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Abstract

We present a theory for the scattering of a short electron pulse from a molecular wave packet. We focus on the
transition between two electronic states and show how transition probabilities as a function of internal nuclear posi-
tions can be obtained. Also, a pulsed electron beam can be used to control the transition probabilities to different
electronic levels. We demonstrate the validity of the theory by comparing to a direct numerical solution of
Schrodinger’s equation in a model system. © 2001 Elsevier Science B.V. All rights reserved.

PACS: 34.80.Gs; 34.80.—i; 03.65.Bz; 03.75.Fi

Recently, we have begun investigating [1,2] the
new phenomena that can be observed if scattering
theory is generalized to describe the interaction of
a quantum target with a matter beam that varies
on time scales as fast or faster than the target.
Although no experimental investigations with rap-
idly time varying matter beams have been per-
formed to date, such beams have been created for
electrons [3,4] and for slow atoms using atom
lasers [5-8]. Soon, it may be possible to use pulsed
matter beams to cause inelastic transitions in
practical experiments, thus it is timely to begin
theoretical investigations into specific arrange-
ments. In this paper, we show how the combina-
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tion of a pulsed electron beam and a molecular
wave packet can be used to directly determine the
dependence of an electronic transition probability
on the nuclear positions. We also discuss how a
pulsed electron beam in combination with a mo-
lecular wave packet can be used to control the
scattering transition to particular final states.

The type of system that we are investigating is
sketched in Fig. 1. A molecule is prepared in a
wave packet of the nuclear positions; this packet
could be in the inter-nuclear distances or in the
orientation of the molecule. A single-pulse electron
beam interacts with the molecule and causes an
electronic transition. If the time width of the elec-
tron pulse (spatial width divided by the speed of
an electron) is short compared to the “periods”
of motion in the molecule, then, at an intuitive
level, the nuclear positions and orientation can be
thought of as frozen during the scattering. Whe-
ther a pulsed electron beam is short or not depends
on the system under investigation. For molecules
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Fig. 1. A schematic drawing of a pulsed electron beam scat-
tering from a molecular wave packet. At ¢, the nuclear wave
packet is localized at the outer turning point; at ¢, the nuclear
wave packet is localized at the inner turning point. In both
frames, a circular sheet of electron density is incident on the
molecule. If the duration of the interaction of the electron sheet
with the molecule is short compared to the ro-vibrational
periods, the nuclei are essentially frozen during the whole of
the interaction.

composed of heavy atoms, the ro-vibrational
periods might be long enough that electron pulses
of 1-10 ps width can be considered short whereas
10-100 fs might be needed for molecules with light
atoms. When a short electron pulse interacts with
a molecule, we expect that the total electronic
transition probability will be the convolution of
the nuclear position dependence of the transition
probability with the probability density of the
nuclear wave packet.

Scattering by a pulsed matter beam can be used
to control the transitions to specific final states in
much the same way that shaped laser pulses can
control photo-chemical reactions. In optical con-
trol, the time dependent coupling between a shaped
laser pulse and the molecule can be used to guide
the reaction path of the molecule. In a very similar
manner, a shaped matter beam (for example, a
single pulse as in Fig. 1 or a series of pulses etc.)
can be used to guide the reaction path through the
time dependent coupling of the matter beam with
the internal (often electronic) degrees of freedom
of the molecule; the coherence in a matter beam
affects transition probabilities.

The ideas in this paper can be considered to
complement those in Refs. [9,10]. In Refs. [9,10],

the diffraction (an essentially elastic scattering
process) of a pulsed electron beam from a mole-
cule is used to obtain the time dependent transient
structure of molecules. The new feature of this
paper is to consider the information that can be
obtained if an inelastic scattering occurs.

This paper is organized on two levels. In the
first part, we will develop the theory for this system
and show how our intuition arises from certain
approximations in the calculation of the transition
probability. In the second part, we will compare
our approximate treatment to a direct numeri-
cal solution of the time dependent Schrodinger’s
equation for a model problem that has all of the
features of a real molecule. At the end, we will
discuss the limitations of our approximate treat-
ment of the scattering and the types of cases where
we expect the theory to fail.

