values, 'g', 'LineWid th',2);

Mercury_rate = poly_matrix(1)*alpha_relativity; % Extract the slope from the fit and multiply it by
the predicted alpha

% value from General Relativity. Answer is in degrees
per year
Mercury_rate_arc_sec_century = Mercury_rate*100 *3600; % Convert to arc/s per century

title([ 'Calculated precession rate of Mercury for alpha =", num2str(alpha_relativity), ' AU"2 is
,num2str(Mercury_rate_arc_sec_century, '%.1f)," arc/s per century']);

Finally, here are the results
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Calculated precession rate of Mercury for alpha = 1.1e-008 AU? is 45.8 arc/s per century
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Figure 24 . Calculated precession rate of Mercury
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4.4 The three body problem and the effect of Jupiter on Earth

A couple of points on this problem. Firstly, the direction of the various forces
between the 3 bodies is elegantly captured in the pseudocode given in Ex 4.2. Do not
be tempted to start taking absolute values of the subtracted positions in a naive bid to
ocorrectod6 the equations.

Here is the code

%

% 3 body simulation of Jupiter, Earth and Sun. Use Euler Cromer method

% based on 'Computational Physics' book by N Giordano and H Nakanishi
% Section 4.4

% by Kevin Berwick

%

%

Nnpoints=1000000;

dt = 0.0001;% time step in years.

M_s=2e30% Mass of the Sun in kg

M_e=6e24% Mass of the Earth in kg

b =T. QA ctual mass of Jupiter

% Mass of Jupiter in kg this allows you to vary\hkie of Jupiter's mass in
%order to explore the effect of this on the simulation
X_e_initial=1;% Initial position of Earth in AU

y_e_initial=0;

v_e_x_initial=02 Initial velocity of Earth in AU/yr

v_e_y intial=2*pi;

X_j_initial=5.2;% Initial position of Jupiter in AU, assume at opposition initially
y_j_initial=0;

V_j_X_initial=0;% Initial velocity of Jupiter in AU/yr

V_j_y_initial= 2.7549% This is 2*pi*5.2 AU/11.85 years = 2.75 AU/year

% Create array$o store position and velocity of Earth

X_e=zeros(npoints,1);

y_e=zeros(npoints,1);

v_e_x=zeros(npoints,1);

v_e_y=zeros(npoints,1);

% Create arrays to store position and velocity of Jupiter
X_j=zeros(npoints,1);

y_j=zeros(npoints,1);

V_j_x=zeros(npoints,1)

V_j_y=zeros(npoints,1);

r_e=zeros(npoints,1);

r_j=zeros(npoints,1);

r_e_j=zeros(npoints,l);

% Initialise positions and velocities of Earth and Jupiter

x_e(1)=x_e_initial;

y_e(1)=y_e_initial;

v_e_x(1)=v_e_x_initial;

v_e_y(1)=v_e vy initial;

X_j(1)=x_j_initial;

y_i(1)=y_j_initial;

V_j_X(1)=v_j_x_initial;

v_j_y(1)=v_j_y_initial;

for i = 1:npointsl; % loop over the timesteps

% Calculate distances to Earth from Sun, Jupiter from Sun and Jupiter

% to Earth for current value of i

r_e(i)=sart(x_e("2+y_e()"2);

r_j()=sart(x_j(i)*2+y_j()*2);

r_e_j(i)=sart((x_e(iyx_j(i))"2 +(y_e(yy_j({))"2);

% Compute x and y components for new velocity of Earth
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v_e_x(i+1)=v_e_x(i4*pir2*x_e(i)*dt/r_e(i)*34*pir2*(M_jIM_s)*(x_e(Rx_j(i))*dt/r_e_j(i)"3;
v_e y(itl)=v_e_ y(i}4*pir2*y_e(i)*dt/r_e(i)"34*pi*2*(M_jIM_s)*(y_e(By_j(i))*dt/r_e_j(i)"3;
% Compute x and y components for new velocity of Jupiter
V_j_X(i+1)=v_j_x(iy4*pir2*x_j(i)*dt/r_j(i)"3-4*pir2*(M_e/M_s)*(x_j(Bx_e(i))*dt/r_e_j(i)"3;
v_j_y(i+1)=v_j_y(-4*pir2*y_j@i)*dt/r_j(i)*3-4*pir2*(M_e/M_s)*(y_j(By_e(i))*dt/r_e_j(i)"3;
%

