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Simulations for x-ray imaging of wave-packet dynamics
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Previous work on imaging wave-packet dynamics with x-ray scattering revealed that the scattering patterns
deviate substantially from the notion of instantaneous momentum density of the wave packet. Here we show
that scattering patterns can provide clear insights into the electron wave-packet dynamics if the final state of the
scattered electron and the scattered photon momentum are determined simultaneously. The scattering probability
is shown to be proportional to the modulus square of the Fourier transform of the instantaneous electronic spatial
wave function weighted by the final state of the electron. Several cases for the choice of final state of the electron
are explored. First, the case where the final state can be measured up to a given principal quantum number n and
orbital angular momentum l are presented. Next, the case where the final states can only be determined up to a
given energy is discussed. Finally, the case of an initial wave packet consisting of a large amount of a known
stationary state and a small amount of an unknown stationary state is examined. The scattering profile is used to
determine the properties of the unknown state in the wave packet.
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I. INTRODUCTION

Since the discovery of Bragg diffraction [1] and Compton
scattering [2] over a century ago, x-rays have been used as
a probe at the subatomic scale [3–6]. X-rays generally ex-
hibit a low scattering cross section with matter. Therefore,
as x-rays travel through a sample, the likelihood of rescatter-
ing after the first scattering event is minimal, making them
a useful probing tool. For decades, the scattering of x-rays
from an electron in a stationary state has been used to map
the momentum density of the electron, also known as the
Compton profile [7–10]. Such measurements on a system in
a stationary state are independent of time. However, measure-
ments on a system described by a wave packet, which is a
superposition of stationary states, will generally depend on
time. To study the time dynamics of electronic wave packets,
one requires pulses that have a pulse duration comparable
to the oscillatory timescale of the wave packet. In the past
two decades, the advent of x-ray free-electron lasers (XFEL)
[11–17] that generate pulses in the femtosecond and now
attosecond timescales has made this possible. Pump-probe ex-
periments at the attosecond timescale outside the x-ray regime
have been previously shown to be quite effective in study-
ing both atomic and molecular wave packets [18–20]. The
measurement of time-dependent electron density in molecules
can be used to construct molecular movies that offer insight
into molecular processes such as bond formation and breaking
[21–25].

While x-ray scattering from an electronic stationary state
can be used to access the momentum density of the elec-
tron, the results for x-ray scattering from a wave packet was
shown to have nontrivial dependence on the instantaneous
charge density of the electron [26]. In 2012, Dixit et al.
[26] showed that when x-rays scatter from an electron in a
wave-packet state, the incident x-ray field can inelastically
scatter, causing transitions from the wave-packet state to

several final states which depend on the bandwidth of the
x-ray pulse. This leads to scattering patterns that deviate
substantially from the Fourier transform of the instantaneous
charge density of the wave packet. Some of the works that
have followed Ref. [26] have offered alternative techniques to
extract information about the instantaneous charge density of
the wave packet [27–29]. For instance, in Ref. [27], Dixit et al.
describe a phase contrast imaging technique by examining the
interference between the incident and scattered field to obtain
the Laplacian of the projected instantaneous charge density.
However, this approach requires the placement of detectors in
the near-field regime which may be experimentally challeng-
ing. Recently, Grosser et al. [29] showed that using inelastic
Compton scattering, one can achieve x-ray imaging of elec-
tron wave-packet dynamics provided the scattered electron
ends up in a continuum state.

It should be noted that theoretical descriptions of time-
resolved x-ray scattering have existed prior to Ref. [26] and
the first fully quantized description of this problem can be
attributed to Henriksen and Møller [30]. A detailed overview
of the history of the theoretical descriptions can be found
in Ref. [31]. In this paper, we derive the double differential
scattering probability for x-rays to scatter from an electron
in a nonstationary state into a specified final state (or states)
resulting in an expression which is related to the ones in
Refs. [26,30–32]. We show that if the final state of the electron
after scattering can be detected, it is possible to obtain mean-
ingful information about the dynamics of the electronic wave
packet. The scattering profile is shown to reveal the modulus
square of the Fourier transform of the instantaneous transition
charge density of the electron.

The paper is organized in the following manner. In Sec. II,
the double-differential scattering probability for x-ray scatter-
ing from an electron wave packet is derived and the expression
is tailored for the special case of an electron wave packet
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made of two eigenstates. In Sec. III, the imaging technique is
illustrated using several examples. In Sec. IV, the conclusions
and a summary of the paper are presented.

Unless otherwise stated, atomic units will be used through-
out this work.

