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Calculated electron dynamics in an electric field
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We present the details of a theoretical method for calculating the wave-packet dynamics of a Rydberg
electron in a strong electric field. Results for Rb are presented, and are compared to recent experiments that
measure the time dependence of the electron flux. These interesting experiments provide a different possibility
for the experimental detection of wave packets. The results of fully quantum and classical calculations are
compared to each other. Several aspects of this system that are easier to study theoretically are presented. The
main property that can only be obtained theoretically is the form of the wave function near the nucleus. We
found that the flux of electrons entering the detector accurately reflects the flux of electrons leaving a sphere of
radius 2000 a.u. centered on the atomic nucleus. The classification of the autoionizing states contributing to the
wave packet is also easier to obtain theoreticdB1050-294{®7)06307-5

PACS numbsgs): 32.60:+i, 42.65.Re, 32.80.Dz

I. INTRODUCTION putational and experimental efforts, we gain a deeper insight
into this dynamical system.

Recent advances allow the exploration of electron dynam- The creation and detection of wave packets allows a
ics in atoms in a dynamical fashigd—20] through the cre- somewhat more direct connection to and exhibition of “clas-
ation and detection of time-dependent electron waves. Thesgécal dynamics” in quantum-mechanical systems. Many of
waves are often called wave packets, although they may ndhe experiments on simple quantum systems have features
be very localized in phase space. A pulsed laser field or #hat may easily be interpreted using classical ideas. Rela-
pulsed electric field creates the wave packet and determingively little work has been done on complex systems, espe-
its initial conditions. The electron wave rapidly evolves in cially systems involving two or more coupled degrees of
the Coulomb and external fields. Measuring the electron dyfreedom. Wave packets generated on heavy alkali-metal at-
namics poses a difficult technological problem that has beeoms in a strong static electric field are a prototype for the
solved several different ways. The focus of this paper is ordynamics of complex wave packets. The electric field plus
the creation of wave packets in the autoionizing regime forCoulomb potential leads to a separable Hamiltonian in para-
an alkali-metal atom in a strong and static electric field. Thisbolic coordinates; thus the motion is independent in each of
is one of the few systems involving more than one degree othe parabolic degrees of freedom. However, for the heavy
freedom that has been explorgzil—30. alkali-metal atoms, the core electrons break the “parabolic

The time-dependent flux of electrons ejected from ausymmetry” for the valence electron, causing strong scatter-
toionizing states of Rb atoms has been measured in a statieg between the different types of parabolic motion. The
electric field using an electron streak caméi®]. These quantum-mechanical wave function can be described as a
striking measurements form a point of comparison betweesuperposition of functions in the different parabolic chan-
calculations and experiment. The experiments excite Rimels, with the core causing a coupling between the channels.
from the ground state to autoionizing states just above the The motion of electron wave packets on alkali-metal ions
classical ionization threshold in the field. These experimentin constant electric fields provides an ideal setting for com-
provide a very interesting way to probe the wave packet negparison between theory and experiment. Further, the dynam-
the atom. Autoionizing states naturally eject electrons, andcs of this system may be calculated in two different ways,
these electrons can be detected far from the atom. Waweith only a modest investment of computational resources.
packets constructed from autoionizing states eject electronBhe two methods that are utilized complement each other, in
in a periodic fashion that reflects the periodicity of the tran-that there are some parameters that may be calculated using
siently bound electron. either methode.g., total photoionization cross sectiand

The wave-packet dynamics is determined by several pahere are some parameters that can only be obtained using
rameters: the static electric field, the laser polarization, th@ne of the methods. By comparing the results from the two
main frequency of the laser, and the pulse duration. The fluethods where possible, we can gain confidence that we
of electrons from the Rb can be a very complicated functiorhave implemented them both in an accurate and bug-free
of time but the time dependence of this flux reflects the timenanner.
dependence of the wave packet in the autoionizing states. By The simpler of the two methods to implement constructs
varying the parameters, a good match between the calculatéde wave packet using a superposition of functions that are
and experimental fluxes may be obtained. However, theolutions of an inhomogeneous Scttimger equation. These
asymptotic flux is only a small part of the information that functions depend on the energy, and are constructed by cal-
may be obtained from thealculatedwave packet. The cal- culating the Green'’s function using a basis set of functions in
culated wave packet allows the precise determination of thepherical coordinates. The more difficult method to imple-
dynamics that led to the measured flux. By linking our com-ment constructs wave packets by superposing homogeneous
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functions calculated within the formalism developed byslightly more difficult than the usual case where the packets
Harmin [31] using the local frame transformation suggestedare constructed from bound states. It is now necessary to
by Fano[32]. In this method, the parabolic symmetry of the superpose an infinite number of states. The wave packet can
Hamiltonian outside of the core region is exploited in thebe constructed by superimposing the solutions of the inho-
construction of the energy-dependent wave function. Thenogeneous Schdinger equation

core couples together the different parabolic channels, which

causes the scattering of the electron from one channel to (E-H)AL(N =€y (1), (3)
another.

We have completed some preliminary calculations of thevhere the+ superscript indicates that; is composed of
classical dynamics for this system, as well as the exact wavesutgoing waves ireveryopen channel. By simple substitu-
packet calculations. The connection betweeme aspectsf  tjon into Eq.(1), it is possible to show that
the classical and quantum dynamics should be more easily
made using wave packets. In general, we have found this to R 1 .
be true. For the systems that we present in this paper, the P(r,t)= Ef Ag(ne” ' HE-E—w)dE (4
connection is sometimes difficult to make, because the wave

packets are constructed from relatively few states. Certainl{yhere the rotating-wave approximation has been Wsed
the connection of our packets to periodic orbits cannot bgpe exp—i(E,—w)t] term in Eq.(1) is neglectell

made cleanly. The wave packet may also be constructed by superimpos-

The final part of this paper involves the presentation ofihg the solutions of the homogeneous Sclinger equation
calculations of electron wave packets for Rb in an electric

field. These calculations focus on explaining the experimen- (E—H)WZ,()=0 ()
tal results of Lankhuijzen and Noorddr3]. To this end we EB '

calculate the frequency-dependent Cross section, we calc_ulaﬁ%r energies in the continuum, there are, in general, several
the asymptotic flux for one of the experimental geometrlesO en channels at ener@ The number of linearly indepen-

we showlseverall of the wave packets, and we show some ent solutionsN, equals the number of open channels. There
the clasglcal trajectories that seem to have some COrrespolya infinitely many different ways of constructing the lin-

dence_ W'tht tlhe Wavetp_ackﬁt. Ca:CUIzt'OES for anot;;%ﬁf th arly independent solutions, so we will choose the linearly
experimental geometries has aiready been pres .independent solutions in a form that will most easily allow
Atomic units are used throughout this paper unless Spec'flﬂwe construction of the outgoing flux. These functions,

cally noted. Weg, are constructed so that asymptotically tlety have
outgoing waves in channg. These functions have the gen-
eral orthogonality property