In a recent paper [2], the basic theory was de-
veloped for calculating transition probabilities
when a quantum target has a non-diagonal density
matrix (i.e. in some type of coherent or wave
packet state) and the beam also has a non-diago-
nal density matrix in the direction of the velocity
(i.e. the beam has longitudinal coherence). The
simplest type of longitudinal coherence (the case
treated in this paper) is when the matter beam is a
single pulse; this automatically gives non-diago-
nal terms in the longitudinal density matrix of
the beam with momentum difference of roughly
Planck’s constant divided by the spatial width of
the beam. To simplify notation, we will take the
electron beam to be travelling in the z-direction;
we will assume there is negligible transverse
coherence in the beam which introduces other
interesting effects that mask the main effect we
are investigating. Also, atomic units will be used
throughout.

The target is initially in a superposition of
several initial states a. If the target is completely
coherent it can be described as a superposition
of energy eigenstates with amplitudes 4,: ¥ =
> ¥4, In general the target is only partially
coherent and needs to be described with non-di-
agonal density matrix p,, = (4,4%) at the time of
the scattering. The quantum number « specifies the
target state completely; at the Born—Oppenheimer
level, a would include the electronic state of the
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molecule, the vibrational level, and the rotational
level in the laboratory frame. The transition
probability to state b is given by (Eq. (16) of Ref.

[21)

&a§yw@@w/m@m%wm (1)

where k. is the average momentum of the electron
beam, p.(z,z) is the density of the electron beam in
the z-direction at the time of collision, Ak,, =
(2E, — Ey) +k)'? — k. ~ (E, — E,) k. is the dif-
ference in the incident electron’s momentum that
gives the same final momentum when scattering
from states ¢ and «, and &,, contains scattering
information.

The matrix ¢,, (k.,7) is a product of scattering
amplitudes to go from states ¢ and &’ and end in
state b with the electron scattered into the direc-
tion 7 (Eq. (14) of Ref. [2]):

faa’ (Ez, f) = fb<—a (EZ’ f)fl:—a’ (EZ’ f)’ (2)

where f,_,(k.,7) is the amplitude for the electron
to cause the transition from a to b and to scatter
into the 7 direction. The diagonal elements of &,,
are the differential cross-sections to scatter from
state a into state b. The ~ symbol arises because
the change in the final energy of the electron due to
the different energies of the initial state ¢ and o’ has
been ignored. Situations where this approximation
can fail will be discussed near the end of the paper.

These formulae are somewhat new so the im-
plications may not be clear. Before specializing
to molecular systems, we draw attention to some
general features. (1) If the density matrix of the
target is diagonal (p,, = p,d.s With p, the prob-
ability for being in state «), then the transition
probability reduces to the > p,&,, which is just
the transition probability to state b averaged over
the population in the initial states, a. (2) If the
spatial width of the beam is much larger than
k./|E, — E,| then the Fourier transform in Eq. (1)
is essentially zero unless a = a'; again, the transi-
tion probability becomes the weighted average of
the transition probability to state b. (3) If the
scattered electron is not measured, then the tran-
sition probability is averaged over all 7 final di-

rections. Unless the scattering from states a and o’
are in essentially the same final directions, then
again the transition probability becomes a weigh-
ted average.

Now we will specialize to a molecular case
where we expect that the conditions for coherent
scattering can be created. For this case, the target
molecule is in a ro-vibrational wave packet state
with p,, = A4.4},. Also, the electron beam is very
sharply peaked in space so the Fourier transform
does not depend on Ak, ; this condition means the
nuclear positions of the molecule can be treated as
frozen during the electron-molecule scattering
event. At this level, the transition probability into
state b can be written as the square of the absolute
value of a transition amplitude:

> el

Actually, this result is not specific to molecules but
only depends on the complete coherence of the
target and the sharpness of the electron pulse
compared to the time scales of the target.