II. METHODS AND MODELING

A. Deriving the double-differential scattering probability

The approach we use to model x-ray scattering from
electrons involves treating the incoming field classically
and quantizing the outgoing field [33]. Since the prob-
lem is nonrelativistic for the parameter regime explored, a
time-dependent Schrödinger equation approach is adequate.
One-photon scattering processes in the parameter regime stud-
ied in this paper were shown in Ref. [34] to be adequately
described by the first-order perturbative treatment of the in-
coming field. For a complete description of this approach and
its validity, see Ref. [34]. Using this approach, the scattering
probability amplitude for the process ψ

(1)
k,ε

can be obtained
from the following equation:

i
∂ψ

(1)
k,ε

∂t
− Ĥaψ

(1)
k,ε

=
√

2π

V ωk
e−ik·reiωkt

× ε∗ · (P̂ ψ
(0)
1 + AC ψ

(0)
0 ) W (t )

+ (AC · P̂)ψ (1)
0 . (1)

The quantity ψ
( j)
i refers to the scattering probability ampli-

tude for a process that is of order i in the incoming classical
field and order j in the outgoing quantized field. Note that the
quantity ψ

(1)
k,ε

in Eq. (1) corresponds to ψ
(1)
1 in this notation

[34]. In Eq. (1), Ĥa is the Hamiltonian for an electron in
the absence of the incident x-ray field, V is the quantization
volume, and k and ωk are the scattered photon momentum and
angular frequency, respectively. ε denotes the scattered photon
polarization. Here, k · ε = 0 and ωk = |k|c with c being the
speed of light in vacuum (∼137.036 a.u.). P̂ is the canonical
momentum operator for the electron, AC is the vector potential
for the classical incoming field, r refers to the position vector
associated with the electron, and t refers to time. W (t ) is a
windowing function which turns the source terms on only for
the duration of the incident x-ray pulse. The final results are
independent of the choice of the windowing function provided
it is sufficiently smooth [34,35].

For the parameter regime explored, the only source term
in Eq. (1) that contributes to the scattering probability is the
Compton scattering term ACψ

(0)
0 [34]. This term is sometimes

referred to as the off-resonant contribution in x-ray scattering
[28,36] and this step is analogous to neglecting the dispersive
correction term in Ref. [26]. The time dependence of ψ

(0)
0

is dictated by the time-dependent Schrödinger equation with
the field-free Hamiltonian Ĥa. The vector potential of the
incoming pulse AC is chosen to be the following:

AC = E

ωin
cos[(ωint − kin · r)]

× exp

[
[−(2 ln 2)

(
t − k̂in·r

c

)2
]

t2
wid

]
εin, (2)

where E , ωin, kin, twid, and εin refer to the incoming electric-
field amplitude, angular frequency, momentum, the full width
at half maximum (FWHM) of the pulse intensity, and po-
larization of the incoming field, respectively. The interaction
between the electron and the incident x-ray field is modeled
by considering the full space and time dependence of the
vector potential because in the studied parameter regime the
dipole approximation has limitations [37]. Using Eq. (2) and
applying the rotating-wave approximation to Eq. (1) yields

i
∂ψ

(1)
k,ε

∂t
− Ĥaψ

(1)
k,ε

=
√

2π

V ωk

1

2

E

ωin
ε∗ · εin

× exp

[
[−(2 ln 2)(t − k̂in·r

c )2]

t2
wid

]

× ei(kin−k)·rei(ωk−ωin )t ψ
(0)
0 . (3)

The scattering probability amplitude in the bra-ket notation
can be expanded in an eigenbasis of electronic bound states
and continuum states of the field-free Hamiltonian Ĥa:∣∣ψ (1)

k,ε
(t )

〉 =
∑

n

Cn,kε(t )e−iEnt |ψn〉 . (4)

Here {n} includes the set of all bound and continuum states
and En denotes the corresponding eigenenergies.

Substituting Eq. (4) in Eq. (3), one obtains the following
expression for Cn,kε in the bra-ket notation after integrating
over t ∈ (−∞,∞):

lim
t→∞Cn,kε(t ) = −i

√
2π

V ωk

1

2

E

ωin
ε∗ · εin

∫ ∞

−∞
dt 〈ψn| eiEnt

× exp

[
[−(2 ln 2)(t − k̂in·r

c )2]

t2
wid

]

× ei(kin−k)·rei(ωk−ωin )t |ψ (0)
0 〉 . (5)

In this paper, the initial state of the electron (|ψ (0)
0 〉) is

described by a wave packet. The wave packet can be expanded
in the same basis as Eq. (4),∣∣ψ (0)

0 (t )
〉 =

∑
n′′

an′′ e−iEn′′ t |ψn′′ 〉 . (6)

Here, an′′ is the probability amplitude associated with state
|ψn′′ 〉 at t = 0. The envelope function of the incoming classi-
cal field [Eq. (2)] can be approximated as a pure Gaussian
since k̂in · r/c << twid. Then, Eq. (5) after integration over
time is

lim
t→∞Cn,kε(t ) = −i

√
2π

V ωk

1

2

E

ωin
twid

√
π

2 ln 2
ε∗ · εin

×
∑

n′′
an′′e−(En−En′′ +ωk−ωin )2 t2

wid
8 ln 2

× 〈ψn| ei(kin−k)·r |ψn′′ 〉 . (7)

Given that the scattered electron is in the state |ψ f 〉, the
double-differential scattering probability is given by the
modulus square of the corresponding scattering probability
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amplitude Cf ,kε:

∂2Pf (Q)

∂� ∂ωk
= 2π

V ωk

1

4

E2

ω2
in

t2
wid

π

2 ln 2
|ε∗ · εin|2

×
∑
n′,n′′

a∗
n′an′′ 〈ψn′ | e−iQ·r |ψ f 〉

× e−[(ε f −En′ )2+(ε f −En′′ )2]
t2
wid

8 ln 2

× 〈ψ f | eiQ·r |ψn′′ 〉 , (8)

where ε f = E f + ωk − ωin and Q = kin − k. Here the quan-
tity E f denotes the energy of the stationary state |ψ f 〉.