In this paper, we are concerned with the dynamics of

Il. LASER PULSE EXCITATION OF WAVE PACKETS

wave packets that have been created by shining a weak (Vegl Wi ) =0pp S(E-E'), (6)
pulsed laser on an initial state. The wave packet is the solu-
tion of the inhomogeneous Scliiager equation where often the overlap matrRgs = o5 (the overlap ma-

trix is not proportional tod functions for the outgoing waves
. - - - ) - in parabolic coordinates, which forces us to use the more
('ﬁ_H P(r,t)=F(t)e-r coswet exp(—iE ) ¢(r), general formalism In terms of these functions, the wave
(1) packet may be constructed for times after the laser pulse has
gone to zero as
whereH is the static Hamiltonian incorporating the atomic
Hamiltonian and the potential from the static electric field, -

i .
#,(r) is the initial stateE, is the initial state energyy, is pir=- EEB J DegVege = HE-E -w)dE, (7)
the main frequency of the laser pulsejs the polarization,
andF(t) is the relatively slowly varying laser envelope. The Where the dipole matrix elements for these functions have
function ¢(r,t) may be obtained in several different ways. e general form
Two methods based on time-dependent perturbation theory
may be used. Both methods use a Fourier decomposition of DE5:2 (0_1)33'<‘1’Eﬁr|;' rln). (8)
the laser envelope '

[~ it The two methods presented above give equivalent results.

FQ)= ﬂCF(t)e dt. 2) But there are advantages to using different methods in dif-
ferent regions of space, as will be described below. An im-

The quantityF(w— w,) is proportional to the amplitude for Portant point of contact between the different methods is the
finding a photon of frequency in the laser pulse. The func- total photoionization cross section. The total cross section
tion () is strongly peaked arounft=0, which gives a May be obtained as
strong peaking of the photon amplitude nest w.
_ We are mteres_ted in calculating wave packets of con- a(E)ocwE |DE,3|2°<w|m[<¢||€'f|AE>]- 9)
tinuum states. This makes the construction of wave packets B
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This relationship may be exploited as a test of the implemen- TABLE I. Parameters for the Rb model potential.
tation of the different methods.

It is important to note that nothing in this section depends” a? a? a?
on the partlc_ular problem thqt is being examined. The only, 4.1240 9.0613 17143
requirement is that be time independent, and that the ex- 4.2865 0.6776 17418
citation be perturbative. We note that several dynamical situz 4'0049 9'1774 1'8157
ations may be examined immediately using existing com- : : :

4.0049 9.1774 1.8207

puter programs and Eq$4) and (7). In particular, wave
packets excited in constant electand magnetic fields or
only in magnetic fields may be explored. These problems
may have deep interest, since it would be possible to excit
wave packets for parameter ranges that would lead to cha
in classical mechanics.

bsorbing potential must be avoided. First, the absorbing po-
ntial should not turn on so quickly in that it reflects
electrons back into the region of smaellSecond, the absorb-
ing potential should not be so weak that the electron can
travel all of the way ta=2800 a.u. and reflect back into the
lll. CALCULATING A small+ region. Both these restrictions can be satisfied for our
One method for calculating the wave packet is to Superyv%\;ergg;l;ets, because we are working in & very narrow en
impose the inhclmogeneous functions that are solutions o The only drawback to using this method for constructing
Eq.(3). The A£(r) are the solutions with outgoing waves in wayve packets is that it cannot be used to compare with the
everyopen channel. Enforcing this large distance boundaryaxperimentm results of Lankhuijzen and Noordgl] with-
condition in an elegant and accurate manner is very difficultout first comparing to some other computational technique.
However, a brute force approach borrowed from codes intn these experiments, the time dependent flux of electrons
volving the direct solution of the time-dependent Sehro gjected from alkali atoms in statE fields was measured in
dinger equation will give an accurate” without the need 3 time-dependent manner using an electron streak camera.
for an explicit solution of the boundary conditions. Unfortunately, the electrons ejected from Rb may not exactly
The inhomogeneous equation was solved by expressingaintain their spatial relationship as they travel from the
AZ(r) as a superposition of radial functions times sphericaftom to the detector. This dispersion may prevent a quanti-
harmonics. The radial functions were the solution of the ratative comparison to their experiments using the superimpo-

dial Rb Hamiltonian with a model potential near the origin to sjtion of AE(F) that are constructed from a finite basis. A
give the correct quantum defects for the atom. The radiatomparison of the flux obtained from this method with a
functions were orthonormal since they were all generate¢omputational technique that calculates the flux a macro-
from the same potential, and they were all forced to zero agcopic distance from the atom would also allow us to answer
r=2800 a.u. We used 89 radial functions for eachand a  the question: How faithfully does the time-dependent flux
maximum /* of 59. Convergence was tested by increasingentering the detector reflect the dynamics near the atom?
the number of radial functions by ten, keeping everything An interesting aspect of this method involves its flexibil-
else fixed, or by increasing the maximufrby ten and keep- ity. Any type of alkali-metal atom in a static field can be
ing everything else fixed. Neither increase changed the rejescribed with this method. There does not appear to be any
sults by more than 0.5%. reason why we could not make wave packets on any of the
The inhomogeneous function was calculated by direct soheavily explored field atom combinations: magnetic fields
lution for x in the Ax=b linear problem, taking full advan- and parallelE andB fields, for example.
tage of the block-tridiagonal nature Bif. The algorithm was The zero-field Rb radial functions were generated using a
based on the formal solution of a tridiagonal linear equationmodel potential of the form
except that the elements of the tridiagonal linear system were

themselves matrices. This allowed the calculation\gf to B Z,/r) oy 3112 A(/+1)
be roughly 100—1000 times faster than when working with Y/ (1) == —— ~5ail—exd —(r/r)"}"+ — —,
the full Hamiltonian matrix of the same size. This speed was (10)

crucial, becausd ; needed to be calculated at several hun-
dred energy points for each set of experimental parametersvhere ay=9.076 is the dipole polarizability of Rb [34],