There are several approximations that work
particularly well for some molecules. We will use
two of these to further the development of the the-
ory. The first is the Born—-Oppenheimer approxi-
mation and the second is the Franck—Condon
principle applied to electronic transitions. For the
purposes of this paper, the Born-Oppenheimer
approximation means that the initial state « can be
represented as a particular electronic state i, and
ro-vibrational state v,, J, to a good approximation
(and similarly for the final state). The Franck-
Condon principle approximates the transition
probability from state a to state » by using the
fixed nuclei transition probability between elec-
tronic states f;,;, (R) as a function of the nuclear
positions R as a metric in the projection between
the initial and final ro-vibrational states:

2
Py |fb|2 =

3)
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where y is the wave function for the nuclei.
The Born-Oppenheimer and Franck—Condon
approximations can be combined with the general
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result from Eq. (3) to give a good approximation
to the scattering amplitude

ﬁﬁ/@ﬁ&hw@M&mMm, (5)

where (R, %) is the nuclear wave packet at
the time of the scattering. This equation can be
thought of as a generalization of the Franck-
Condon principle, Eq. (4), to a time dependent
initial state. However, it must be remembered that
several conditions have been incorporated into this
result; the most important is that the time width of
the beam is small compared to the shortest ro-
vibrational times of the packet.

An interesting special case is when the experi-
ment does not measure transitions into specific ro-
vibrational levels but only measures the transition
probability into a specific final electronic state. In
this case, the transition probability sums over all
of the vy, J, levels. Using completeness of the ro-
vibrational levels gives

P [ 1o R UR ) PR (6)

which is simply the convolution of the electronic
transition probability as a function of R with the
initial probability density of the molecular wave
packet at the time of the scattering. This is just
what is intuitively expected.

Although the theory for pulsed electron scat-
tering from a wave packet target seems fairly
simple, it is worthwhile to develop tests in order to
ensure that there are no hidden assumptions that
will invalidate the derivation. Thus, we have de-
veloped a simple model that we can use to test the
theory. This model mimics an electron scattering
from a vibrating H;. We have reduced the model
to the bare essentials so we could numerically solve
Schrodinger’s equation to obtain answers without
approximation. The model is three-dimensional
with direction 3 corresponding to the inter-nuclear
distance and directions 1 and 2 corresponding to
the two electrons. The Hamiltonian is

2 2 2
H=P12 4B y(n,nx), (7)

where the potential is

1 1
- +
\/1+x§ \/1+(x1_x2)2
B 1 - 1
I+ —x/27 1+ n/2)
1 1

R I+ “n2) 1+ G +x/27
(8)

The first two terms in the potential mimic the re-
pulsive Coulomb interaction between the protons
and between the electrons. The next two terms give
the attractive interaction between the electron 1
and the protons and the last two terms give the
attractive interaction between the electron 2 and
the protons. M is the reduced mass of the two
protons.

The time dependent Schrodinger equation was
solved by using the split operator method

—iV ot —iV ot

5 ) exp(—iT ot) exp (

P (81) ~ exp ( ) ¥(0)

©)

with fast Fourier transforms used to calculate the
effect of the kinetic energy operator, 7. This
method has a cumulative error proportional to 57>
and can be easily programmed to run on massively
parallel computers. We performed several runs
and reduced the time step until the final result
converged. We also varied the number of spatial
grid points until convergence was achieved. In the
final runs, we used 512 spatial grid points in each
direction with the range of the electrons
—100 < x1, x, < 100 and the range of inter-nuclear
distance 0 < x3 < 8.

As a test, we ran some simple two dimensional
calculations to ensure that the approximations
in the full derivation were valid. The first test was
to check the validity of the Born-Oppenheimer
approximation for our model of a vibrating Hy
molecular ion. In this test, we solved the one-
dimensional time dependent radial wave packet on
the ground state Born-Oppenheimer potential
curve for our model and compared to a full two-
dimensional solution treating the electron and
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nuclei simultaneously. The Born-Oppenheimer
approximation worked well over one vibrational
period as long as the reduced mass of the nuclei
was larger than ~10; the value we used in our
simulation was 918. We also used two-dimensional
time dependent calculations to obtain the fixed
nuclei transition probability between the ground
electronic state and the first electronically excited
state. By monitoring the probability for finding an
electron in the first excited state, we could obtain
a duration for the electronic collision. This test
demonstrated a possible problem for some transi-
tions that will be discussed below.

The calculations of the model quantitatively
validated the approximate theory. For the model
calculation, the transition probability between the
lowest electronic state and the anti-bonding first
excited state varied by over a factor of 2 over the
range of the nuclear wave packet motion. The
approximate and numerical excitation probability
agreed to within 5% over the same range. To give
an idea of the accuracy, we plot the probability for
one electron to be in the first excited state as a
function of inter-nuclear distance, x3, at the time of
the collision for two cases: Fig. 2 the nuclear wave
packet is at the outer turning point and Fig. 3 the

0.05

000 L v v 1y

% (a.u.)