% Use Euler Cromer technique to calculate the new positions of Earth and

% Jupiter. Note the use of the NEW vlaue of velocity in both equations
x_e(i+1)=x_e(i)+v_e_ x(i+1)*dt;

y_e(i+l)=y_e()+v_e_y(i+1)*dt;

X_j(i+1)=x_j(i)+v_j_x(i+1)*dt;

y_j(i+1)=y_j(i)+v_j_y(i+1)*dt;

end

plot(x_e,y_e,r', x_j,y_j,'’k);

axis(f7 7-7 7));

xlabel(x(AU)";

ylabel{y(AU));

title('3 body simulation Jupiter Earth);
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Here are the results using the actual mass of Jupiter

3 body simulation - Jupiter Earth

B -4 -2 1] 2 4 i
(ALY

Figure 25. Simulation of solar system containing Jupiter and Earth . Actual mass of
Jupiter used.
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By changing the value of M_j, circled in red, you get the plot below for a mass of
Jupiter=10*M j, that is, 10 times itbés actual wvalu

3 body simulation - Jupiter Earth

Z 0
=
-2k
4L
6L
-6 -4 -2 0 2 4 6
x(AU)
Figure 26. Simulation of solar system containing Jupiter and Earth . Jupiter mass is 10

X actual value.

If the mass of Jupiter is increased to 1000 times the actual value and the
perturbation of Jupiter on the Sun is ignored then we get the plot below,
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3 body simulation - Jupiter Earth

X(AU)

Figure 27.Simulation of solar system containing Jupiter and Earth. Jupiter mass is
1000 X actual value , ignoring perturbation of the Sun .
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4.6 Chaotic tumbling of Hyperion

The model of the moon consists of two particles, m: and m; joined by a massless rod. This
orbits around a massive object, Saturn, at the origin. We need to extend our original

planetary motion program to include the rotation of the object. First we need to recall the
maths in Section 4.1,we used in order to cdculate the motion of the Earth around the Sun.
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”n E‘d) D oo Y Yy’ 5 o, oo~y Ty (“0 ’ 7
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Now, write each 2nd order differential equations as two, first order, differential
equations.

D @D w
Qo i
Qw o
Qo
Q0o i
Qw |
Qo0 v
We need suitable units of mass. Not that
motion we know that the centripetal force is given by —— |, wherev is the velocity of
the Earth.
0 v . @ 0
O -

i i
@ i T* 0 YIoi

Since the velocity of Earthis2 ¢ r / yr =2 ¢ L AU/ yr
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So, the difference equation set using the Euler Cromer method is

™ 0 |
(VI VI : 30
@ @w OUf 30
(VI Op —30
(@) W Lf 30

We can use this equation set to model the motion of the centre of mass of Hyperion.
Now, from the analysis of the motion of Hyperion.

;2=
Qo
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i

So we need to add twomore difference equations to our program, and noting that

@ ¢ as noted in the book,

ot N Y
| ] - h QE WWE+ WWE+ Wi 'QE3O
i

Here is the code for the motion of Hyperion . The initial velocity in the y direction was
1 HU/Hyperion year as explained in the book. This gave a circular orbit. Note from
the results that the tumbling is not chaotic under these conditions.
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%

% Simulation of chaotic tumbing of Hyperion, the moon of Saturn . Use Euler Cromer method
% based on 'Computational Physics' book by N Giordano and H Nakanishi

% Section 4.6

% by Kevin Berwick

%

%

npoints=100000;
dt = 0.0001; % time step in years

time=zeros(npoints,1);

r_c=zeros(npoints,1);
% Create arrays to store position, velocity and angle and angular velocity of
% centre of mass

x=zeros(npoints,1);

y=zeros(npoints,1);

v_Xx=zeros(npoints,1);
v_y=zeros(npoints,1);

theta=zeros(npoints,1);
omega=zeros(npoints,1);

x(1)=1,; % initialise position of centre of mass of Hyperion in HU
y(1)=0;

v_x(1)=0; % initialise velocity of centre of mass of Hyperion
v_y(1)=2"pi;

% initialise theta and omega of Hyperion

for i= 1:npoints-1;
% loop over the timesteps
r_c(i)=sart(x()"2+y(i)"2);
% Compute newvelocities in the x and y directions

v_X(i+1)=v_x(i) - (4*pir2*x(i)*dt)/(r_c(i)"3);
v_y(i+1)=v_y(i) - (4*pi"2*y(i)*dt)/(r_c(i)"3);