The description to this point leaves out the important de+ =1.0, and Z,(r) = 1+36expt atVr) + aPrexp(—af®r),
scription of how to obtain the correct asymptotic boundarywith the a, given in Table I. This potential gives quantum
conditions. Rememben ; (r) musthave outgoing waves in defects with errors less than 0.002 f6< 3. The radial func-
all of the open channels with incoming wavesnioneof the  tions were generated on a grid of radial points on a square
open channels. The correct boundary conditions are auta@eot mesh inr (i.e., equally spaced points is where
matically incorporated if we add tBl an unphysical imagi- r=s?). The derivatives in the one electron Hamiltonian were
nary potential. The imaginary potential decreases the norrapproximated by a five-point or fourth-order finite differ-
of the wave function, where the imaginary potential is non-ence. The orbitals were generated using a relaxation tech-
zero. The requirement on the absorbing potential is that ihique by repeated multiplication of a triaR,, by
absorbs the vast majority of the flux moving to lamgeand [E,,—H,] . Usually, only two or three multiplies were
does not absorb flux at anthat is too small, thus affecting needed to achieve convergence to double precision roundoff
the autoionizing dynamics. Two possible problems with theaccuracy.
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IV. CALCULATING HOMOGENEOUS PARAMETERS E), B monotonically increases. Ag goes to infinity the
Cpotential goes to minus infinity, which means that at every
energy there is a continuum wave solution. However, for

electric field was theoretically described by HarnjiBil ;
based on a method suggesteﬁ by FE3®]. Thi)é metm)d ]is energieE<—2+/(1— B)F, the electron must tunnel through
a potential barrier to go from regions near the core to large

ideally suited to describe the detection of electron flux fard. A
from the atom, since the dipole matrix elements of Ef). 'Ssa.ncest'h direction f is in thedirecti

and the asymptotic form of th& ~ functions are generated. . Ince the direction Tor escape IS In hﬁ Irection, we
The cross section may be obtained from the dipole matri>¥‘”” think of motion in this direction as longitudinal motion,

elements, forming a point of contact with the method of Sec.and motion in the direction as transverse motion. As the

[ll. We recast the derivation of Ref31] into a form more amount of energy in transverse motion increaSes, asn,

amenable to a calculation of the asymptotic time—depender{'f":rease)Sthere Is less energy available to surmou_nt the bar-
flux. rier and escape. At a fixed energy2+/(1— B)F will be-

The basic idea of this method is that the wave functioncOme larger as increases, and eventually the eIect_ron_ will
near the core is well described by standard radial CoulomB€ forced to tunnel to escape. Whgrr 1, the potential in
function (shifted in phase byr times the quantum defect =d- (14) is purely repulsive, and an electron would need to
times the appropriate spherical harmonic. Outside of the cor!nnel enormous distances to reach the core region. Channels
region the electron moves in a pure Coulomb potential plud/ith 8>1 play no role in the dynamics discussed in this
static electric field. This type of Hamiltonian can be sepaPaPer. .
rated into parabolic coordinates. The solutions in spherical Following Ref.[31], the functions in Eqs(13) and (14)
coordinates are connected to the solutions in parabolic coof® evaluated using WKB-type approximations. This is nec-
dinates at a distance larger than the core radius, but at @Sa7y because of the large number of energies that are
distance small enough that the electric field has not distorteg€€ded in the construction of the wave packet. As a technical
the electron motion; this requirement can always be satisfie€t@il, all of the integrals were calculated numerically using
for the small experimental electric fields. Chebyshev quadrature with less than 40 quadrature points.

The parabolic coordinates are connected to spherical co- FOr the sake of numerical stability we normalized the

The dynamical system of an alkali-metal atom in a stati

ordinates through fepm(m) and gggm(7) functions, so that for smally they
oscillate 90° out of phase and are energy normalized. The
éE=r+z, nm=r—z, ¢=arctany/x), (11 key point of analysis is the connection betweenkg, and

) Xepm functions of Eq.(12) to the functions in spherical co-
where Osg_ and 0< . In_terms of these_ coorqll_nates, the ordinates near the core e, m=fe )Y, m and
wave funct_|on may be written as a superimposition of sepay. . =ge,(r)Y,, (Wherefz, andgg, are the energy nor-
rable functions malized radial Coulomb functions of RéB5]) andthe con-
nection of the smally behavior to the functions at asymp-
totically large . Note that in this section the symbols,
¢, andy mean different things depending on their subscripts;
E/'m subscripts mean simple functions in spherical coordi-

1 ' nates, andE8m subscripts mean simple functions in para-
Xepm(€:7,8)= —=——=Eepm(£)9epm( €™, (12 bolic coordinates.
2mEn An atom that has quantum defegts has wave functions
near the nucleu¥ ¢, = e, m— Xe/mtan(Tu /), whenr is
greater than the size of the corg, The connection between
the functions in spherical coordinates to those in parabolic
}y( 7n)=0, coordinates is accomplished through the local frame transfor-
mations[31,32

