
PHYSICAL REVIEW A JUNE 1997VOLUME 55, NUMBER 6
Differential cross sections in the ejected energy for anL50 model
of the electron-impact ionization of hydrogen

M. S. Pindzola and F. Robicheaux
Department of Physics, Auburn University, Auburn, Alabama 36849

~Received 25 November 1996!

A calculational procedure is formulated for extracting differential cross sections in the ejected energy from
a time-dependent wave-packet method for the electron ionization of hydrogen. The procedure is applied to an
s-wave model for electron-hydrogen scattering. In contrast to recent time-independent methods, the differential
cross sections are found to be smooth and symmetric.@S1050-2947~97!08706-4#
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In the last year a time-dependent wave-packet method
been employed to calculate the total cross section for
electron-impact ionization of hydrogen@1,2#. The time-
dependent results are in excellent agreement with both
perimental measurements@3# and recent time-independen
close-coupling calculations@4–6#. In this paper we formulate
a calculational procedure for extracting differential cross s
tions in the ejected energy from the time-dependent wa
packet method. The formulation is based on an extensio
an idea by Bottcher@7#. We then apply the procedure t
calculate singlet and triplet differential cross sections for
Temkin-Poet model@8,9# of electron-hydrogen scattering
The specific application is in response to discrepancies fo
between two different time-independent close-coupling c
culations for the singlet differential cross section@10#.

The time-dependent Schrodinger equation for
Temkin-Poet model is given by~in atomic units!

i
]c~r 1 ,r 2 ,t !

]t
5H~r 1 ,r 2!c~r 1 ,r 2 ,t !, ~1!

where the time-independent Hamiltonian is

H~r 1 ,r 2!52
1

2

]2

]r 1
22

1

2

]2

]r 2
22

1

r 1
2
1

r 2
1

1

r.
, ~2!

and r.5max(r1,r2). We solve this time-dependent equatio
on a two-dimensional lattice using an explicit leapfr
propagator@2#. At time t50 the wave function is constructe
as a symmetric product of an incoming radial wave pac
for one electron and the lowest-energy bound stationary s
of the other electron. Cross sections may be extracted f
the wave function at a timet5T following the collision. The
(r 1 ,r 2) plane may be divided into angular segments spe
fied by the hyperspherical anglea, where tan(a)
5(r2 /r1). The differential cross section in the hyperspheri
angle is given by@7#:

ds

da
5

p~2S11!

4k0
2 lim

d→0

1

dEa2~d/2!

a1~d/2!

uc~r 1 ,r 2 ,T!u2dr1dr2 , ~3!

whereS is the total spin angular momentum andk0 is the
linear momentum of the incident electron. Since in the lon
time limit we also have tan(a)5(k2 /k1), wherek1 andk2 are
551050-2947/97/55~6!/4617~4!/$10.00
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the outgoing linear momenta of the two electrons followi
ionization, the differential cross section in ejected energy
given by

FIG. 1. Probability densityuc(r 1 ,r 2 ,T)u2 following a 1S colli-
sion at 54.4 eV. At the top is a contour map in the (r 1 ,r 2) plane,
while the bottom is the corresponding 3D projection. The rad
coordinates are in atomic units~1 a.u.55.2931029 cm!.
4617 © 1997 The American Physical Society
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ds

de
5

1

k1k2

ds

da
, ~4!

where e5k2
2/2,E5(k0

2/2)1I p5(k1
2/21(k2

2/2) is the total
energy, and Ip is the ionization potential of the target.

To make accurate calculations of the differential cross s
tion for small~a;0! and large~a;p/2! angles, we choose to
replace the total wave functionc(r 1 ,r 2 ,T) found in Eq.~3!
by a pure double-continuum wave functionQc(r 1 ,r 2 ,T).
The projection operatorQ needed to extract only the double
continuum part of the total time evolved wave function
given by

Q512(
n

uPn~r 1!&^Pn~r 1!u2(
n

uPn~r 2!&^Pn~r 2!u

1(
m

(
n

uPm~r 1!Pn~r 2!&^Pm~r 1!Pn~r 2!u. ~5!

FIG. 2. Probability densityuQc(r 1 ,r 2 ,T)u2 following a 1S col-
lision at 54.4 eV. At the top is a contour map in the (r 1 ,r 2) plane,
while the bottom is the corresponding 3D projection. The rad
coordinates are in atomic units~1 a.u.55.2931029 cm!.
c-

This projection operator is constructed so thatQc is a func-
tion of (r 1 ,r 2), in which neither electron is in a bound stat
The single-particle bound eigenfunctionsPn(r ) are obtained
by diagonalizing h(r )52 1

2(]
2/]r 2)2(1/r ) on a one-

dimensional lattice. In practice, the double bound-state te
on the right-hand side of Eq.~5! makes little contribution.