% Euler Cromer Step- update positions of centre of mass of Hyperion using NEWLY calculated
velocities

x(i+1)=x(i)+v_x(i+1)*dt;
y(i+1)=y(i)+v_y(i+1)*dt;

% Calculate new angular velocity omega and angle theta. Note that GMsaturn=4*pi"2, see book for
details

Term1=3*4*pi"2/(r_c(i)"5);
Term2=x(i)*sin(theta(i)) - y(i)*cos(theta (i));
Term3=x(i)*cos(theta(i)) +y(i)*sin(theta(i));

omega(i+1)=omega(i) -Term1*Term2*Term3*dt;

%Theta is an angular variable so values of theta that differ by 2*pi correspond to the same position.
%We need to adjust theta after each iteration so as tokeep it between
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%-+/ -pi for plotting purposes. We do that here

temporary_theta_i_plus_1= theta(i)+omega(i+1)*dt;

if (temporary_theta i plus_1 < -pi)

temporary_theta_i_plus_1=temporary_theta i _plus_1+2*pi;

elseif (temporary_theta_i_plus_1 > pi)

temporary_theta_i_plus_1=temporary_theta i plus_1

end;

% Update theta array

theta(i+1)=temporary_theta_i_plus_1,;

time(i+1)=time(i)+dt;
end;

subplot(2,1,1);

plot(time, theta, '-g";

axis([0 8 -4 4));

xlabel(‘time(year)');
ylabel('theta(radians)");

title( 'theta versus time for Hyperion');

subplot(2,1,2);

plot(time, omega,'-k');

axis([0 8 0 15]);

xlabel('time(year)");
ylabel(‘'omega(radians/yr)");

title( 'omega versus time for Hyperion');

-2*pi;

theta versus time for Hyperion

theta(radians)
o
]
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Figure 28 .M otion of Hyperion. The initial velocity in the y direction was 1 HU/Hyperion
year . This gave a circular orbit. Note from the results that the tumbling is not chaotic
under these conditions.
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If we change the initial velocity in the y direction to 5 HU/Hyperion year as
explained in the book. This gave a elliptical orbit. Here is the new code and below

this code are the results from running this code. Note that now the motion is chaotic.
%

% Simulation of chaotic tumbing of Hyperion, the moon of Saturn . Use Euler Cromer method

% based on '‘Computational Physics' book by N Giordano and H Nakanishi

% Section 4.6

% by Kevin Berwick

%

%

npoints=100000;
dt = 0.0001; % time step in years

time=zeros(npoints,1);

r_c=zeros(npoints,1);
% Create arrays to store position, velocity and angle and angular velocity of
% centre of mass

x=zeros(npoints,1);

y=zeros(npoints,1);

v_x=zeros(npoints,1);
v_y=zeros(npoints,1);

theta=zeros(npoints,1);
omega=zeros(npoints,1);

x(1)=1; % initialise position of centre of mass of Hyperion in HU
y(1)=0;

v_x(1)=0; % initialise velocity of centre of mass of Hyperion
V_y(1)=5;

% initialise theta and omega of Hyperion

for i= 1:npoints-1;
% loop over the timesteps
r_c(i)=sqrt(x(i)*2+y(i)"2);
% Compute new velocities in the x and y directions

v_X(i+1)=v_x(i) - (4*pir2*x(i)*dt)/(r_c(i)"3);
v_y(i+1)=v_y(i) - (4*pi"2*y(i)*dt)/(r_c(i)*3);

% Euler Cromer Step- update positions of centre of mass of Hyperion using NEWLY calculated
velocities

x(i+1)=x(i)+v_x(i+1)*dt;
y(i+1)=y(i)+v_y(i+1)*dt;

% Calculate new angular velocity omega and angle theta. Note that GMsaturn=4*pi*2, see book for
details

Term1=3*4*pi"2/(r_c(i)"5);
Term2=x(i)*sin(theta(i)) - y(i)*cos(theta(i));
Term3=x(i)*cos(theta(i)) +y(i)*sin(theta(i));
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omega(i+1)=omega(i) -Term1*Term2*Term3*dt;

%Theta is an angular variable so values of theta that differ by 2*pi correspond to the same position.