1 )
m(£,7,¢) = —=—=Eepm(&) fepm(me™’,
¢EB n m EB Egm{ 77

wheref andg are the regular and irregular solutions of

d?y(n) {E (ﬁ—l_Fn m?—1

a7 127425 "8 T ey

(13
and E are solutions of solution of o
Yerm= > (U, siepm, (15
d?E(¢) [E B Fe m?-1\]_ o A
a2 274 278 e =(£€)=0,
(14
XE/mZEB XesmUp, (16)

with m the azimuthal quantum number apdhe separation
constant. The differential equations were written in this form
in order to draw attention to generic properties of these funcwhereU? is the transformation matrifEgs. (17), (21), and
tions. The terms in the square brackets play the role of #62) of Ref.[31(b)]]. The transformation matrix is real and
squared wave numbepor equivalently a squared momen- depends orE,/, 8, m, anddB/dn,, although we have only
tum), and the terms in parentheses play the role of a poterindicated the8 and/” dependence. Thd® matrix has a slow
tial. As ¢ goes to infinity the potential goes to positive infin- energy dependence compared to thenatrix that was used
ity, which means there is only bounded motion in thisto calculate the cross section in RES1]. We define a stand-
direction. There is an infinite number of bound states, and aig wave, coupled-channel solution of the Salinger equa-
the number of nodes in this direction increa¢fes a fixed tion near the core to be
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- n o =5 L or— 0
‘I’EﬁmEZ U%/‘I’E/m:l//Eﬁm_E XepmKgr g, (17) <\I’Eﬁm|€'r|qu>:2 [(R*—KS*) 1]BB’U37/D/mv
y ﬁr ﬁ’/

23
where theK is the parabolidk matrix that couples the para- @3
bolic channels. The coupling arises from the phase shifts duathere D, ,=(W, | e-r|¥,) is the dipole matrix element
to the core coupling initial and final states when there is zero field. For
the systems studied in this paper, the initial state is state,
_ 0 [0 so we may takeéD ,,= 8,41, with the only inaccuracy being
Koo 2/: Vg Mptanimu,). 18 the overall size of the cross section or the amount of wave
function excited. None of the time or energy dependences are
Therefore, it isonly the ., #0 that cause the scattering be- affected by this choice.
tween parabolic channels. The overlap matrix in Eq(6) may be obtained from the
The connection between the smalland largesn forms of  form of ¥~ in Eq. (20) to be
the Wggm function is accomplished through a WKB-type ap-
proximation. The functions inp have the asymptotic form 1 t
given by Eqgs.(44) in Ref.[31(b)]. The asymptotic form is Oppr= 2 5ﬁﬁ’+§; 553"5[3”/3’ : (24)
needed in order to obtain the flux into the detector. p

To this point, we have exactly followed R¢B1] for de-  gimple substitution of Eq21) into Eq. (24) gives a form for
scribing alkali-metal atoms in static fields. Now we need t0he inverse of this matrix that is numerically unstable when

slightly modify this approach in order to cast all parameter§pere are several strongly closed channels bec&jsand

in a form that will simplify the description of wave packets S, are very large which gives a nearly singular matrix. If we

at asymptotically large distances from the atom. To this entheform several matrix manipulations and use the identity
we define new sets of parameters. If we use the def'”'t'onsRBSBsinyﬁzl, we obtain the stable form

— T
= i o
RB_RBeXF{'(Z+5ﬁ , (OlD)B=iex+ St > (L+HIRTIKWT) 44
ﬁ/ﬁ//
= ™ —2 Ty—1 0
(29

g;;r:ﬁi\l/g i;ugg:;rqegh%; only has outgoing waves in each . o .\y._ R }(1—KR 2coty) %, and W' is the transpose

of W.

- B_cK)-1
Vegm= 2 Vegml (R=SK) *gp V. CLOSED-ORBIT THEORY
A AND CLASSICAL TRAJECTORY CALCULATIONS

= %2 (¢;B,m5B,B_ wgﬂrmg‘”ﬁ,ﬁ) (20) A. Classical recurrences

B The wave-packet description in the previous sections can
be related to the classical dynamics of the electron by con-
structing the semiclassical approximation to the overlap in-
tegral in Eq.(9). Let us review this briefly. If a laser excites
outgoing waves\ ; near the zero field threshold, then those
grals.R; and S; are large when the electron must tunnel Waves 9o out far from the a!kali core, 100-1000-bohr radii.
through the barrier except when the WKB integral Those portions of the outgoing wave that are turned around

in the combined Coulomb and electric field to return to the

Jk(m)dn betwee}n thSe smallest two turnlmgl points eqlfJaIs A htomic core follow the paths of the closed classical orbits of
integer timesw for S, or an integer plus; times 7 for

o . X . the system. These waves return to the source and overlap
Rg. The matrixS is the nonunitaryS matrix coupling the T o ) - e
parabolic channels that is defined by the matrix equation With it, contributing to the matrix elemerte-r[Ag) in
Eqg. (9). The matrix element in Eq9) becomes a coherent
S'=(R* = S*K)(R—SK) ", (21)  sum of overlap integrals due to waves associated with dis-
tinct classical orbits labeled byn(k), i.e., thenth return of
and the asymptotic traveling wave solutions are given by thekth orbit. Each orbit gives a sinusoidal modulation in the
oscillator strength with an energy wavelengtii=h/Ty,
W expime) - (g)ex;{ﬂ f’lk( Yy’ whereTy} is the return time of the closed orbit. Closed-orbit
EBm ﬂ_m EAm n)un

where R and S are diagonal matrices with the elements
given by Eq.(19). The 55 [Eq. (49) of Ref.[31@)]], v4z [Eq.
(A9) of Ref. [31(b)]], R; and Sg; [Appendix A of Ref.
[31(b)]] have convenient definitions in terms of WKB inte-

' theory give formulas for the amplitudes and phases of these
(22) modulationd 36—38. The sum of these modulations add up,
in principle, to the peaks seen in the photoabsorption spec-
Using Eqgs.(17) and (20), we can find an expression for the trum. It is worth emphasizing here that the closed orbits for
dipole matrix element in terms of parameters that can ben alkali-metal atom and hydrogen are the same, since the
obtained using WKB expressions dynamics outside the core is controlled by the external field
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and a 1 attractive potential. The only differences are in the R; gives the amplitude and phase of the terms in the

handling of the outgoing and returning waves near the corgscillator strength due to each closed hydrogenic orbit. We
[37]. will show in Sec. V B that writing the recurrences in terms of
To determine the amplitude of the modulations in thethe recurrence integral allows us to simplify the scattering
spectrum from an orbit, you need to know the shape of thea|culations. Figure 5 shows the closed classical orbits rel-
outgoing wave)(¢;) created by the las¢Eq. (5.12 in Ref.  evant to the study of Rb. We will use E(R7) in Sec. VI
[37]]. This is simple if the initial state is asistate since the when looking at classical recurrence time versus the time of

dipole operator of the laser can only populatetates. The  flux ejection from the region of the core.
laser polarization selects whether an outgaimg 0 p wave
or an outgoingm|=1 p wave is excited. For the rubidium
calculations in Sec. VI, the outgoing wave &tQ is /=1, _
Im|=1, so a closed orbit going out at an initial ange” is The formulas abovepartially account for the non-
weighted by Sin@r’n)- Orbits going out near the electric-field CouI(_)mblc field W|th_|n the core. Fo_r examplt_e the angular
axis #,=0 are suppressed, while those going out nea{unctlonsy(a) contain the phase shifisy., Wh'C.h are re-
6,=90° are emphasized. ated to the quantum defects. However, returning waves on