It is useful to examine Eq. (8) for the case of a free electron
starting in a momentum eigenstate; the quantity inside the
summation on the right-hand side of Eq. (8) is unity only
when |ψ f 〉 is the corresponding momentum eigenstate that
is allowed by momentum and energy conservation after the
momentum kick from the x-ray photon. In all other cases,
the summation results in zero. Therefore, the free-electron
double-differential scattering probability is given by

∂2Pf (Q, pi )

∂� ∂ωk
= ∂2Pe

∂� ∂ωk
δ(p f − pi − Q), (9)

where p f and pi are the momentums that correspond to the
final and initial electron momentum eigenstates, respectively,
and ∂2Pe

∂� ∂ωk
is defined as

∂2Pe

∂� ∂ωk
= 2π

V ωk

1

4

E2

ω2
in

t2
wid

π

2 ln 2
|ε∗ · εin|2. (10)

To understand how Eq. (8) describes the wave packet
dynamics, recall that the quantity an was defined to be the
probability amplitude at t = 0 and the incident x-ray pulse
attained its peak intensity at t = 0. For convenience, the peak
intensity of the x-ray pulse is now shifted to a later time t0
(delay time) by carrying out t → t − t0. Then, the double-
differential scattering probability for a bound electron as a
function of the delay time can be written as

∂2Pf (Q, t0)

∂� ∂ωk
= ∂2Pe

∂� ∂ωk

∑
n′,n′′

a∗
n′an′′ ei(En′ −En′′ )t0

× 〈ψn′ | e−iQ·r |ψ f 〉

× e−
[

(ε f −En′ )2+(ε f −En′′ )2
]

t2
wid

8 ln 2

× 〈ψ f | eiQ·r |ψn′′ 〉 . (11)

Note that Eq. (11) does not depend explicitly on the electric-
field amplitude or the polarization of the incoming or outgoing
field. The dependence on the polarization and electric field
is however implicitly contained in ∂2Pe

∂�∂ωk
. Therefore, it is

convenient to scale Eq. (11) by ∂2Pe
∂�∂ωk

to obtain the scaled
double-differential probability. The results from the final ex-
pression in Eq. (11) have been evaluated and benchmarked
with the results of the nonperturbative Schrödinger equa-
tion from Refs. [34,35]. They show excellent agreement for
the parameter regime discussed in the manuscript thus vali-
dating the approximations involved.

While expressions similar to Eq. (11) have been derived
previously [26,31,32], we have included a detailed derivation

in this work to provide clarity and to discuss the different
stages in the derivation where approximations are used. Equa-
tion (11) differs from the expression given by Dixit et al.
[26] in two aspects. First, instead of the mean energy of the
wave packet, the individual energies of the constituent sta-
tionary states (En) appear. This difference is only introduced
towards the end of the derivation in Ref. [26] and is a valid
approximation if the x-ray pulse width is much shorter than
the oscillation period of the wave packet. Second, instead of
a summation over all possible final states for the scattered
electron, the final state is selected to be |ψ f 〉. In Ref. [26] and
other previous works [31,32], it is the summation over all the
final scattered electron states that makes it difficult to access
the information about the instantaneous charge density of the
wave packet. The lack of summation in Eq. (11) allows one
to extract the Fourier transform of the weighted probability
amplitude of the instantaneous wave packet. This is similar to
the idea implicit in Grosser et al. [29], where the final state of
the electron was assumed to be a plane wave. The approach
described in this paper however is not restricted to the case
of a continuum state for the scattered electron but rather on
the principle that determining the final state of the electron
simultaneously with the scattered photon momentum allows
access to the momentum density of the electron wave packet.

B. Two-state wave packet

While Eq. (11) is valid for an arbitrary electronic wave
packet, for simplicity we have used wave packets consisting
of two eigenstates for the derivation and examples below.
There is no fundamental requirement for two states. The basic
features are unchanged as long as the time scale of the wave
packet is longer than that of the incident x-ray pulse.

Let the wave packet consisting of two eigenstates be

|ψ (t0)〉 = aα |ψα〉 + aβeiφ(t0 ) |ψβ〉 . (12)

The instantaneous phase φ(t0) satisfies φ(t0) = (Eα − Eβ ) ∗
t0, where Eα and Eβ are the eigenenergies corresponding to
the eigenstates |ψα〉 and |ψβ〉, respectively. For such a wave
packet one can then simplify Eq. (11) by imposing a condition
on the energy of the scattered photons (ωk). The condition
is that the energy difference between scattered and incident
x-ray, ωk − ωin, corresponds to the average transition energy
between the stationary states in the wave packet and the final
state of the electron (ψ f ). Then using Eq. (11) the scaled
double-differential scattering probability can be written as(

∂2Pf (Q, t0)