Fig. 2. (---): the product of the Born-Oppenheimer nuclear
probability density and the transition probability to the first
excited state as a function of inter-nuclear spacing at the time of
the collision. (—): the probability density for finding one elec-
tron in the first excited state as a function of the inter-nuclear
spacing from the full three-dimensional simulation of the scat-
tering.
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Fig. 3. Same as Fig. 2, but the incident electron wave has been
delayed so that the nuclear wave packet is near the inner
turning point at the time of the collision. By timing the arrival
of the electron pulse, the magnitude of the transition proba-
bility to specific final states can be controlled.

nuclear wave packet is at the inner turning point.
On the same graphs, we plotted the approximation
developed above: |f;,—,(R)[*|%(R, tear)|” where
fi,i.|© was calculated using the frozen nuclei
approximation and [x(R, tmt)|2 was calculated
by time propagating the nuclear wave packet on
the Born—Oppenheimer potential surface. We note
that even very fine details of the wave packet in-
terference is reproduced. These figures show that
the approximations and intuition for pulsed elec-
tron scattering from a molecular wave packet are
substantially correct.

Several approximations were used to obtain
closed form expressions that reproduce our in-
tuition. There are two main approximations that
could cause a failure of our treatment. The first is
that we have ignored the energy variation of the
scattering amplitude over the different eigenstates
that make up the initial wave packet. An equiva-
lent way of expressing this approximation is that
we have assumed that the duration of the electron—
molecule interaction is short compared to the
periods of the target; this duration is roughly the
distance over which the electron can cause a tran-
sition divided by the incident electron’s speed.
This approximation can fail when the transition
is between two electronic levels that have small
energy spacing and a dipole coupling; in this case,
the electron can cause transitions at large distance
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and thus the nuclear wave packet can move sub-
stantial distances during the collision even when
the electron pulse is short. A second approxima-
tion is that we have assumed that the scattered
electron has a large fraction of its initial energy;
1.e., the energy needed to cause a transition is not a
large fraction of the incident energy. This is partly
related to the first approximation because the du-
ration of the collision can be greatly lengthened if
the electron moves slowly after the collision.

The ability to control the transition will depend
on how well the beam can be shaped and the dis-
tortion of the beam as it travels to the interaction
region. The ability to shape the beam will depend
on the method used to create it which is unknown
at this time. However, we speculate that the beam
might be created through the interaction of a
pulsed laser with an electron source which means
the ability to shape the electron beam might be tied
to the well developed ability to shape a laser beam.
The transverse distortion of the beam can be re-
duced through the use of magnetic fields, while the
longitudinal distortion can be limited by reducing
the beam density and by decreasing the time be-
tween the generation of the beam and the inter-
action with a target.

In conclusion, we have theoretically investi-
gated the collision of a single electron pulse with
a molecular wave packet. We have shown that
the electronic transition probability is approxi-
mately what is intuitively expected: the transition
probability to electronic state i, is the transition
probability as a function of the nuclear positions
convolved with the nuclear probability density.
The approximations were verified by applying the
theory to a model system where the fully quantum
calculations can be performed nearly exactly.
There are two possible uses for pulsed electron
scattering from a molecular wave packet. First, the
transition probability as a function of the nuclear
positions can be experimentally measured by mak-
ing a peaked nuclear wave packet. If the nuclear
wave packet is strongly peaked near the position

Ry then the transition probability from the elec-
tronic state i, to the final state i, will be propor-
tional to |f;,_;, (Ro)|>. Thus, it would be possible
to map out the extent and position of transition
states in some cases. This directly implies the sec-
ond possible use for pulsed electron scattering.
As the nuclear wave packet moves on a Born-
Oppenheimer potential surface, the transition to
different states can change substantially. By timing
the arrival of the electron pulse to when the nu-
clear wave packet reaches a particular region, the
transition to specific final electronic states can be
enhanced or suppressed. Thus, it should be possi-
ble to control the electron-scattering transition
into particular electronic states through simple
timing techniques.
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