This gives the initial amplitude of the outgoing wave nearthe kth closed Ol’b'lt cr_eate c;ore-scattgrgd outgplng waves on
all the closed orbits, including the original orbit, and this is

the initial angle of the outgoing classical closed orbit. Start- ) s

ing on an initial surface 18r,<100 bohr, we use a semi- not accounted for in Eq27). Core scattering in _effect con-

classical approximation to the Green's function, stitutes a new source: the core-scattered outgoing waves can
ST TN AT D A be turned around by the external fields, and return to the

G*(r,ro)=A(r,ro)e™"", to propagate the waves along 54om and produce a whole new set of recurrences. In an

the classical paths connecting,=(r,,6°",0) and electric field, the core-scattered outgoing waves can also go

F=(r,0,¢) [39]. The phase\ of this wave function depends out in directions that lead to ionizing trajectorigior ex-

on the classical action along the pa8f), and the Maslov ample, see Fig.(®)] [33]. This is the semiclassical analog to

index w, which counts the number of caustics and focii the channel coupling that leads to ionization in the quantum

encountered on the orbiB9,40. The semiclassical ampli- calculations. To obtain the quantitative description of the

e ; ; scattering, it helps to define new notation.
tudeA(r.r,) depends on the divergence rate of the neighbor The core-scattered wave can be extracted from the partial-

ing trajectories. For closed orbits the amplitudér,r,) is g -
related to the stability properties of the closed of#Hit]. wave expansiont’s (1, ), Egs.(7.143 and (7.14D in Ref.

For closed orbits, we connect the semiclassical returning3 /) SO the core-scattered wave created byrtheeturn of
wave to the partial wave expansioW2"(r,6), for a zero- thek, hydrogenic orbit |3\Iki times the core-scattered part of
) f 1 1

energy wave coming in from infinity at a particular final W§'(r,6). If we semiclassically propagate that part of the
angled¥" [Eq. (7.5 in Ref.[37]]. The ratio of the semiclas- core-scattered wave that goes out in the direction ofkthe
sical returning wave to the incoming part of an incomingclosed orbit, and take the overlap aftercycles on the new
zero-energy scattering wave defines a complex matchinglosed orbit, then we obtain a “combination-recurrence” in-
constantNy , which multiplies\If‘;‘f’V(r,H) for each closed or- tegral given by

bit. Ni contains the amplitude and phase of the returning ny

wave for thenth return of thekth closed orbit. An expression Ny o Tkzkl on

for this matching constant wheﬂ!"”aﬁo is given as Eq. Koky kzy(ekz)'j(ekl,nl)"kl* (28)

(7.10 in Ref.[37]. The phase of the returning wave is set by : f

the action and Maslov indices calculated from the origin to L . non

the origin on an orbit. The amplitude reduces to terrgs in_where they's in the denominator Oszkl1 cancel corre-

volving the derivative obs" with respect top* evaluated on ~ sponding factors in th&'s for each orbit. The angular de-

a boundaryr , and is proportional tg/(6<"). pendence oﬂ'E;kl is proportional to the usudl matrix; we
Therefore the returning part of the wavg in the semi-  yse the definition

classical approximation is

B. Semiclassical core scattering

> n, _ i i k * kqi,n
AR = NRW (T, 6). @9 T am 2y (7 DY (GOm0
. , . (29)
This lets us define the recurrence integral for title return
of the kth orbit as wherem is the azimuthal quantum number appropriate to the
4 laser polarization. The combination-recurrence integral is
R - : ) -
RI=(e- r¢I|A|I'Ee‘tI,<n>: 5 alg,n)NE 27 proportlonal_ to the r(necurrence_ integrals for bqth the f|r§t and
\/5 second orbits, and k;kl constitutes an effectiv matrix

. - . W . representing the scattering by the core from one orbit to an-
since the overlap ofe-ry| with q,gf (r.0) [see Eq(7.7) in other. By splitting the scattering expression into the recur-
Ref. [37]], is just 227)(6;) (the Y here is the “unex- rence integrals for each closed orbit, and a coupling term
pected” conjugatd37] of ) evaluated at the final angle of which depends only on the incoming and outgoing angles,
the incoming wavg we can simplify the multiple-scattering expansions derived
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in Ref.[42], and generalize to include outgoing angles thating near the nucleus that travel over the barrier directly to the
lead to ionizing trajectories in the electric field. detector with nearly unit probability(2) The part of the
Equation(29) was derived by taking the outgoing angle of packet withn; too large will have waves starting near the
the scattered wave], to be the initial angle@:<2 of a new nucleus that travel to the barrier. Because they do not have
closed orbit. Dropping this restriction gives an expression forenough energy to go over the barrier, most of the wave is
the scattered wave which is proportional to the recurrenceeflected back to smaly, while a small fraction of the wave
integral of the original closed orbit times a scattering ampli-tunnels through the barrier and then travels to the detector.
tude for scattering from a closed orbm(,k,) into the di-  The part of the wave reflected from the barrier travels back
rection; . As we will see in this experiment with rubidium, to small#, where it is completely reflected back to largén
if the recurrences described by Eg7) are not resolved and  the same parabolic channel. Thus the flux of electrons from
interfere destructively, then this predicts that the flux of electhe atom will have a peak that comes from electrons that
trons ejected from the atom will be small. This connects thejjrectly escape the atom, and several later pulses that arise

classical recurrences to the delayed flux ejection. from electrons getting close to the barrier and tunneling
through. The electron flux gives a measure of finding the
VI. SPECIFIC CASES IN Rb electron near enough to the barrier to tunnel through.