∂� ∂ωk

)
sc

= e
−�E2t2

wid
16 ln 2

×
∣∣∣∣
∫

ψ∗
f (r) ψ (r, t0)eiQ·rd3r

∣∣∣∣
2

,

(13)

where �E is the energy difference between the two stationary
states that constitute the wave packet [Eq. (12)]. The term
ψ f (r) is the probability amplitude in position space of the
final state of the electron. The quantity ψ (r, t0) refers to the
instantaneous probability amplitude of the wave packet in the
absence of the incident x-ray field. It is evident from Eq. (13)
that the scaled double-differential scattering probability is
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FIG. 1. Plots show the scaled double-differential scattering prob-
ability vs momentum transferred to the electron in hydrogen
calculated at different propagation times for the wave packet. The
initial wave packet consists of equal probabilities of 3d and 4 f ,
m = 0 states. The different phase angles specified at the top of each
tile correspond to different delay times [Eq. (12)] for the probe pulse.
The final state of the scattered electron has been chosen to be 2s.
The scaled double-differential scattering probability is proportional
to the modulus square of the Fourier transform of the instantaneous
transition charge density [Eq. (13)]. Here, ωin = 147 a.u. (4 keV) and
twid = 41.34 a.u. (1 fs).

proportional to the Fourier transform of the instantaneous
wave function of the electron weighted by the electron’s final-
state wave function. Given the constraint on the scattered
photon frequency, note that Eq. (13) is identical to Eq. (11) for
a wave packet made of two eigenstates. It is worth pointing out
that in some communities [38–41] what we call the weighted
probability amplitude of the instantaneous wave packet in
Eq. (13), that is, ψ∗

f (r)ψ (r, t0), is referred to as the transition
charge density [38].

The result in Eq. (13) is suitable for the ideal case where
the detector resolution is assumed to be much smaller than
the bandwidth of the x-ray pulse. Experimentally in cases
with limited detector resolution, one might be interested in
integrating Eq. (13) over a range of scattered photon energies
over which the detector is sensitive to obtain the differential
scattering probability. A discussion of the energy-integrated
double-differential scattering probability and its implications
are presented in Sec. III C.

C. Convergence

To evaluate the double-differential scattering probability,
the relevant matrix elements in Eq. (11) were calculated
numerically on a grid in spherical coordinates. The conver-
gence is determined by calculating the change in the scaled
double-differential scattering probability. The only conver-
gence parameters that give rise to a measurable difference in
the final results for the scaled differential probability are the
radial grid spacing and the radial grid size.

For the results in Fig. 1, a grid spacing of 0.1 and 0.05 a.u.
leads to a difference of 0.81% in the scaled double-differential
scattering probability. A grid size of 86 a.u. and 121 a.u. leads
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FIG. 2. Results for the scaled double-differential scattering prob-
ability vs momentum transferred to the electron calculated at
different propagation times for the wave packet. The parameters are
the same as that of Fig. 1, except here the results are summed over the
electron final states 2s and 2p for all possible values of m. Even when
the final state of the scattered electron can only be distinguished
broadly based on the energy, dynamical phase information of the
wave packet is still preserved.

to a difference of 10−6%. For the results in Fig. 2, a grid
spacing of 0.025 and 0.05 a.u. gives a difference of 0.28%
when the final state is 2s and 0.03% when the final state is 2p
(summed over all m), respectively. The grid size parameters
for Fig. 2 exhibit the same convergence behavior as that of
Fig. 1 for both 2s and 2p final states.

III. APPLICATIONS

For the example calculations below, the wave packet is
probed using an x-ray pulse with a mean photon energy of
147 a.u. (4 keV) and a pulse duration (twid) of 41.34 a.u.
(1 fs). The incoming field is chosen to be propagating in the
ŷ direction with its polarization in the ẑ direction. It should be
noted that Eq. (11) does not make assumptions whether the
system under study consists of atoms or molecules. However,
for a simple illustration of the method, we choose a wave
packet that consists of two eigenstates of hydrogen.

A. Fixing the final state up to a given l

To illustrate this method, first we consider the case (Fig. 1)
when the initial wave packet consists of equal weights of 3d
and 4 f m = 0 states of hydrogen. There exist several ex-
perimental techniques for preparing electronic wave packets
(see Refs. [42,43] and references therein). In this paper, we
begin our discussions by assuming that there exists a pre-
pared electronic wave packet. This case corresponds to an
instantaneous wave packet [Eq. (12)], where |ψα〉 = |3, 2, 0〉,
|ψβ〉 = |4, 3, 0〉, and aα = aβ = 1√

2
. Here |n, l, m〉 refers to a

state described by the usual atomic quantum numbers n, l , and
m, respectively.

In Fig. 1, the scaled double-differential scattering proba-
bility is studied as the components of Q (Qx and Qz only) are
varied independently. It should be noted that the component
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Qy is determined for a given Qx and Qz because of conserva-
tion of energy and momentum. The final state of the electron
is chosen to be 2s. This is an ideal case when a final state
with quantum numbers described by n and l can be precisely
selected. This ideal case serves to provide a simple conceptual
demonstration of the imaging technique. A similar example
of an electronic wave packet in hydrogen has been discussed
previously in Refs. [26,32]; however, in those previous works,
the scattering pattern is the result of a summation over all pos-
sible final states and not for the case of a given final state. In
this work, a numerical approach is used and convergent results
have been obtained (see Sec. II C) for scattering probabilities.
Note that it has been shown by Ref. [32] that for the case
of hydrogenic wave packets it is possible to obtain analytic
solutions if one employs parabolic coordinates.