%We need to adqust theta after each iteration so as to keep it between
%-+/ -pi for plotting purposes. We do that here

temporary_theta_i_plus_1= theta(i)+omega(i+1)*dt;

if (temporary_theta_i_plus_1 < -pi)

temporary_theta_i_plus_1=temporary_theta i _plus_1+2*pi;

elseif (temporary_theta i plus_1 > pi)

temporary_theta_i_plus_1=temporary_theta i _plus_1

end;

% Update theta array

theta(i+1)=temporary_theta i plus_1;

time(i+1)=time(i)+dt;
end;

subplot(2,1,1);

plot(time, theta, '-g";

axis([0 10 -4 4));

xlabel(‘time(year)");
ylabel('theta(radians)");

title( 'theta versus time for Hyperion');

subplot(2,1,2);

plot(time, omega,'-k');

axis([0 10 -20 60]);
xlabel(‘time(year)');
ylabel(‘'omega(radians/yr)");

title( 'omega versus time for Hyperion');
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theta versus time for Hyperion
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elocity in the y direction was 5 HU/Hyperion

Figure 29 .Motion of Hyperion. The initial v
year. This gave a circular orbit. Note from the results that the tumbling is chaotic under
these conditions.
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5. Potentials and Fields

5.1 Soluton of L apl ac e d ssingthhas dacabiaataxation method.
There are 3 files required here

1. Laplace_calculate Jacobi_metal box
2. Initialise_V_Jacobi_metal box;
3. Update_V_Jacobi_Metal_box

%%%%%%%% %% %% % %% % %% %% %% %% %% % % %% %% %% % %%
% Jacobi method to solve Laplace equation

% based on 'Computational Physics' book by N Giordano and H Nakanishi
% Section 5.1

% by Kevin Berwick

%

% Load aray into V

[V] =Initialise_V_Jacobi_metal_box;
% run update routine and estimate convergence

%Initialise loop counter
loops=1;
[V_new, delta_V_new]=Update_V_Jacobi_Metal_box(V);

% While we have not met the convergence criterion and the number of loops is <10 so that we
give the relaxation
% algorithm time to converge

while (delta_V_new > 49e -5 & loops < 10);
loops=loops+1;
[V_new, delta_V_new]=Update_V_Jacobi_Metal_b ox(V_new);
% draw the surface using the mesh function
mesh (V_new);
title( 'Potential Surface");
drawnow;
% insert a pause here so we see the evolution of the potential
% surface
pause(l);
end;
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%%6%6%6%6%%%%% %% %% % %% %% %% %% %% %% % %% %% % %% %%
%
% Jacobi method to solve Laplace equation
% based on 'Computational Physics' book by N Giordano and H Nakanishi
% Section 5.1
% by Kevin Berwick
%

% This function creates the intial voltage array V

function [V] =Initialise_V_Jacobi_metal_box;
% clear variables

clear;

V =[-1-0.67 -0.33 0 0.330.67 1;

-1 0 0 0 O 0 1,
-1 0 0 0 O 0o 1
-1 0 0 0 O 0o 1
-1 0 0 0 O 0 1,
-1 0 0 0 O 0o 1
-1-0.67-0.33 0 0.33 0.671];

%9%%%%% %% %% %% %% % %% %% %% %% %% %% % %% %% % %% %%
function [ V_new, delta_V_new] = Update_V_Jacobi_Metal_box(V);
% This function takes a matrix V and applies Eq 5.10 to it. Only the values inside the boundaries are
changed. It returns the
% processed matrix to the calling function, together with the value of delta_V, the total accumulated
amount by which the elements
% of the matrix have changed

row_size = size(V,1);
column_size=size(V,2);

% preallocate memory for speed

V_new=V;
delta_ V_new=0;

% Move along the matrix, element by element computing Eq 5.10, ignoring
% boundaries

for j =2:column_size -1;
for i=2:row_size -1;

V_new(i,j) = (V(i -1,))+V(i+1,))+V(i,j -1)+V(i,j+1))/4;

% Calculate delta_V_new value, the cumulative change in V during this update call, to test for
convergence

delta_V_new=delta_V_new+abs(V_new(i,j) -V(i,)));

end;
end;

%%%%% %% %% %% %% %% %% % %% %% %% %% %% % %% %% %% %%
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Potential Surface

Figure 30. Equipotential surface for geometry depicted in Figure 5.2 in the book
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5.1.1 Soluton of Laplaceds equation for a holl ow met al

inner conductor.

This is the solution for the situation shown in Figure 5.4. There are 3 files required
here and the code is listed in order below, together with the output.