In this section, we describe the knowledge gained from !f the atom in the electric field is Li, Na, K, Rb, or Cs,
the calculated dynamics of a Rb electron wave packet in 0me of the quantum defects in E38) are nonzero, and
field of ~2 kV/cm. We have chosen this case because wdhus there is a coupling between the parabolic channels. Re-
can compare our calculated time-dependent flux to the mednember that this arises because the core electrons break the
surements of Lankhuijzen and Noord4f8]. We are only parabolic symmetry for the valence electron. All of the dis-
examining cases for which the electron can classically escapg/ssion for H in the previous paragraph remains true except
to the detector, i.e.E>—2\/E. Before presenting the spe- for the coupling between the parabolic channels. This small
cific cases, we will first discuss some of the generic properdifferencequalitatively changes the wave packet dynamics
ties of a highly excited alkali-metal atom in a strong electricby giving athird mechanism for ejecting flux from the atom.
field. (3) After scattering from the nucleus, some of the wave

packet will be in channels with small enough to directly
A. Generic properties escape over the barrier; this occurs in the alkali-metal atoms

The electric field that we will use in this is small com- because the core breaks the parabolic symmetry scattering

pared to the atomic unit of field strength; we will be utilizing _T_(;me ?lf t]t?e eI?ctlron wave],: fromhchanrﬁlto.”c?]annelﬁd:
F~4x107 a.u. But the states that we examine will be | nus the flux of electrons from the atom will have a direct

highly excited, and=z will not be a perturbative interaction. P€ak that comes from electrons that directly escape the atom,
Certainly, since we will be interested in energies and later pulses that arise from electrons getting close to the

0=E=—2F, the electron dynamics will be strongly influ- barrier and tunneling througrand later pulses that arise
enced by the electric field. This is the energy range that g‘ror_n electrons scattering from the core into channels for
classical electron can escape the atom and travel to the d@hich the electron can directly escape the atom. Except for
tector if the field is on but not if the field is off. A measure of largem states (large m being defined to be such that
the nonperturbative nature of this interaction is the size ofx,<1 for /=m) the main mode of ejection of electrons
the zero-field basis used in the calculation of thg(r);  from later pulses arises from mechani¢8 (i.e., the elec-
~90 radial functions per’ and~60/ channels. This is very {ron is more likely to scatter from the core into classically

large considering we are excitimg~ 20 states which pertur- OPen channels than to tunnel through the barrier in the closed
batively can only mix in/ up to ~ 20. channels For later pulses, the electron flux gives a measure

If the atom in the electric field is hydrogen, all of the of finding the electron near the core in an angular momentum

quantum defects in Eq18) are zero, and thus the couplings State small enough to scatter into open channels.
between the parabolic channels is zero. A wave packet on
hydrogen in anE field will consist of several independent B. Results

waves oscillating in the different parabolic channels. For en-  p comparison between the experimental and calculated
ergiesE< —2\/F, the electron can only escape by tunneling. electron fluxes was presented in R3] for a case of linear

If E>—2\/F, there will be several channe(small ng in  polarization. For this case we were able to obtain excellent
which the electron can escape the atom by going over the toggreement. Several interesting effects were noted in this pa-
of the barrier, and there will be several chanriidsgen,) in  per. We were also able to relate the time-dependent flux to a
which the electron can only escape the atom by tunnelingsingle orbit because only one of the orbits had a large am-
Qualitatively, the more energy in the coordinate(this en-  plitude for excitation by a laser polarized in the static field
ergy increases with the number of nodeg), the less energy direction. The difference between the classical period and the
is available in then direction to escape over the barrier. As measured period could be explained by trimming the au-
ng increases, the tunneling rate decreases and the lifetimeionizing states.

increases. The behavior of a wave packet on H in the range In this section, we will present additional results compar-
0=E= —2./F can be described as follow&t) The part of ing calculated and experimental time-dependent fluxes for a
the wave packet witln, small enough so the electron does case where the laser is polarized perpendicular to the static
not need to tunnel to escape the atom will have waves starfield. This case has several interesting features, which we
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2.0 5 . . TABLE IlI. Classification of autoionizing states in Fig. 1.
ng n, n E(10%a.u)
151 16 2 20 ~1.098
- 6 15 23 ~1.091
5 12 7 21 ~1.084
g 1or PR N 9 11 22 ~1.078
s \
s / \ 17 1 20 —1.072
/ \ 7 14 23 —1.066
: 13 6 21 —1.058
10 10 22 —1.050
/
_ / AN , N
-0.00110 -0.00108 -0.00106 tions. Before giving the classifications, we must stress that

Binding Energy (a.u.) some of these states are strongly mixed and only the domi-

FIG. 1. Solid line, proportional to the infinite resolution photo- nar_;_thconltrlbgft_lontlls gl\;en”. f the states in Fig. 1 is gi .
ionization cross section as a function of the electron’s energy: e classilication or all or the states in =1g. 1 1S given in

F..=2005 V/cm andn=1 from the homogeneous function. Dot- Table Il. Remember that, counts the number of nodes in

ted line, same except using the inhomogeneous function. Dashdfi€ ¢ direction, andn,, counts the number of nodes in the
line, proportional toF(E), the amplitude for finding a photon at 7 direction andn=n,+n,+|m|+1. Whenn,~n, the elec-
each energy. tron is localized on the up-field side of the atom. When

ng~n,, the electron’s motion is more nearly perpendicular

will present. The experimental results were previously preto the field direction; i.e., the electron is localizedzs 0.
sented in Fig. 3 of Ref.13]. Note that these states belong to differentmanifolds. The