A qualitative understanding of the scattering profile (Fig. 1)
can be obtained by looking at the different terms that con-
tribute to the double-differential scattering probability:(

∂2Pf (Q, t0)

∂� ∂ωk

)
sc

= e
−�E2t2

wid
16 ln 2 [|aα 〈ψ f | eiQ·r |ψα〉 |2

+ |aβ 〈ψ f | eiQ·r |ψβ〉 |2

+ 2 Re(a∗
α 〈ψ f | eiQ·r |ψα〉∗

× eiφ(t0 )aβ 〈ψ f | eiQ·r |ψβ〉)]. (14)

The phase dependence in Fig. 1 originates from the interfer-
ence terms in Eq. (14). It is evident from the interference term
in Eq. (14) that when aα and aβ are real, φ = 0 and φ = π

cases depend on the real part of 〈ψ f | eiQ·r |ψα〉∗ 〈ψ f | eiQ·r |ψβ〉
and the cases φ = π/2 and φ = 3π/2 depend on the imag-
inary part of this product. For the case in Fig. 1, from parity
arguments 〈ψ f | eiQ·r |ψα〉 is real, while 〈ψ f | eiQ·r |ψβ〉 is imag-
inary. This leads to the product of the matrix elements being
purely imaginary when φ = 0 and φ = π ; thus making the
φ = 0 and φ = π plots in Fig. 1 look identical. The overall
shape of the plot (Fig. 1) however is largely determined by
the noninterfering terms in Eq. (14). One can expand the
matrix elements that appear in these noninterfering terms in
a series of spherical harmonics Y m′

l ′ (Q̂). For example, for the
parameters in Fig. 1, only the coefficients of Y 0

2 (Q̂) and Y 0
3 (Q̂)

are nonzero because of the rules associated with the addition
of angular momentum. The coefficients of Y 0

2 (Q̂) and Y 0
3 (Q̂)

involve an integral that depends on the radial part of the wave
functions present and the spherical Bessel function j2(Qr)
and j3(Qr), respectively, which gives rise to the regions of
minimum scattering probability seen in Fig. 1. These together
give an idea of the shape of the plot in Fig. 1.

B. Selecting the final state based on energy

Experimentally it might be reasonable to expect that the fi-
nal states of the electron can only be broadly distinguished by
their energies. Then, this would result in an incoherent sum of
the scaled double-differential scattering probability [Eq. (13)]
over all the nearly degenerate final states of the electron (sum
over all possible l and m for a given n). The results shown
in Fig. 2 involve a summation over the degenerate final states
2s, 2p−1, 2p0, and 2p1. Note that this is an incoherent sum
over |ψ f 〉 as it involves the sum of the probabilities and not

probability amplitudes. This is similar to the sum that appears
in Ref. [32], except here the summation is only over the nearly
degenerate final states. It is evident from Fig. 2 that such a
summation still preserves the dynamical phase information of
the instantaneous wave packet.

Since coincidental measurement of the final state of the
electron and the momentum of the scattered photon have
challenges, we discuss an alternative approach. If the scattered
photons that correspond to the resonant transition to a specific
final state of the electron can be precisely selected, then it
would no longer be required to select the final state of the
electron. The idea of using energy-resolved measurements
was discussed by Bennet et al. [40] to broadly distinguish be-
tween elastic and inelastic transitions. In this case, we discuss
energy-resolved measurements as a way to precisely narrow
down the scattered electron to a specific final state(s). As an
extreme example, the average of the transition energy between
3d → 1s and 4 f → 1s is ∼0.457 a.u. (12.44 eV) and the
bandwidth of the incoming x-ray pulse (1 fs) is ∼0.055 a.u.
(1.5 eV). If only those scattered photons with energy between
147.457 ± 0.028 a.u. are selected, then this effectively fixes
the final state of the electron to be the 1s state, the reason being
that the transitions to other final states are unlikely given the
limited bandwidth for the given scattered photon energy. This
expectation is supported by calculations which show that the
scaled double-differential scattering probability for transitions
to other final electron states are several orders of magnitude
smaller than for the case of 1s. A detailed discussion of the
energy-integrated double-differential scattering probability is
presented in the next section (Sec. III C). This approach is
especially useful for selecting those final states which have
a large energy separation from the wave-packet constituent
states and other neighboring eigenstates. This technique can
be exploited for several final states by choosing x-ray pulses
with appropriate bandwidths. As an example, increasing the
bandwidth of the x-ray pulse to 1.5 fs allows one to narrow
the final state of the electron to be 2s or one of the 2p states
without the need to detect it.

C. Integrating the double-differential scattering probability
over the resolution of detector

In this section, we discuss the effect of integrating the
double-differential scattering probability over the energy
range of the detector. Typically, if the integration is performed
over all possible energies, then it is referred to as the differen-
tial scattering probability.

Consider Eq. (11), for a desired electronic final state |ψ f 〉,
the detector is tuned to detect scattered photons centered
around the frequency,

ωkd = ωin − E f + Ewpkt . (15)

Here Ewpkt refers to the mean energy of the wave packet. The
detector resolution is chosen to be δ:

∂Pf (Q, t0, ωkd )

∂�
= V

(2π )3

∫ ωkd +δ

ωkd −δ

dωk ω2
k

∂2Pf (Q, t0)

∂� ∂ωk
. (16)

It should be noted that in the above expression we have as-
sumed for simplicity that the detector window behaves like
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a step function by only detecting the photons in the energy
range ωk ∈ [ωkd − δ, ωkd + δ].