The dramatic effect of the projection operator is illu
trated by comparing Figs. 1 and 2. We employ a 106 point
lattice with a uniform mesh spacing in bothr 1 and r 2 of
Dr50.2, which corresponds to a box size ofR5200. At
time t50 the symmetric 1S wave packet is centered a
R/25100. At time t5T5100, following a collision with an
incident electron energy of 54.4 eV~velocity52.0!, the total
probability densityuc(r 1 ,r 2 ,T)u2 is shown as a contour ma
and a three-dimensional~3D! projection in Fig. 1. In sharp
contrast the total probability densityuQc(r 1 ,r 2 ,T)u2 is
shown in Fig. 2. In the figures the probability density
moving toward the upper right-hand corner in the conto
map, and toward the lower left-hand corner in the 3D p

l

FIG. 3. Probability densityuc(r 1 ,r 2 ,T)u2 following a 3S colli-
sion at 54.4 eV. At the top is a contour map in the (r 1 ,r 2) plane,
while the bottom is the corresponding 3D projection. The rad
coordinates are in atomic units~1 a.u.55.2931029 cm!.
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jection as a function of increasing time after the collisio
Essentially the large peaks along the axes, representing
tic scattering and inelastic excitation to bound states, h
been eliminated. Note that the contours have been resc
between the figures so that absolute heights cannot be c
pared. For the same scattering parameters, the effect o
projection operator on the antisymmetric3S wave packet is
found by comparing Figs. 3 and 4.

The singlet and triplet differential cross sections in t
Temkin-Poet model of electron-hydrogen scattering
shown in Figs. 5 and 6 for an incident electron energy
54.4 eV. The five lines in each figure represent five succ
sive calculations on larger lattices. The mesh spacing is k
fixed at Dr50.2, while the box size is increased fromR
5100 to 500 in steps of 100. For singlet scattering the to
ionization cross section is found to be the same value of 1
Mb for each successive calculation, while for triplet scatt
ing the total cross section is a constant 0.30 Mb. The c
tinual spreading of the cross-section peaks is due to the lo
range Coulomb interaction. The center of the distributi

FIG. 4. Probability densityuQc(r 1 ,r 2 ,T)u2 following a 3S col-
lision at 54.4 eV. At the top is a contour map in the (r 1 ,r 2) plane,
while the bottom is the corresponding 3D projection. The radial
ordinates are in atomic units~1 a.u.55.2931029 cm!.
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represents an equal energy sharing of the outgoing electr
finite for singlet scattering, but zero for triplet scattering. T
peaks of the distribution represent the ejection of one s
electron and one fast electron. The fast electron sees a
tral atom, while the slow electron ‘‘feels’’ a21/r attractive
Coulomb potential. Although the fast electron may be o
near the box radius, the slow electron is in closer, and
feels a sizeable force. AsR→` the cross section peaks wi
merge into the walls of the figures to yield symmetric curv
with no structure.

Recently two different close-coupling calculations ha
reported@10# singlet and triplet differential ionization cros
sections for the Temkin-Poet model at an incident energy
54.4 eV. Both theR-matrix with pseudostates method an
the converged close-coupling method are time-independ
scattering treatments utilizing explicit boundary conditio
to extract theS matrix and thus cross sections. The tim
dependent wave packet and time independent close-coup
calculations are in agreement as to the total ionization cr
o-

FIG. 5. Singlet differential cross section in the ejected ene
for a collision at 54.4 eV. The five lines are successive calculati
at larger box sizes. 1 Mb is 10218 cm2 and 1 hartree is 27.212 eV

FIG. 6. Triplet differential cross section in the ejected energy
a collision at 54.4 eV. The five lines are successive calculation
larger box sizes. 1 Mb is 10218 cm2 and 1 hartree is 27.212 eV.
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sections for singlet and triplet scattering. At least in the c
rent formulations, the time-independent close-coupl
methods produce asymmetric differential cross sectio
which go to zero for energies greater thanE/2. This is in
sharp contrast to the symmetric results found in Figs. 5 an
for the time-dependent wave-packet method. The discrep
cies found between the two time-independent close-coup
calculations for the singlet differential cross section, and
report of remarkable structure, may be due to an unphys
cutoff of the nonzero cross section atE/2.

In summary we have made use of a projection operato
extract differential cross sections in the ejected energy fo
time-dependent wave-packet method for electron-atom s
tering. The wave functionQc represents the double-electro
continuum and may be graphically displayed in the (r 1 ,r 2)
plane as found in Figs. 2 and 4. The differential cross s
tions obtained usingQc are found to be smooth and sym
-
g
s,
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metric aboutE/2, in contrast to recent results from time
independent close-coupling methods. In the future we pla
extend our differential cross-section calculations to lower
cident energies to gain further insight into the threshold l
for the electron ionization of atoms.
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