All of the results in this paper are for the pulsed-lasermain two states that are excited are the 12,7 and 17,1 states.
excitation of Rb atoms in a static electric field of We should expect that the main periodicity in the time-
3.90< 10"’ a.u.=2005 V/cm. The Rb atoms are initially in dependent flux should be 27/AE, whereAE is the energy
the 5s ground state which is unperturbed by the weak staticlifference of these two states. TRAi€ is much smaller than
field. The laser excites two wave packets: one with azimuthathe AE that arises from states of the sameTherefore, we
quantum numbem=1 and one withm=—1. These two should see peaks in the flux with a larger spacing in time
packets do not interfere with each other, since the detectahan would be expected from simple arguments based on
averages overp and contribute equivalent amounts to the energy splittings within am manifold. Inspection of Fig. 1
measured flux in the detector. The flux into the detector igeads us to expect that a laser pulse as sketched in Fig. 1 will
simply twice the flux from them=1 packet. Therefore, all produce a wave packet that has a periodicity in time given by
calculations are performed only fon=1 packets. This has 27/AE=5.2x10° a.u. =12.7 ps. We expect the time-
the added advantage that the resulfif has an azimuthal dependent flux to consist of relatively few pulses because the
symmetry, making it easier to display. Since the dipole couautoionizing states are very broad, and hence decay quickly.
pling in Eg. (23) is only to /=1, the specific value of this However, there is some information that cannot be de-
matrix element only provides an overall size but does notluced. The most striking example is the relative heights of
affect the dynamics. The only dynamical information that iSthe electron pulses entering the detector. Will the electron
necessary is the quantum defects. We have used the valugglse heights decrease monotonically with time, or will a
mo=3.14, u;=2.64, u,=1.348, u3=0.016, andu,~,=0. more complex time dependence emerge? In REF], the
From these values it is clear that the main scattering betweercurrence spectrum for this system was measured. The re-
the parabolic channels occurs f6,2. The main frequency currence spectrum measuiég(0)|(t))|, and may be ob-
of the laser pulse is such that the atom is excited to theained from the Fourier transform of the frequency-
autoionizing threshold in a 2.005-kV/cm field and the zero-dependent photoionization cross section. Because the
field ionization threshold. electrons can only scatter down-field and travel to the detec-

In Fig. 1, we present the infinite resolution photoioniza-tor if they return to the nucleus, the plausible expectation is
tion cross section versus binding energy. The solid and shothat detecting the time-dependent electron flux with an elec-
dashed line is the cross section calculated using the homoggen streak camera will simply reproduce the recurrence
neous function and using the inhomogeneous functions aspectrum which can be obtained quite simply from Fig. 1.
given in Eq.(9). It is evident from this figure that the two Lankhuijzen and Noordarfil3] showed this expectation is
methods are in very good agreement with each other. Therong, and that interesting information is obtained with the
long dashed curve is proportional to the amplitude for find-streak camera that cannot be obtained in the energy domain.
ing a photon at a frequency to excite the atom to the energies In Fig. 2, we present the time-dependent flux as measured
shown on the graph. This function was chosen to be proporin Ref. [13] (solid line) and calculated using the homoge-
tional to exf—(E—Eg)*T'*], whereEq=—1.075<10 2 a.u.  neous function from Eq(7). This figure shows some of the
andl'=1.2x10 ° a.u. expected features that can be obtained in the energy domain.

There are basically only four states that are excited by th&he number and spacing of the peaks is as expected. Figure
laser pulse. These states can be classified in terms of para-also shows an interesting and unexpected feature. The
bolic quantum numbers using the semiclassical wave funcheights of the peaks are very irregular with the second peak
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FIG. 2. The relative time-dependent flux using the pulse and F|G. 3. The relative probability for finding the electron near the
field from Fig. 1. Solid line, experiment; dashed line, calculation nycleus in g wave (solid line) or ad wave (dashed ling
using the homogeneous function. The time axes for all curves have
been shifted so the first peak istat 0. relatively small distanc¢e.g., 50 a.y.from the nucleus. In
Fig. 3, we plot thep-wave (solid line) and d-wave (dashed
being much higher than the first; in the recurrence spectruriine) relative probabilities, written alsA (t)|?, as a function
the first peak is the largest. The first peak results from thef time. Thep andd waves are the onlyn=1 waves that
electrons that are excited directly down-field. The secondave quantum defects substantially different from 0. For the
peak results from electrons that are initially excited into aelectron to scatter down-field, it must return to the core as a
region of phase space that gives bounded motion. But aftgs- or d-wave. Att=0, there is a largg-wave component
~12 ps, the electron returns to the nucleus where it can beeflecting the initial excitation. At=6 ps and=20 ps, the
scattered into a different parabolic channel and travel to the- andd-wave probabilities have become very small, and for
detector. The third peak arises from electrons that were nat=13 ps and=26 ps thep- and d-wave probabilities be-
scattered down-field during the first scattering with the corecome large. It is an interesting feature that the first return
We have not included the calculation in Fig. 2 using the=13 ps is dominated byl waves, and the second return
inhomogeneous function from E@4). The two calculated =25 ps is dominated by waves. This matches Fig. 2 in
fluxes are very close to each other; the slight differencegvery respect.
could be explained as arising from slight inaccuracies in the However, there is not complete agreement between the
different numerical methods. This means the electron wavetwo figures because near=41 ps and=54 ps, there are
disperse very little in traveling from-2000 a.u. from the large recurrences op- and d-wave characters. Actually
core into the detector which is a macroscopic distance fronthese recurrences extend to very long tir(&5 ps, 80 ps, 92
the atom. The time dependence of the electron flux enterings, etc). This behavior must come from the beating of the
the detector is an extremely accurate measure of the time,11 and 7,14 states; these are very sharp, and thus have a
dependence of the electrons being ejected from the atoniong lifetime. This does not invalidate our argument about
This fact is vitally important for the interpretation of the the mechanism for electrons leaving the atom. Electrons
measurements. The reason for this lack of dispersion is thahust return to the core in low- waves in order to scatter
the electron is quickly accelerated in the electric field; thefrom one parabolic channel to another. In particular, the elec-
spread in the wave packet goes like=[tAE/v|, which  trons must return to the core in order to scatter in to classi-
goes to a constant at largesince|v| is increasing linearly cally open channels and travel to the detector. But just be-
with t in the electric field. cause the electron wave returns to the core does not mean it
The comparison of our calculations with experiment pro-will scatter down field In Fig. 3, the relative proportion of
vides us with some information about the dynamics. Wep andd waves returning to the core is similar at 41 and 54
have gained information about the quality of WKB approxi- ps. Thep andd waves do individually scatter from the core
mations, about the dispersion of the electron wave, and abodown-field. But thep and d waves are coherent, and the
the lack of importance of the spin-orbit interactione do  superposition of the wave scattered down-field and tie
not include the spin-orbit interaction in our calculation wave scattered down-field destructively interfere giving only
There is further information that may be obtained becaustittle flux into the detector. If we could change the phase of
we can calculate the full wave function. the p or d wave between 41 and 54 ps, we would obtain a
One aspect of our understanding may be tested using tharge flux of electrons into the detector.
WKB wave functions. This involves the expectation that the In Figs. 4, we present the contour plotgfy(p,z,t)|? for
electron only escapes after it scatters from the core electronseveral different times. The amount of wave function on the
Equations(17) and (20) together give the transformation atom decreases with time so the peaks are rescaled at each
from the Wg, 1, functions to theWg,,, functions. We can t. There are a number of striking features of this figure. For
reverse the transformation to calculate the relative probabilexample, we can clearly see the times when there is a large
ity for finding the electron in a particula’ wave within a  amount of flux of electrons leaving the atom. These figures
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FIG. 4. Contour plot op|#(p,z,t)|? at times(a) 0 ps, (b) 6 ps FIG. 5. (a) Two closed-orbit, classical trajectories that return to
and(c).13. ps P ' ' the nucleus after=6 ps.(b) Two closed-orbit, classical trajectories