First, the implications of the energy-integrated double-
differential scattering probability are discussed analytically
with approximations. Then the integration is discussed nu-
merically with an example. To proceed with the integration,
the Waller-Hartree approximation [44] is applied to Eq. (16),
which refers to the assumption, ωk ≈ ωin and Q is largely
independent of ωk , Eq. (16). This approximation is valid as
long as the energy transferred by the x-ray probe photon to the
scattered electron is small compared to ωin [32]. This leads to

∂Pf (Q, t0, ωkd )

∂�
= V ω2

in

(2π )3

∂2Pe

∂� ∂ωk

×
∑
n′,n′′

a∗
n′an′′ ei(En′ −En′′ )t0

× 〈ψn′ | e−iQ·r |ψ f 〉 〈ψ f | eiQ·r |ψn′′ 〉

×
∫ ωkd +δ

ωkd −δ

dωke−[(ε f −En′ )2+(ε f −En′′ )2]
t2
wid

8 ln 2 .

(17)

Examining Eq. (17) for the case of a two-state wave packet,
there are two integrals from the noninterference terms and an
integral that arises from the interference term:(

∂Pf (Q, t0, ωkd )

∂�

)
sc

= [
I1|aα 〈ψ f | eiQ·r |ψα〉 |2

+ I2|aβ 〈ψ f | eiQ·r |ψβ〉 |2

+ 2I3 Re(a∗
α 〈ψ f | eiQ·r |ψα〉∗

× eiφ(t0 )aβ 〈ψ f | eiQ·r |ψβ〉)
]
, (18)

where I1 and I2 are the integrals that arise for the nonin-
terference terms and I3 is the integral for the interference
term. In the left-hand side of the above equation [Eq. (18)],
the energy-integrated double-differential scattering probabil-
ity has been scaled by the free electron expression similar to
the earlier convention for double-differential scattering prob-
ability [Eq. (14)]:

I1 =
∫ ωkd +δ

ωkd −δ

dωke−[(E f +ωk−ωin−Eα )2]2τ

= 1

2

√
π

2τ

[
erf

(√
2τ

[
1

2
(Eα − Eβ ) + δ

])

− erf

(√
2τ

[
1

2
(Eα − Eβ ) − δ

])]
, (19)

I2 =
∫ ωkd +δ

ωkd −δ

dωke−[(E f +ωk−ωin−Eβ )2]2τ

= 1

2

√
π

2τ

[
erf

(√
2τ

[
1

2
(Eβ − Eα ) + δ

])

− erf

(√
2τ

[
1

2
(Eβ − Eα ) − δ

])]
, (20)
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FIG. 3. Plots show the integrals in Eqs. (19)–(21) as a function of
detector resolution δ, which is expressed in multiples of x-ray probe
pulse energy bandwidth. It is evident that the integrals that come
from integrating the noninterference terms I1 amd I2 are equal. Also,
the integral I3 that arises from integrating the interference term of the
double-differential scattering probability is nearly equal to I1 even
for large detector resolutions (δ). Therefore, the energy-integrated
double-differential scattering probability is still nearly proportional
to the double-differential scattering probability. The parameters used
are the same as that of Fig. 1 except here the final state is chosen
to 1s.

I3 =
∫ ωkd +δ

ωkd −δ

dωk exp(−τ [(E f + ωk − ωin − Eα )2

+ (E f + ωk − ωin − Eβ )2])

= 1

2

√
π

2τ
e

−τ
2 (Eβ−Eα )2

[erf(
√

2τδ) − erf(−
√

2τδ)]. (21)

In the above equations, we have used ωkd = ωin − [E f −
1
2 (Eα + Eβ )]. The quantity τ = t2

wid
8 ln 2 .

A comparison of the integrals (see Fig. 3) from Eqs. (19),
(20), and (21) shows that I1 = I2. The integrals I1 and I3

agree for small detector resolutions (δ) and are nearly equal
(to within a few percent) for detector resolutions (δ) that
are as high as ten times the bandwidth of the pulse. This
implies that the energy-integrated double-differential scatter-
ing probability [Eq. (18)] is still nearly proportional to the
double-differential scattering probability [Eq. (14)]. It should
be noted that the effect of integrating the double-differential
scattering probability can be precisely broken down. That is,
the noninterference terms reveal the effects of I1 and I2 and the
interference terms reveal the effects of I3. Remember that the
interference term depends on the probe-delay time [Eq. (14)],
while the noninterference terms do not. Therefore, the effect
of these integrals can be extracted experimentally in principle
by examining the interference and the noninterference terms
of the energy-integrated double-differential scattering proba-
bility.