1. Laplace_prism

2. Initialise_prism
3. Update_prism

%%%%% %% %% %% %% %% %% % %% %% %% %% % %% % % % % %% %%

%

% Jacobimethod to solve Laplace equation

% based on 'Computational Physics' book by N Giordano and H Nakanishi
% Section 5.1

% by Kevin Berwick

%

% Load array into V

[V] =Initialise_prism;

% run update routine and estimate convergence
[V_new, delta_V_new]=Update_prism(V);

%lnitialise loop counter
loops=0;
% While we have not met the convergence criterion and the number of loops is <10 so that we give the
relaxation
% algorithm time to converge
% while (delta_V_new > & loops < 30);
while (delta_V_new>4e -5 | loops < 20);
loops=loops+1;
[V_new, delta_V_new]=Update_prism(V_new);
% draw the surface using the mesh function
%  mesh (V_new,'FaceColor','interp','EdgeColor','none','FaceLighting’,'phong");
mesh (V_new, FaceColor!'interp");

title( 'Potential Surface');
axis([0 200200 1));
drawnow;
% insert a pause here so we see the evolution of the potential
% surface
pause(0.5);
end;

%%%%%%%% % %% % % %% % %% %% %% %% %% % % %% % %% %% %%
%
% Jacobi method to solve Laplace equation
% based on 'Computational Physics' book by N Giordano and H Nakanishi
% Section 5.1
% by Kevin Berwick
%

% This function creates the intial voltage array V

function [V] =Initialise_prism;
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% clear variables
clear;

V=[00000000000000000000
00o00O00O0O0OO0OOOOOOOOOOO
00o0000O0O0OO0OOOOOOOOOOO
0000000O0O0O0O0OOOOOOOOOQO
00o0000O0O0OO0OOOOOOOOOOO
00o00O00O0O0OOOOOOOOOOOOO
0000000O0O0O0O0OOOOOOOOOO
00000001111110000000
00000001111110000000
00000001111110000000
00000001111110000000
00000001111110000000
00000001111110000000
00o00000O0OOOOOOOOOOOOO
0000000O0O0O0OOOOOOOOOOQO
0000000O0O0O0OOOOOOOOOOQO
000000O0O0OO0OOOOOOOOOOO
0000000O0O0O0O0OOOOOOOOOQO
0000000O0O0O0OOOOOOOOOOQO

00o00000O0OOOOOOOOOOOOO

I
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%%%%%% %% %% %% %% %% %% %% %% %% %% % % %% %% %% %% %
function [ V_new, delta_V_new] = Update_prism(V);

% This function takes a matrix V and applies Eq 5.10 to it. Only the values inside the bowndaries are
changed. It returns the

% processed matrix to the calling function, together with the value of delta_V, the total accumulated
amount by which the elements

% of the matrix have changed

row_size = size(V,1);
column_size=size(V,2);

% preallocate memeory for speed

V_new=V;
delta_V_new=0;

% Move along the matrix, element by element computing Eq 5.10, ignoring
% boundaries

for j =2:column_size -1;
for i=2:row_size -1;

% Do not update V in metal bar
if V(i,) ~=1;
% If the value of V is not =1, calculate V_new and
% delta_V_new to test for convergence
V_new(i,j) = (V(i -1,)+V(i+1,j)+V(i,j -1)+V(i,j+1))/4;
delta_V_new=delta_V_new+abs(V_new(i,j) -V(i,)))
else
% otherwise, leave value unchanged
V_new(i,j)=V(i,));
end;
end;
end;
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Figure 31.Equipotential  surface for hollow metallic prism with a solid metallic inner
conductor held at V=1.

5.1.2 Solution of Lapl aceds equation for a finite sized cap

This is the solution for the situation shown in Figure 5.6 and 5.7. There are 3 files
required here and the code is listed in order below, together with the output.

1. capacitor_laplace
2. capacitor_initialise
3. capacitor_update

%

% Jacobi method to solve Laplace equation

% based on 'Computational Physics' book by N Giordano and H Nakanishi
% Section 5.1

% by Kevin Berwick

%

% Load array into V

[V] =capacitor_initialise;
% run update routine and estimate convergence
[V_new, delta_V_new]=capacitor_update(V);

%Initialise loop counter

loops=1;

% While we have not met the convergence criterion and the number of loops is <20 so that we give
the relaxation

% algorithm time to converge

while (delta_V_new>400e -5 | loops < 20);
loops=loops+1;
[V_new, delta_V_new]=capacitor_u pdate(V_new);
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