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PHYS 600 — HW 9 SOLUTIONS

Xy2 (xX+iy)
X2 +y4

PROBLEM 1 consider thefunction f (z) defined by f(z) = if z=x+iy+0 and f(2)=0if z=x+iy=0

2,,2

Thenf(z)=u(x, y)+iv(x, y) with u(x, y) = XX2+yy4 ifx+iy+0andu(x,y)=0if x+iy=0
VX, y) = Xy’ ifx+iy+0andvx,y)=0if x+iy=0
’y - X2+y4 y 1y - y_
Solving the Cauchy — Riemann equations ou = ov and ou =— ov for x? + y* + 0, one obtain that
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therefore x==+y? or y=0
(KZ+yH 2+ yhy (x2 + y4y° (x2 + y4y°

It results that the three curves x = +y?and y = 0 contain the points where f (z) is analytic

f-f0) -0 )
f (z) is not analytic at the origin because ( ® __ =« Al - XY and,

z-0 x+iy—-0 X2+ y4
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taking x = @ y? with @ being an arbitrary constant f@-10© Y -_¢ ; therefore the limit
z-0 a?yt+yt 1+a?

lim w does not exist(it would be l ifa=1and - l ifa = —1for example)
z-0 Z— 2 2

PROBLEM 2 consider the function u=sinx coshy +2cosxsinhy+x2+4xy —y?
0%u  d%u
+
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the conjugate harmonic of uis a function v defined by the Cauchy — Riemann equations

a simple calculation will show that =0

ou = v and ou =— ov therefore ov =—-4x+2y—-2cosxcoshy—sinx sinhy
ox oy oy ox ox

and g—y‘i =2x+4y+ cosxcoshy—2sinx sinhy

Integrating the first differential equations w.r.t. x
v=-2x2+2xy—2sinxcoshy+cosx sinhy+g(y), g(y)beingafunctionto be determined
Replace the last result into the second eq

2x+4y+ cosxcoshy—-2sinx sinhy = Z_y‘i = 2x—-2sinx sinhy +cos xcosh y +g' (y)

hence g'(y) =4y ,g(y)=2y?and v=-2x*+2xy+2y?-2sinxcoshy +cos x sinhy
f(zy=u+iv=sinx coshy+2cosxsinhy+x%+4xy —y?+i(-2x>+2xy+2y?-2sinxcoshy + cos x sinhy) =
(1-2i)sinX+iy)+x°-y?+2ixy)=(1-2i)(sinz+2%)

PROBLEM 3letf (z) = 2 z + 3 z? and C be the unit circle around the origin

obviously dz=d (e'?)=ie'? d6
27 27

ng(z)clz: (2e'%+3e? "Yiet? do= (2ie??+3i e )do=(e?"+ e®%) yo—(e?+ %) =0
0 0
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PROBLEM4 consider the following points in the complex plane (z = x + i y)
O0=0,A=2,B=2+1i
then x=2y on thepath C;=OBandf(z)=z=x-iy



1 1
ff(z)dz: f(x—u'y)el(xw‘y):f(2y—u'y>d<2y+u'y)=<2—a')<2+u')fycly=g
0 0
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y = 0 on the path OA therefore ff(z)dz:f(x—u’y)d(xny):f Xdx=2
0

OB OA
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x = 2 on the path AB therefore ff(z)dz:f(x—u'y)cl(x+u'y):f (2—u‘y)cl(2+u'y):21z+%
0
AB AB

hence ff(z)clz: ff(z)dz:ZHgig:ff(z)dz
C

OA +AB Cq