Independent of the analytic discussion, we now cal-
culate the energy-integrated double-differential scattering
probability [Eq. (16)] numerically for the case discussed in
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Sec. III B; that is, when |ψ f 〉 = 1s. For this case, ωkd =
147.457 a.u. Let δ = 0.22 a.u. (6 eV). This corresponds to
a detector resolution that is eight times the bandwidth of the
pulse. To calculate the energy-integrated double-differential
scattering probability numerically, it is assumed that ωk ≈ ωin

in the ω2
k term on the right-hand side of Eq. (16). However,

unlike in the analytic discussion, for the integration, Q in
∂2Pf (Q,t0 )
∂� ∂ωk

is not assumed to be independent of ωk . Despite this,
we find that

∂Pf (Q, t0, ωkd , δ)

∂�
∝ ∂2Pf (Q, t0)

∂� ∂ωk
. (22)

Here the double-differential scattering probability was eval-
uated at ωk = ωkd . while varying Q and t0. The deviation
from the above proportionality (∼2%) is lower than what is
expected from Fig. 3. The reason is the double-differential
scattering probability is suppressed by orders of magnitude
when ωk is far from ωkd , so these values do not contribute
to the energy-integrated expression as much. Given the pro-
portionality, the double-differential scattering probability can
be used directly instead of the energy-integrated double-
differential scattering probability to understand the dynamics
of the wave packet.

It should be noted that, in the above example, the chosen
resolution of the detector (eight times the bandwidth of the
pulse) is much less stringent than the typical resolutions used
for the same problem previously [26,32]. For instance, in
Ref. [32] a detector energy resolution of 0.25 eV which is
1/3 of the pulse energy bandwidth is used. The reason we do
not require such high resolutions is because, in the examples
we discussed, the scattering has more inelastic character than
the transitions examined in Refs. [26,32]. This is an important
point, because it is this inelastic behavior which allows us to
select the final state(s), hence making it possible to interpret
the dynamics from the scattering signal, which was found
to be difficult in Ref. [26]. However, there is a trade-off in
that inelastic transitions have a lower overall probability than
elastic ones, thus leading to a lower signal strength than in
the previous cases. For comparison, the peak of the signal in
the case of transition to 1s (ωk = 147.457 ± 0.22 a.u.) is more
than two orders of magnitude smaller than the peak of the elas-
tic signal (ωk = 147 ± 0.0092 a.u.). However, if we consider
the same detector resolution as that of Refs. [26,32], there is a
more interesting case. The inelastic transition where the final
state is either 2s or 2p (ωk = 147.082 ± 0.0092 a.u.) gives a
peak signal which is only an order of magnitude smaller than
the elastic signal (ωk = 147 ± 0.0092 a.u.). Here, the inelastic
transition to 2s or 2p constitutes roughly 90% of the signal.
Therefore, in this case the scattering pattern can be interpreted
to reveal the instantaneous transition charge density which
would have been difficult in the elastic case examined in
Refs. [26,32] and this is achieved by a mere detuning of the
detector.

If one needs to access the instantaneous transition charge
density from the x-ray scattering profile using Eq. (13),
either one has to have a detector resolution in the range dis-
cussed above or one can resort to coincidental measurement
wherein the final state of the scattered electron is fixed and
the scattered photon momentum is measured simultaneously.

However, the use of coincidental measurements offers much
more flexibility with detector resolution. For instance, when
the final state of the electron is 1s, most of the transition
probability is captured by the scattered photons that are within
a couple of bandwidths from ωkd . If the scattered photons
that are far away in energy from ωkd are detected, in an
ideal coincidental measurement only photons that are coming
from the electronic transition to final state 1s are counted.
Effectively, in the case of coincidental measurements, one has
a chance to trade-off accuracy in the detector resolution of
the scattered photon energy, with accuracy in the coincidental
measurement of the final state of the electron. As a limiting
case, one can think of the converse scenario where a highly
accurate measurement of the final state of the electron can
be substituted for any measurement of the scattered photon
energy but note that the direction and the scattered photon
count are still required.

So far the discussions have focused around a two-state
wave packet but the main results presented in this work are
valid for an arbitrary wave packet. In this spirit, we perform
calculations for the case of a wave packet consisting of a su-
perposition of three eigenstates. The wave packet was chosen
to consist of equal probabilities of 3d , 4 f , and 5p. When the
final state of the electron is fixed to be 1s, unsurprisingly it
was found that Eq. (22) still holds true for similar detector
resolutions.

D. Case of a partially known wave packet

As a final example, the case of a wave packet [Eq. (12)]
which is largely made up of a known eigenstate |ψβ〉 with
aβ 
 1 and a small amount aα of an unknown eigenstate |ψα〉
is explored. We offer a method using the approach described
in Sec. II to determine the unknown eigenstate.

In the previous examples, the time dependence of the scat-
tering profile was presented and could be seen to originate
from the time-dependent interference terms. In this case, we
present the time-independent amplitude of the interference
terms which reveals properties of the unknown eigenstate.
This quantity can be calculated by examining the terms in
Eq. (14). The first term can be neglected given that aα is small.
The second term in Eq. (14) is a known quantity. The interfer-
ence (third) term before evaluating the real part can be written
as χei[φ(t0 )−δ] for some real χ and intrinsic phase δ, which
depend on the matrix elements. For a given Q, the amplitude
of the interference term (χ ) can be calculated from Eq. (14)
by varying φ(t ) to obtain the maximum value. Algebraically
one can show

χ (Q) = 2 e
−�E2t2

wid
16 ln 2 |aα 〈ψ f | eiQ·r |ψα〉

× aβ 〈ψ f | eiQ·r |ψβ〉 |. (23)