that return to the nucleus after6 ps.(c) Bold line is a classical
trajectory that returns to the nucleus afte6 ps. The thin line

show quite a complicated spatial dependence of the waveajectories are those that leave the nucleus and travel down-field
packet. As an aid in the interpretation of this packet, weinto the detector.
performed calculations of classical trajectories at this energy
and field strength that start at the nucleus. In Fig. 5, we The connection between classical orbits and the quantum
present five closed-orbit trajectories and the sequence of travave packets is somewhat more tenuous than the case dis-
jectories that directly escape the atom. A comparison of theussed in Ref.33]. There it was clear that only one orbit was
general features between Figs. 4 and 5 sheds some light amportant. Here all of the orbits that seem important have
the quantum processes. return times roughly a factor of 2 smaller than the quantum

As in Ref.[33], the flux going down-field does not cover period. An interpretation of this system might invoke inter-
all of the classically allowed region but is curiously confined.ference. We use E@27) to calculate the semiclassical inter-
This confinement arises from the fact that the electrons travference between returning orbits. Specifically, the two orbits
eling down-field must have originated from a scatteringin Fig. 5@ have roughly the same return time,6 ps, but
event near the nucleus. The quantum flux only covers theeturn to the core out of phase with each other by ©.82
region of space which a classical electron could access if iiving destructive interference. The two orbits in Figbb
started near the core. This effect is clear in Fi@r)5where  have roughly the same return time6 ps, but return to the
the vast majority of the classical trajectories reach a maxicore out of phase with each other by 0m84Jpon their sec-
mum inp of 1000 a.u. neaz= — 750 a.u., and then decrease ond return to the core the orbits are now out of phase by
in p asz decreases. Compare this with Figcto see the =2, giving constructive interference. In the classical cal-
similarity. culation, there are no closed orbits until the clustering of five

Some of the other features of the wave packet may berbits near 6 ps that are shown in Fig. 5; then there are no
related to features of the closed-orbit trajectoriestA6 ps, closed orbits until a clustering of nine orbits near 12 ps.
there is a large amount of wave function down-field that isThese nine orbits are the second return of the five orbits in
not traveling to the detector. The nodal structure indicatestig. 5 and four new orbits returning for the first time.
the main momentum component is in thealirection. In Fig. This suggests that the period for this system is really near
5, we present some of the closed orbits at this energy. Noticé ps, but an interference effect suppresses the wave packet
that the simplest closed orbjthe bold line in Fig. §c)]  near the core at the first return, and thus suppresses the scat-
spends most of its time at negatizeand goes through the tering. An examination of the quantum energy levels in
antinodal structure of the wave functions. Table Il supports this conjecture. If we use energy differ-
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ences of autoionizing states of the samewe find a period This validates the promise of this type of measurement as a
of roughly 6 ps. If we make one packet only outrof20  tool for investigating wave packets.

states and a second packet only outnef21 states, we This system is interesting because it involves the wave-
would find that each of the packets would return to thepacket dynamics with two coupled spatial degrees of free-
nucleus after roughly 6 ps. However, because k21 dom. We have shown that it is possible to gain a detailed
states are nearly halfway between the 20 states, we would understanding of such systems by performing parallel quan-
find that there has accumulated roughlyrashift in phase tum and classical calculations to uncover the mechanisms
between the packets, so that they destructively interfere nedinat guide the dynamics. There are several interesting fea-
the nucleus. On their second return the relative phase wouldires that emerge from the calculations for the particular case

be roughly 27, giving constructive interference. explored in Ref[13]. The flux of electrons that leave the
atom does not cover the full classically allowed region of
VIl. CONCLUSIONS space; the electrons only cover that region of space that a

) _ classical electron could reach if it started at the nucleus. We
We have presented a theoretical exploration of the wavenave also found that the period observed was twice as long
packet dynamics for an electron excited from the groundgs the classical closed-orbit period due to destructive inter-

state of Rb in a static electric field. We have compared theerence, which reduces the probability for finding an electron
results of our calculations to the measured time-dependeffear the nucleus at odd multiples of the period.

flux of electrons into a detector a macroscopic distance from
the atom. The good agreement indicates that the calculations
have converged and are accurate, which indicates we can
trust the dynamics that emerges from our calculated wave
packets. The measurement of the ejected flux provides a new We thank G. M. Lankhuijzen and L. D. Noordam for

window for the observation of wave-packet phenomena. Weproviding us with their experimental data, and for many
have shown by direct calculation that the time-dependenprofitable discussions. We gratefully acknowledge D.
flux measured at the detector accurately reproduces the fluidarmin’s help and insight. F. R. was supported by the NSF
that is leaving a sphere of 2000 a.u. centered at the nucleuand J. S. by the U.S. Department of Energy.
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