The amplitude of the interference term along with the intrinsic
phase (δ) serve as a fingerprint of the eigenstates in the initial
wave packet (Figs. 4 and 5). The amplitude plots alone shown
in Fig. 4 and Fig. 5(a) reveal substantial qualitative differences
which can be used to uniquely identify the unknown state up
to a given |m| value. To distinguish between the different signs
of the magnetic quantum number m for the unknown state, one
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FIG. 4. Results for the amplitude of the interference term
[Eq. (23)] vs momentum transferred to the electron. Here the final
state of the electron is chosen to be 1s. The initial wave packet
consists of 95% of |ψβ〉 = |3d0〉 and 5% probability of an unknown
eigenstate |ψα〉. Different cases for the unknown state |ψα〉 are ex-
plored with (a) 4s, (b) 4p0, (c) 4d0, and (d) 4 f0. It is evident that
the choice of the initial wave packet leaves a fingerprint on the x-ray
scattering profile. This can be used to uniquely identify the unknown
eigenstate in the initial wave packet. The other parameters are the
same as Fig. 1. A qualitative way to understand the decreasing spread
in momentum space from plots (a) to (d) is from the uncertainty
principle. The amplitude plotted involves matrix elements using the
state |ψα〉 whose uncertainty in position increases from plots (a) to
(d) as the orbital angular momentum l increases for a given principal
quantum number n.

can examine the plots in Fig. 5 describing the dependence of
the intrinsic phase (δ) on Q.

In principle, experimentally one can estimate the unknown
eigenstate using the following steps. First, the energy of the
unknown eigenstate can be determined from the time period
of oscillation of the wave packet. This can be measured from
the x-ray scattering profile by varying the delay time t0 with
no measurement of the final state of the electron required.
Recall that the time period of oscillation of the wave packet
is 2π/|Eα − Eβ |. Given the energy of the unknown eigenstate
in the wave packet, one can extract the amplitude (χ ) of the
interference term by making successive measurements of the
scaled double-differential scattering probability at different
delay times t0 for the wave packet ψ (r, t0). For a given Q,
the delay time that results in the largest magnitude of the
interference term can be used to obtain the intrinsic phase. The
amplitude (χ ) of the interference term and the intrinsic phase
(δ) profile (see Figs. 4 and 5) can then be used to identify the
unknown state from a set of eigenstates of the system.

For the examples discussed in Figs. 4 and 5 the choice
for the final state of the electron to be 1s may appear to be
challenging because of it being the ground state. However, if
one follows the approach discussed in Sec. III B one needs
to measure only the scattered photon momentum precisely to
obtain the scattering profiles without any need for coincidental
measurements of the final state of the electron.

IV. CONCLUSION AND SUMMARY

Previous research on x-ray scattering from a wave packet
revealed that the scattering patterns have a nontrivial depen-
dence on the instantaneous probability density of the wave
packet [26]. In this work, we discussed how coincidentally
selecting the final state of the scattered electron and the
momentum of the scattered photon allows one to extract infor-
mation about the instantaneous probability density of the wave
packet from the scattering signal. The double-differential scat-
tering probability from the wave packet was found to be
proportional to the modulus square of the Fourier transform
of the instantaneous transition charge density. An alternative
method which only requires a measurement of the scattered
photon momentum without the need to simultaneously mea-
sure the final state of the electron was also presented. It was
shown to be applicable in cases where the scattered photon
energy can be measured precisely enough such that only the
transition from the wave-packet states to the desired final
state(s) occurs. The effect of the energy resolution of the
photon detector on the scattering probability was presented.
Several examples were discussed with an emphasis on cases
that might be more experimentally favorable. Finally, the case
of x-ray scattering from a wave packet which is largely (e.g.,
95% probability) made of a known eigenstate and has a small
amount (5%) of an unknown eigenstate is discussed. The
amplitude of the interference term in the double-differential
scattering probability and its intrinsic phase can be used to
identify the unknown eigenstate.

It is worth pointing out that for all of the examples ex-
plored in this work, strong incident fields while not necessary
(intensity ∼ 1020 W/cm2) can be used to obtain a larger
absolute differential scattering probability if desired. From
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FIG. 5. Effect of the magnetic quantum number m of the eigenstates in the wave packet on the amplitude and the intrinsic phase of the
interference term. Plot (a) contains the amplitude of the interference term [Eq. (23)] vs momentum transferred to the electron. The initial wave
packet consist of 3d and 4p1 states with all the other parameters being the same as Fig. 4. Note that the amplitude of the interference term is
only sensitive to the absolute value of the magnetic quantum number |m| of the eigenstates in the initial wave packet [compare with Fig. 4(b)].
Plots (b)–(d) reveal the dependence of the intrinsic phase δ (in degrees) of the interference term on the momentum transferred to the electron.
The unknown eigenstate |ψα〉 is chosen to be (b) 4p−1, (c) 4p0, and (d) 4p1.

a theoretical perspective, Eq. (11) is valid even for x-ray
intensities ∼1020 W/cm2. A more detailed discussion on the
validity of the perturbative approach in the strong-field regime
can be found in Ref. [34]. From an experimental perspec-
tive, it should be noted that the currently available XFELs
[15–17,45–49] are capable of generating x-rays in the dis-
cussed parameter regime.
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